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A study is made of the propagation of time-harmonic plane waves in an infinite, conducting,
thermoelastic solid permeated by a uniform primary external magnetic field when the entire
medium is rotating with a uniform angular velocity. The thermoelasticity theory of type II
(G-N model) (1993) is used to study the propagation of waves. A more general dispersion
equation is derived to determine the effects of rotation, thermal parameters, characteristic
of the medium, and the external magnetic field. If the primary magnetic field has a trans-
verse component, it is observed that the longitudinal and transverse motions are linked
together. For low frequency (x < 1, x being the ratio of the wave frequency to some stan-
dard frequency w?*), the rotation and the thermal field have no effect on the phase velocity
to the first order of x and then this corresponds to only one slow wave influenced by the
electromagnetic field only. But to the second order of x, the phase velocity, attenuation co-
efficient, and the specific energy loss are affected by rotation and depend on the thermal
parameters cr, ct being the nondimensional thermal wave speed of G-N theory, and the
thermoelastic coupling €7, the electromagnetic parameters €y, and the transverse magnetic
field Ryy. Also for large frequency, rotation and thermal field have no effect on the phase
velocity, which is independent of primary magnetic field to the first order of (1/x) (x > 1),
and the specific energy loss is a constant, independent of any field parameter. However, to
the second order of (1/x), rotation does exert influence on both the phase velocity and the
attenuation factor, and the specific energy loss is affected by rotation and depends on the
thermal parameters ct and €T, electromagnetic parameter €z, and the transverse magnetic
field Ry, whereas the specific energy loss is independent of any field parameters to the first
order of (1/x).

2000 Mathematics Subject Classification: 74F05.

1. Introduction. The study of propagation of thermoelastic and magnetothermoe-
lastic waves in a nonrotating medium was made by several authors. Biot [2] derived
the equations of thermoelasticity based on the Fourier’s law, which is concerned with
the interaction of the thermal field and elastic deformation such that these two fields
are linked together. Biot’s equations have been used for the investigation of the plane
thermoelastic waves. The main drawback of Biot’s equations is that they were based
on the Fourier’s law which predicts an infinite speed of propagation of heat. Lord
and Shulman [11] employed a modified version of the Fourier law to eliminate this
paradox and thereby established the generalized coupled heat conduction equation
which is hyperbolic in nature. They have derived equations of dynamic thermoelastic-
ity based on the modified Fourier’s law and these equations are usually regarded as the
basis of generalized thermoelasticity. Lord and Shulman’s equations have been used by
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several authors including Puri [16], Nayfeh and Nemat-Nasser [12] to study the plane
thermoelastic waves in an unbounded isotropic homogeneous elastic medium. Agarwal
[1] investigated the propagation of surface waves in generalized thermoelasticity.

Paria [14] and Wilson [24] investigated the propagation of magnetothermoelastic
waves in a nonrotating medium. These studies, based on the theory of classical coupled
thermoelasticity, were essentially concerned with the interaction of the electromagnetic
field, the thermal field, and the elastic field as well as the dispersion relation. The prop-
agation of harmonic plane waves in a rotating elastic medium has been investigated
by Schoenberg and Censor [22] in some details. It has been shown that the rotation
causes the elastic medium to be dispersive and anisotropic. This study included some
discussion on the free surface phenomenon in a rotating half-space. Results concerning
slowness surfaces, energy flux, reflected waves, and generalized Rayleigh waves have
been obtained.

It seems relevant from the above discussion that little attention has been given to the
study of propagation of thermoelastic plane waves in a rotating medium in the presence
of external magnetic field based on the generalized thermoelasticity. In view of the fact
that most large bodies, like the earth, the moon, and other planets, have an angular ve-
locity, itis important to consider the propagation of magnetothermoelastic plane waves
in an electrically conducting, rotating elastic medium under the action of the external
magnetic field with or without thermal relaxation. In this connection, Roychoudhuri and
Debnath [17, 18, 19, 21, 20] have studied propagation of magnetothermoelastic plane
waves in a rotating thermoelastic medium permeated by a primary uniform magnetic
field by using the generalized heat conduction equation of Lord and Shulman. In the
present problem, we have studied the propagation of time-harmonic coupled electro-
magnetoelastic dilatational thermal shear waves using the thermoelasticity theory of
type IT1[9] (Green-Naghdi (G-N) model 1993). This thermoelastic model possesses several
significant characteristics that differ from the traditional classical development in ther-
moelastic material behaviors: (i) it does not sustain energy dissipation, (ii) the entropy
flux vector (or equivalently heat flow vector) in the theory is determined in terms of the
same potential that also determines the stress, (iii) it permits transmission of heat flow
as thermal waves at finite speed. Several problems in thermoelasticity relating to this
Green-Naghdi theory of thermoelasticity of type II (without thermal energy dissipation)
have been studied by several authors [4, 5, 6, 7, 8, 23]. In this paper, G-N model of
thermoelasticity of type II is used to obtain a more general dispersion equation to as-
certain the effects of rotation, thermal parameter cr, the nondimensional thermal wave
speed characteristic of G-N theory, thermoelastic coupling constant e and the external
magnetic field on the phase velocity and attenuation factor of the coupled electromag-
neto dilatational thermal shear waves. Special attention is given to study the effects on
the specific energy loss for both low and high frequencies. Though several problems
of coupled wave propagation have been studied in generalized magnetothermoelas-
ticity with/without thermal relaxation by previous researchers, it is believed that this
particular problem of coupled wave propagation in a rotating magnetoelastic solid us-
ing the theory of thermoelasticity of type II (G-N model) [9] has not been dealt with
before.
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2. Formulation of the problem and the basic equations. We consider an infinite ho-
mogenous, isotropic, thermally, and electrically conducting elastic solid permeated by
a primary uniform magnetic field By = (B1, B>, B3). The elastic medium is characterized
by the density p and Lamé constants A, u and is uniformly rotating with an angular
velocity Q = Q7i, where 7 is the unit vector representing the direction of the axis of
rotation. The displacement equation of motion in the rotating frame of reference has
two additional terms—the centripetal acceleration Q x (Q x i) due to the time-varying
motion only and the Coriolis acceleration 2 - Q x 1i, where 1 is the dynamic displace-
ment vector. These terms do not appear in the nonrotating medium. The dynamic dis-
placement vector is actually measured from a steady-state deformed position and the
deformation is assumed to be small. The displacement equations of motion with the
increase of temperature 0 above the reference temperature Ty is

UV + A+ V(V 1)+ JxB=vV0 = p[ti+Qx (Qxu) +20 x1i], (2.1)

where J'x B is the electromagnetic body force, J is the current density, B=By+ b is the
total magnetic field, b= (bx,by,b;) is the perturbed magnetic field which is assumed
to be small so that the products with b and i and their derivatives can be neglected
for linearization of the field equations, v = (3A + 2u) &, & is the coefficient of linear
thermal expansion of the solid, and dots represent the derivatives with respect to time t.

The coupled heat conduction equation of the theory of thermoelasticity (type IT) with-
out energy dissipation proposed by Green and Naghdi [9] is

pCyO+VvToA = pQ +k* V20, 2.2)

where C, is the specific heat of the solid at constant volume, p is the density of the
medium, Ty is the initial reference temperature, k* is a material constant characteristic
of the theory, Q is the heat source function, and A is the dilatation so that A = divi.
The finite thermal wave speed is (k*/pC,)/2.

In the present problem, Q = 0, so that the heat conduction equation becomes

pCy0+VvToA = k*V?20. (2.3)

Equation (2.3) permits thermal wave propagation without damping. The equations
(2.1) and (2.3) are to be supplemented by generalized Ohm’s law in a continuous medium
with Maxwell’s electromagnetic field equations.

The electromagnetic field is governed by the Maxwell’s equations with the displace-
ment current and charge density neglected as

VxH =], (2.4a)
. - 0B

VXE=-22, (2.4b)
V-B=0, (2.4¢)

where B = u.H and p, is the magnetic permeability.
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The generalized Ohm’s law is

f=0[]§+(aa—1:+ﬁxﬁ>xl§], (2.5)
where the time-independent part of Q x 7 is neglected, o is the electrical conductiv-
ity, o1i/0t is the particle velocity of the medium, and the small effect of temperature
gradient on J is also ignored.

3. Plane wave solutions and dispersion relation. We consider the propagation of
plane waves in the rotating medium in the x-direction so that all quantities are propor-
tional to exp[i(kx —wt)], where (w/21r) is the wave frequency and (2717/k) is the wave
length. We will assume that w is real, but k may be complex. The analysis will be carried
out without any discussion of the time-independent stresses and displacements that
are caused by the centrifugal force and other possible body forces. We look for time-
varying dynamic solutions and as such, the time-independent part of the centripetal
acceleration as well as all body forces will be neglected. However, the time-dependent
part of the electromagnetic body force will be taken into consideration. In view of the
above assumptions, we write all field quantities in the form

u=(p,a,7) = (po,qo0,70) exp[i(kx — wt)], (3.1)
0 = Opexp[i(kx —wt)], (3.2a)

J = (j1,J2,J3) exp[i(kx — wi)], (3.2b)

b = (bx,by,b.) = (b1,b2,b3) exp[i(kx — wt)], (3.3)
E = (Ex,Ey,Ez), (3.4a)

3 = (Q1,92,93), (3.4b)

where po,qo,70; J1,J2,J3; b1,b2,b3; Q1,02,Q3, and 0 are all constants.
It follows from (2.4c) that divb = 0 which implies b, = 0, since initially b = 0. Also,
it follows from (2.4a) that uef: V x b so that

j [o,—ﬁbz,ﬂby], (3.5)
He He
S ik ik ik
J X By = |:—*(sz3 +bsz), *byBlyiszl:l- (3.6)
He He He

Thus, the term J'x B in (2.1) can be replaced by J x By given by (3.6).
Substituting (3.1) and (3.2a) into (2.3), we find

0o = apo, (3.7a)
_ ivTpkw?
= (3.7b)

Again, V X E = —3b/dt gives
. w w
E = (EXaEy:Ez) = (Exa_bz,_?

. hy>. (3.8)
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Replacing B by primary magnetic field By, (2.5) takes the form

f:U[EJr(%Jrﬁxﬁ)xEo]. (3.9)

Making use of (3.1) and (3.8) and neglecting the product terms, equation (3.9) with
J=Ux,Jy,Jz) vields

Jx = 0[Ex—iw(qB3 —vB2) + B3 (pQ3 —v Q1) = B2(qQ1 —pQ2) ], (3.10)
Iy = | bz =i (rBi - pBy) + By (a1~ p2) - B (r02 - a0s) | (3.11)
Jz= O'[— %by —iw(pB2—B1q) +B2(rQ2 —qQ3) - B1 (pQ3 —1’91)]- (3.12)

Elimination of J from (3.5) and (3.10), (3.11), and (3.12) gives

O'[EX —iw(q33 —1"32) +B3(}9Q3 —TQl) —Bz (qu — sz)] = 0, (313)
w . ik
U[?bz —iw (¥By —pB3) +B1(qQ1 —pQ2) — B3 (rQp —ng)] = —u—bz, (3.14)
e
w . ik
a[f Dby —iw(pBo - aBy) + Bo(rQ; ~a0s) - By (s 491)] = by B15)
e
From (3.13) we get
Ey = iw(q33 —TBZ) —B3(p93 —TQl) + B> (qu - sz). (3.16)

We next put (3.1)-(3.4) into (2.1) and suppress the factor exp[i(kx — wt)] throughout
the subsequent discussion to obtain the following equations:

polp(Qf — Q% — w?) + (A+2u)k? +ivak] +qo[p (2iwQs + Q1 Q) ]

) ik (3.17)
+1’0[p(Qng — 2lw92)] + [,l_ (b3B3 +b232) = 0,

e
_ , , , ik
Polp(Q1Q2—2iwQ3) | +q0[p (Q3-Q%—w?) +uk?] +ro[p(QZQ3+21le)]—u—szl =0,
e
(3.18)

. . : ik
polp (Q1Q3+2iw02) [ +q0[p (Q2Q3-2iwQ1)] +ro[p(Qﬁ—Qz—wz)ﬂzkz]—u—bgBl =0,
e
(3.19)

. . ik o
polo (1B ~B1 Q) 1+ o[ (B101 +Baa) |+ 70 -0 (1B +B302) )+ ba| 15+ T2 |

=0,
He Kk

. . ik o
p()[*O’(lez+BlQ3)]JrqO[O'(lel*BzQ3)]+1’0[O'(BZQZ+31Q1)]—b2|:l— 7‘“]:0_

+
He Kk
(3.21)

Equations (3.17)-(3.21) constitute a system of five equations with five unknowns, po,
do, o and the perturbed quantities by, bs.
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Since b = (0,by,bz) and b-field is normal to the x-axis, we then choose the y-axis
and the z-axis such that b-field is along the y-axis. Invoking the additional assumption
Q1 =Qp =0and Q3 = Q # 0 and considering that 7y = 0 provided pk? — pw? = 0
(evident from (3.19)) so that B3 = 0, we set the applied and perturbed magnetic fields
to be (B1,B>,0) and (0, by, 0), respectively.

This leads to the following three homogenous equations with three unknowns py,
qo, and bz

pol—p(Q% + w?) + A+2)k? +ivak] +2iwpQqo + L—szbz =0, (3.22)
e

_ikBy

e

pol-2iwpQ]+qouk® - p(Q* + w?)] b, =0, (3.23)
ik ow

po[—0(319+in2)]+q0[(r(in1—QBZ)]—[u + I ]bgzO. (3.24)

Elimination of py, qo, and b, gives the dispersion equation

—p(Q2+w?) + (A+2u)k? +ivok 2iwpQ ”;BZ
e
—2iwpQ uk? —p(Q? +w?) —llzi =0. (3.25)
e
o (B1Q +iwBy) o (QBs — iwB)) (L—k#’T‘”)
e

It follows from the dispersion equation that the significant effects of the rotation
and the thermal field on the phase velocity w/Re(k) are reflected through the terms
involving Q and the term containing « through the term k*, characteristic of G-N theory.

In order to make further simplification of the dispersion equation, we assume By =
(0,B>»,0) so that (3.25) becomes

ik

—p (w2 +0Q2) + (A +2u)k? +ivok 2iwpQ IJ_BZ
e
—2iwpQ pk? —p (Q* + w?) 0 =0. (3.26)
oiwBy oQBy K + gw
He k

Expanding this determinant and substituting (Q/w) = Qo and the value of « from
(3.7b), we obtain

[{-pw?(1+Q3) +(A+2u)k?} - (K*k? - pCyw?) —v2k*Tow?]

2 2 2y ( 1k Uw,) K2 2
x[-pw (1+Qo)+ﬂk](ue+ ) Kk —p G (3.27)
. 2
x[—4w2PZQZ<L_k+ka>+kauﬂ{2992—pw2(1+95)+ukz}]:0-
e e
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It is convenient to introduce the following dimensionless quantities:

w ke Tov? w*vy

X=—C E=— €T = €yg = , }’H:(He‘o')ilv
w*’ w*’ pZCVCI' C%
k* k*/pCy 2
7= 2 =
pCyci o)

(3.28)

where ¢; = (A +2u)/p)Y/? is the longitudinal elastic wave velocity, er is the thermoe-
lastic coupling constant, cr is the nondimensional thermal wave speed of G-N theory,
depending on k*, w* is some standard frequency, vy is the magnetic viscosity.

We divide (3.27) by cf and observe the following results for further simplification of
(3.27):

OU*2

2
~ @+ 1) K = C (B 21+ QD) (3.29)
Ci Ci
*2 2
KK —pCw? = -k (8- K, ), (3.30)
Cy CcT
212 2 *4
vk Tgw :%fz > k*w ’ (3.31)
pcy cr €1
pk? —pw?(Q3+1) = pw*?{s28% - x*(Q3 + 1)}, (3.32)
k2 - s
s —iw = —iw*(x +i&%€ey), (3.33)
2002 —p(QF +1)w? + uk? = pw**{x*(Q5 - 1) +s2&%}, (3.34)

where 52 = (cz2/c1)? and c3 = u/p.
Introducing the magnetic pressure number Ry = B%/ pcfue as defined by Pai [13],
(3.27) takes the form

&2 = X2 (% + 1)} (8%t — x?) —er&2X*{s?82 = Xx* (P} + 1) } (x + iE%€n)

F(Beh—x) [ 403X (+ iBen) + RuEX (@5 - 1) + 28] =0, )

The equation indicates the influence of the rotation and the thermal field through cr
and €7 on the phase velocity. In the absence of rotation (Qy = 0), the dispersion relation
(3.35) reduces to

(s?82=xH)[(E%ci —Xx*) (2 =X?) (x +i&%€n)

, , , (3.36)
—-X*E%er(x +iE%n) + Rux&*(E2ci - x?)] = 0.

In this case, the phase velocity is broken up into two factors. The first factor corre-
sponds to s2&% — x? = 0 which leads to a transverse elastic wave.
The other factor leads to

[(82—Xx%) (X +iE%n) + RuxE2](E%ci — x*) —erx?&*(x + i&%€ey) = 0. (3.37)
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Equation (3.37) corresponds to the dispersion equation of coupled magnetoelastic di-
latational thermal waves influenced by k* through c7, a characteristic of the material
of G-N model and is not so far dealt with.

Setting Ry = 0, the dispersion equation (3.37) reduces to

(x+i&%n) [(8* - x?) (E*c} —x*) —erx*€*] = 0. (3.38)

The first factor corresponds to quasistatic oscillations of the electromagnetic field,
not coupled with the displacement field (Parkus [15]). The second factor of (3.38) cor-
responds to dispersion equation (not considered so far) for purely thermoelastic waves
(G-N model) leading to (£2 —x2)(&2c2 — x?) —erx2E? = 0 in contrast to the equation de-
rived by Chadwick [3] in classical coupled thermoelastic theory. The roots of this equa-
tion are real, indicating that purely thermoelastic waves in thermoelasticity of type II
(G-N model) are unattenuated and nondispersive (without energy dissipation), not yet
considered.

The roots of the dispersion equation for purely thermoelastic waves in thermoelas-
ticity of type II (G-N model) are £2 = (M; = N;)x2, where M; = (1/2¢%)(c?+1+¢€7) and
Ny = (1/2¢3)[(c2 —1)%2+ €3+ 2er(c? +1)]Y/2 (imposing the condition that ¢y > 1) and
the phase speeds are Cp" = xc¢1 /€ = ¢1/v/(M; £N;) = Vg, Vr corresponding to +ve and
—Vve signs.

Setting €7 = 0 leads to Vg = c¢;, which is the elastic dilatational wave speed and
Vr = +/k*/pC, = finite thermal wave speed of G-N model. Thus, Vg corresponds to mod-
ified elastic dilatational wave speed and V7 the modified thermal wave speed, modified
by the nondimensional thermal wave speed ct of G-N theory and the thermoelastic
coupling er. Clearly, Vg < V7, implying that modified elastic wave follows the modified
thermal wave.

Equation (3.35) represents a more general dispersion relation in the sense that it in-
corporates the effects of rotation, the finite thermal wave speed cr, thermal coupling
€r, and Ry. Also, it shows that if the primary magnetic field has a transverse compo-
nent, the longitudinal and transverse components of the displacement vector are linked
together.

As (3.35) is very complicated, we consider the following limiting cases in order to ex-
amine the effects of the rotation, the finite thermal wave speed cr, thermal coupling €7,
external magnetic field Ry on the phase velocity, and attenuation coefficient of waves
and on specific energy loss.

4. Low-frequency region (x < 1). In this case, the wave frequency w is much smaller
than the characteristic frequency w*. We consider this case with finite electrical con-
ductivity (o = 0, vy # 0). Thus, when x = 0, £2 = 0 so that we can write £2 = i¢px +0(x?2),
where ¢ is to be determined. We substitute £2 into (3.35), retain the terms containing
x* and then equate the coefficient of x* to zero in order to obtain an equation for ¢ as

_ 1+Ry

€q

¢ 4.1)
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This corresponds to one kind of slow wave, because

= ’Q?X‘ ~10(x'?) < cy. (4.2)

Thus, for the low frequency, the rotation and the thermal field have no influence
on the phase velocity in the case of finite conductivity. This corresponds to only one
slow wave coupled to the electromagnetic field only in contrast to (4.1) derived by
Roychoudhuri and Debnath [20]. Then, the phase velocity can be found from the result

1/2
§=¢(1+i>(ﬁ) Rom, 4.3)

where R2, = 1+ Ry = 1+v3/c? and va is the Alfvén wave velocity.
It follows from (4.3) that there exists a magnetoelastic wave.
It follows from the real and imaginary part of & that the phase velocity is

1/2
€
cp=c1 (XTH) R;L. (4.4)
The attenuation factor is
w* 1/2

The phase speed and attenuation factor are independent of cr, the thermal wave speed,
and thermoelastic coupling e but influenced by Ry to the order of (x) for x < 1.

However, considering terms of 0(x2) for x < 1, we obtain from the general dispersion
equation (3.35)

52 =iM>+No, M, = m’
cn 4.6)
N = {c2.s2(1+Q3) +s%(1+er) + (1+Q3)c3}x? ’
2 s2c2 '
It follows from the real and imaginary parts of & that the phase velocity is
Xc1 Xc1 ¢
Cp = e<?) = \/TICOSE (47)
and the attenuation factor is
*
as= Oz—\/R_lsin%, (4.8)
1

where Ry = (M3 + N3)/2 and tan¢ = M»/No.
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This confirms that the phase speed and the attenuation factors are both affected
by rotation, finite thermal wave speed cr, the thermoelastic coupling €7, the external
magnetic field, and the electromagnetic parameter.

5. High-frequency region (x > 1). This case corresponds to the case of wave fre-
quency «w much larger than w*. Dividing the dispersion equation (3.35) by x’ and
neglecting all terms involving the second and higher powers of (1/x), we obtain

1/2
g:aun(ﬁ) . (5.1)

Thus, no effect of rotation and ct, €r on the phase velocity is observed to the first-order
of (1/x) for (x > 1). Also, the phase speed does not depend on the primary magnetic
field, but it depends on the magnetic and the electrical property of the medium.

To the first order of (1/x) for (x > 1), the phase velocity ¢, and the attenuation factor
ay are given by

Ly 172
cp=c1<€H X) , (5.2)
2
(1)* % )1/2
=—| = . 5.3
af C1 (ZEH ( )

Now, dividing (3.35) by x” and retaining the terms of the order of (1/x)? for (x > 1)
and neglecting the higher powers of (1/x), we obtain

> (L+iM)
E o 64
where
M=
X (5.5)
1 2 Lo )
= (L +er+s3)(Q5+1) —Ru(Q3-1)+ (Q3—-1)c2 | = =,
g 17 L0 @) =R (05 Rl
where
1
Lo=———[(1+er+s2)(Q3+1)*+(QF - 1)cj —Ru (3 - 1) . (5.6)
(Q5-1)
It follows from the real and the imaginary parts of & that the phase velocity is
_xa @
P= R cos > (5.7)
and the attenuation factor is
w* 0
= —+R =, 5.8
ar o sin 5 (5.8)
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where

R:ﬁ, tan@ = % (5.9)
The results (5.7) and (5.8) are similar to (5.3) and (5.4) reported by Roychoudhuri and
Debnath [20].

Itis important to observe that rotation, thermal parameter k* (and hence cr), charac-
teristic of G-N theory and the thermoelastic coupling constant e, do exert influence on
both the phase velocity and the attenuation factor for high frequencies to the second
order of (1/x). Also, both the phase speed and the attenuation factor are modified by
the applied magnetic field through the term L for high frequency. This fact was not
noticed for the case of low frequency.

6. Specific energy loss. Making reference to Kolsky [10], the specific energy loss
(AW /W) is defined as the ratio of the energy dissipated per stress cycle to the total
vibrational energy and is given by

AW 41T
W :KCpllf. (6].)

To the second order of x for x < 1, the specific energy loss from (4.7) and (4.8) is
given by

AW M,
S som——2 6.2)
w (M3 +N3)"*?

Therefore, the specific energy loss is affected by rotation, finite thermal wave speed
cr, the thermoelastic coupling €7, the external magnetic field, and the electromagnetic
parameter.

For x > 1, the specific energy loss to the first order of 1/x is obtained from (5.2) and
(5.3) in the form

W 2TT. (6.3)

Equation (6.3) shows that the specific energy loss is independent of any field param-
eters in the case of high frequency up to the first order of (1/y).

However, to the second order of (1/x), the expression for the specific energy loss is
obtained from (5.7) and (5.8) in the form

A—W =21 M 2T €

w VL3 /X4 +M? \J€q + L2/ x?

This result confirms that the specific energy loss is affected by the rotation to the second
order of (1/x) for the case of high frequency and depends on thermal parameters €r,

(6.4)
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finite thermal wave speed cr of G-N theory of thermoelasticity of type II, electromag-
netic parameter €y, and the transverse magnetic field Ry.
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