IJMMS 2004:62, 3321-3332
PIL S0161171204404116
http://ijmms.hindawi.com
© Hindawi Publishing Corp.

CONTROLLING THE DYNAMICS OF BURGERS EQUATION
WITH A HIGH-ORDER NONLINEARITY
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We investigate analytically as well as numerically Burgers equation with a high-order
nonlinearity (i.e., U = VUxx —uux + mu + h(x)). We show existence of an absorbing ball
in L2[0,1] and uniqueness of steady state solutions for all integer n > 1. Then, we use an
adaptive nonlinear boundary controller to show that it guarantees global asymptotic stabil-
ity in time and convergence of the solution to the trivial solution. Numerical results using
Chebychev collocation method with backward Euler time stepping scheme are presented
for both the controlled and the uncontrolled equations illustrating the performance of the
controller and supporting the analytical results.
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1. Introduction. The viscous Burgers equation
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introduced by Burgers [4, 5] as a simple model for a turbulent flow through a channel,
has received a lot of attention in recent years from both the mathematical and control
communities [1, 2, 3,6,7,8,9,10, 11, 14, 15,16, 18, 19, 20, 21]. In [4], Burgers proposed
a mathematical model for turbulence given by

au 3 5
L ai =P-— LJ dx, (1.2)
2
ov 0°v _oy ov N Uv, (1.3)
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where U and v are velocities connected with the primary and secondary motions, re-
spectively. The quantities P and v are positive constants representing the external force
and the kinematic viscosity, respectively. The space variable x is the coordinate in the
direction of the cross dimension of the channel and extends from O to L. When v differs
from zero, it is said that there is turbulence in the system.

If the turbulence is not activated by energy transmission from a primary motion (i.e.,
U = 0), (1.3) simplifies to the viscous Burgers equation (1.1). However, when there is
a constant transmission of energy from the primary motion to the secondary motion
(i.e., U = 0), Burgers equations simplify to the original Burgers equation given by
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Equation (1.4) can be easily transformed to the generalized Burgers equation,

2

%—?:v%—ug—z+mu+h()€). (1.5)
where h(x) is a forcing term. The cases m = 0 and m = 1 in (1.5) subject to peri-
odic boundary conditions were analyzed by the author [19, 20] and the author and
Nicolaenko [21]. In [19, 21], the existence of inertial manifold was established through
the use of Kwak transformation [17], and in [20], adaptive and nonadaptive nonlinear
boundary control of the generalized Burgers equation was investigated.

In this paper, we consider Burgers equation,
2

%:v%—u"g—z+mu+h(x), (1.6)
subject to Dirichlet boundary conditions on [0,1] and with a high-order nonlinearity,
thatis, when n is an integer greater than or equal to 1, m € R, and h € L%(0,1). It should
be noted that (1.6) was also used to model traffic flows for different values of n (see
Haberman [13], and Farlow [12]). Furthermore, using an adaptive nonlinear boundary
control, we are able to control the dynamics of (1.6) subject to a generalized form of
boundary conditions.

2. Existence of an absorbing ball in L2. In this section, we show that (1.6) with
Dirichlet boundary conditions admits an absorbing ball in L2(0,1), and show unique-
ness of steady state solutions for all integers n > 1.

PROPOSITION 2.1. Let m < v/2, and let v € R* be the viscocity, uy € L?>(0,1) be the
initial condition, and h € L%(0,1) be the forcing term. Every generalized solution to

Ut = VUxx —U U +mMmu+h(x); 0<x<1, (2.1)
subject to
u(0,t) =u(l,t) =0, (2.2)
satisfies the inequality

2
lull < | —————=Ilhll, Vt=to, (2.3)
v(v-2m)

with

to = v-2m

2
1 1n(v(v—Zm)HuoH +1)_ (2.4)

Il

PrROOF. Multiplying (2.1) by u and integrating, we obtain

1 1 1 1 1
a lj uldx =VJ uuxxdx—J u”*luxdx+mj uzdx+J uhdx. (2.5)
at\2 Jo 0 0 0 0
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The term fol uly, dx = fol U2/ (m+2))ydx =0, since u(0,t) =u(1,t) =0. Therefore,
(2.5) becomes

d 1 1 1 1 1
— ,J udx =vJ uuxxdx+J muzdx+J uhdx. (2.6)
dt\2 Jo 0 0 0

Integrating by parts the term jol UUxxdXx, (2.6) becomes

d 1 1 1 1 1
— fj udx =7vj uiderJ muzdx+J uhdx. (2.7
dat\ 2 Jo 0 0 0

Using Poincaré inequality on (2.7), we get

d 1 1 ) 1 ) 1 1
E(EL u d") <m-v) | wdxs | vushax. 28

Using Cauchy-Schwartz inequality on (2.8), we get

d (1! 1 1 vz, g 172
—(—J uzdx) +(v—m)J uldx < (J vu%ix) (J —thx) . (2.9)
dat\ 2 Jo 0 0 oV

Using Young’s inequality, we obtain

1a 2 _ 2 Y 2, 1 2
2dt”uH +(v-m)llullc < 2||uH +2v”hH (2.10)

or

d 1
n lull? + (v=2m)|lull® < =l (2.11)
v

Now, applying Grownwall’s inequality on (2.11), we obtain

t
1
llull? se—<V'2m>fIIuo|lz+J S lhlPem(=2mt=9) gs. (2.12)
0
Since
‘1 2, —(v—2m)(t-s) 1 2 —(v—2m)t
0;Hh” e d5=m||h|| (I-e ), (2.13)
equation (2.12) becomes
1
el < o= 2 fugl [+ S (1= e . (2.14)
Given ||ugl|?, if we choose t > t, with
o= L (ro-zmlwl® (2.15)
T (v-2m) e ’ '
then
2
lull < m”l’lﬂ- (2.16)
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It follows from (2.16) that (1.6) admits an absorbing ball in L2(0,1).

PROPOSITION 2.2. Let u’ be the steady state solution or the attractor of (1.6) with
Dirichlet’s boundary conditions, then u® satisfies the following inequalities:

(@)

et
el = =557 11l (2.17)

(b)
1
[[ugll < ——lhll. (2.18)
v—m

PROOF. (a) Since u® is a steady state solution, then from (2.11),

(v —2m)|Ju||? < %nhuz, (2.19)
or
[ p—— A (2.20)
“v(v-2m)
Therefore,
]| < —————1in]. (2.21)
Jv(v—-2m)

To prove part (b), we know from (2.7) that the steady state solution satisfies
1 5 1 2 1
VJ (uy)"dx = mJ (u*) dx+f u*hdx. (2.22)
0 0 0
Using the Poincaré inequality and the Cauchy-Schwartz inequality on (2.22), we get

v-m)|[usl]® < [u]| - Inl. (2.23)

Finally, using the Poincaré inequality on (2.23), we obtain the desired result. O

THEOREM 2.3. Letn = 1. Then, the steady state solution of (1.6), satisfying the Dirich-
let boundary conditions, is unique if m < v/2 and |h|| < (2/3)(v —m)2.

PrROOF. We will prove the case for n = 1; the case n > 2 is similar. Suppose there
are two steady state solutions or attractors u and v such that

VUxx —UUx + MU+ NI(Xx) =0,
(2.24)
VUxx —U0x +mu+h(x) =0.

Let w = u—v. Then,

VWxx —UWx —UxW +mw = 0. (2.25)
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Multiplying the above equation by w, integrating from 0 to 1, and using the Dirichlet
boundary conditions leads to

1 1 wZ 1 1
vj w,%dx+J u(—) dx+J wazdxfmj w?dx = 0. (2.26)
0 0 2 Jx 0 0

Again, using integration by parts on fol u(w?/2)dx, we obtain

1 1
VJ w,%dx—J w2<%—ux+m)dx:0. (2.27)
0 0
Equation (2.27) can be written as

1
Vil < w2l (511l + x| + ). (2.28)

Now, by using part (b) of Proposition 2.2, we obtain

1 1
viwl* < szl\( IRl + Ihl +m> (2.29)
2(v—m) v-m
or
ol = 1121 (s T+ 5 ) 2.30
2v(v—m) Y
Since
2
w20 < IWlFe g, < lwxll, 0 (2.31)
it follows that
2 3 m 2
sl = (i W+ 5 el (232)
If
3 ™ (2.33)
2v(v—m) v
or
2 2
Ikl < §(V—m) , (2.34)
then w = w, = 0, which implies u = v. O

3. Controlling the dynamics. In this section, we construct an adaptive regulator
design for Burgers equation with a high-order nonlinearity,
ou __d°u ou

v _ 2% ond
3t VaxZ u ax+mu, 3.1)
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subject to the following boundary conditions:
ou
a=—(0,t) +bu(0,t) = u:(t),
0x

¢ (3.2)
A () +du(l,t) = us(t),
ox

where a, b, ¢, and d are arbitrary constants. It should be noted that the boundary
conditions used in this section are general, and can be reduced to Neumann, Dirichlet,
or Robin conditions. Before showing the global asymptotic stability of (3.1) and (3.2),
we first prove the following lemmas.

LEMMA 3.1. Let
t
F(t) = I BT f(TydT, B <. (3.3)
0

If f€L'(0,0), then F(t) — 0 ast — oo.

PROOF.

|[F(t)| <eP?| fli +L/2 |f(T)|dT. (3.4)

LEMMA 3.2. Let B <0 andn € N. For any u(0,t) € L?(0,00) N L2"+1 (0, 00),
@ [LeBPtT1u(0,T)dT —0ast — o,
(b) Jo P =T [un+2(0,7)|dT — 0 ast — .

PROOF. We use Cauchy-Schwartz inequality and Lemma 3.1 to proof this lemma.

t t 1/2 t 1/2
J B (0,7 | dT < (I eft-Tgr) (J et (0,7)d )
0 0 0

g ” (3.5)
< /—(J eB“’T)uz(O,T)dT> :
B \Jo
Using Lemma 3.1, part (a) is obtained. To prove part (b),
t
J P |l ynt2(0,1) |dT
0
t 1/2 t 1/2 (36)
< (J P u2(0,71) |dT) (J eP=T |2+ (0, 1) |d'r)
0 0
Thus, if u(0,t) € L2(0,00) N L2M+1) (0, 0), the desired result is obtained. O

THEOREM 3.3. Let m < Vv/2 and let n > 1 be an integer. Let u(x,t) be a solution of
(3.1) with arbitrary initial conditions in L?(0,1) and satisfying the boundary conditions
(3.2), where a,b,c,and d are arbitrary constants and a # 0, ¢ # 0. If u(0,t), u(1,t) are
locally existing in L?"*2(0, c) and the control functions u,, u, are given by

up (t) = ki (H)u?™1(0,t) + ko (£)u1(0,t) + k3 (£)u(0,t),
up (t) = ka(OU?™ 1 (1,1) + ks (O)u" 1 (1,t) + ke () u (1, 1),
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where k,, (t), n = 1,...,6, are bounded for any t > 0 with

ki(t) =ru®™2(0,t), 1 >0,

ka(t) = ru2(0,t), 12 >0,
ks (t) = r3u?(0,t), 13 >0,
. (3.8)
ka(t) = —rqu™2(1,t), 74>0,
ks(t) = —rsu™?(1,t), 75>0,
ke(t) = —rgu?(1,t), ¥ > 0,
then
[lu(-,0)]] — 0 ast — oo. (3.9)
PROOF. Let
1,
V(t) = EJ u<(x,t)dx. (3.10)
0
Taking the time derivative of V(t), we obtain
V(t) = i<1J1uz(x t)dx) = eru(x Bug(x, t)dx
= at 2 0 ’ = 2 0 ’ t 3
1
:J U, ) Ve (x, 1) —u™ (x, DUy (x, 1) + mu(x,t) }dx (3.11)
0

1 1 1
=VI u(x,t)uxx(x,t)dx—J (Lu””z(x,t)) dx+mf u?(x,t)dx.
0 0o \n+2 x 0

Using integration by parts on the first term of the right-hand side of (3.11), we get

V() =vu(l,t)ux(1,t) —vu(0,t)uy(0,t) — Lu"*z(l, t)

n+2
1 1 1 3.12)
+ ——u""2(0,t) +mJ uz(x,t)dvaj u(x,t)dx.
n+2 0 0
Also, using the Poincaré inequality on the last term of the right-hand side of (3.12),

that is,

1 1
J u?(x,t)dx < 2u2(0,t)+2j u2(x,t)dx, (3.13)
0 0

we get

1
V(t) < (m— Z)J w2 (e, t)dx +vu (L, H)ux (1, 1) —vu(0, ) ux(0,t)
X 2/ Jo (3.14)

- mu’”zu,t) + ﬁu”*z(O,t) +vu?(0,t).



3328 NEJIB SMAOUI

Now, using the boundary conditions stated in (3.2), that is,
1 1
ux(O,t)=E(ul(t)—bu(O,t)), ux(l,t)=E(uz(t)—du(l,t)), (3.15)

and the control law illustrated in (3.7), the above inequality (3.14) becomes
y v (o 2 1T e I e
Vit)<|(m-— uc(x,t)ydx +vu<(0,t) — ——u""°(1,t) + ——=u""<(0,t)
2/ Jo n+2 n+2
v 0,0) (5 (ks (120,06 + Ko (01U (0,0) + ks (D (0,0} ~ 2 0,1))

+vu(l,t) (%{Iq(t)u“‘”(l,t) + ks (O U (1,1) + ke (H)u(1,)} - %u(l,t)).
(3.16)

Therefore, V(t) can be rewritten as

' AV VKL aniagn 0 (VRO 1N L
V(t)s(m 2>J0u(x,t)dx . u (0,t) ( 4 —n+2)u (0,t)

- (Vk3_m —y-¥2 2(1,1)
a a

N (vkz(t) - ﬁ)unﬂ(l’t) N (@_ %)uz(l,t).

)uz(o,t)+@u

(3.17)

Now, we introduce a nonnegative energy function E(t) as follows:

E(t)=V(t)+( v )(kl(t))2+( a )(vkz(t)_ 1 )2

2ar, 2V a n+2

+(L>(M_V_V_b)z+<L)(k4(t))z (3.18)

2vr3 a a 2¢cry

o) (5 ) () (-2

If we evaluate the time derivative of E(t), and substitute V(t) from (3.17) and k, (1),
n=1,...,6 from (3.8) into (3.18), we get

E(t) < <m—%)J§u2(x,t)dx. (3.19)

This implies that if m < v/2, then E(t) < E(0). Since u(0,t) and u(1,t) € L}""2(0, ),
it follows from (3.8) that k;(t) can be defined as continuous functions on [0, o). Then,
(3.18) and (3.19) will imply that k;, j = 1,...,6 are bounded, and then (3.8) will imply

that u(i,t) € L?(0,00) N L2"*2(0,00) (i =0, 1).
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FIGURE 4.1. Time evolution of the uncontrolled Burgers equation (3.1) when
n=1,m=0.1,v=0.3,and (a,b,c,d) = (1,0,1,0).

Now, to show the global asymptotic stability of (3.1) and (3.2), we use Gronwall’s
inequality on (3.17):

V(t) <V (0)em-vidt

! —ki (1) 2n+2 1 ko (T) n+2
+VJ{ a u (O’T)+<(n+2)v_ 2 )u 0,1)

0
# (14 2B )20, fetmovianen g (3.20)
Cka(T) oo ks(r) 1\ e
+VL{ U (1,T)+( c 7(n+2)v)u (1,7)

N (ksi‘r) B %)uz(1,1')}6(’"“’/2)“‘“(11

Then, using Lemmas 3.1 and 3.2, one can deduce that

Jull — 0 ast — oo. (3.21)
O

4. Numerical results. If we express the discrete solution of (3.1) as the Chebychev
series,

N
uN(x,t) = > A () Te(x), (4.1)
k=0
where {Tk(x)}f:0 are the Chebychev polynomials, then the discretization of (3.1) and

(3.2)is

N 2N N
ou OU™ Ny U Nl o1 N1, 4.2)

0x X=X

—— =v—
ot x=x; 0x?2
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u(x,t)

FIGURE 4.2. Time evolution of the controlled Burgers equation (3.1) when n =
1,m=0.1,v=0.3, (a,b,c,d) = (1,0,1,0), and ; = 10, j = 1,...,6.
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FIGURE 4.3. Time evolution of the uncontrolled Burgers equation (3.1) when
n=3,m=0.1,v=0.3,and (a,b,c,d) = (1,0,1,0).

with
N
a7 (0,6) + buN (0,6) = wy (1),
ox
N
O 1, +du (1,0) = us (1), (4.3)
ox

uM(x;,0) =uo(xj), j=0,...,N.

The purpose of our paper is not to find the best approximation scheme for our prob-
lem, but to demonstrate our theoretical results. Therefore, the Chebychev collocation
method that uses backward Euler method as a temporal scheme, the Gauss-Lobatto
points, and the Chebychev collocation derivative represented in matrix form are used
[9].
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FIGURE 4.4. Time evolution of the controlled Burgers equation (3.1) when n =
3,m=0.1,v=0.23, (a,b,c,d) = (1,0,1,0), and 7; = 10, j = 1,...,6.

Two computer programs that use the Chebychev collocation method with the
backward Euler as a temporal scheme were written to solve (4.2) and (4.3) for both the
controlled and the uncontrolled problems. For the uncontrolled problem, we choose two
different values of n (i.,e., n=1and n = 3),v = 0.3, m = 0.1, and (a,b,c,d) = (1,0,1,0).
Figures 4.1 and 4.2 represent their corresponding solutions u as it evolves in time when
u(x,0) = sinx +sin2x +sin3x. The solution seems to converge to a nontrivial solution,
although it eventually approaches zero, which could be seen only for very very large t,
and this is in accordance with the theory presented in Section 2. In fact, for some ini-
tial data, the numerical solution gets trapped into a nontrivial steady states and never
converges to zero [20]. To remedy this unsatisfactory behavior, an adaptive nonlinear
boundary control, presented by (3.7), is applied to guarantee global asymptotic stabil-
ity and convergence of the solution to the trivial solution as expected from the theory
presented in Section 3 (see Figures 4.3 and 4.4).
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