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ESSENTIAL NORM OF WEIGHTED COMPOSITION
OPERATOR BETWEEN x-BLOCH SPACE AND
B-BLOCH SPACE IN POLYDISCS
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Let @(z2) = (@1(2),...,pn(z)) be a holomorphic self-map of D" and y(z) a holomorphic
function on D", where D" is the unit polydiscs of C". Let 0 < &, B < 1, we compute the
essential norm of a weighted composition operator (/Cy between «-Bloch space B3%(D")
and B-Bloch space BB (DN).

2000 Mathematics Subject Classification: 47B35, 30HOS5.

1. Introduction. Let D" be the unit polydiscs of C", the class of all holomorphic
functions with domain D" will be denoted by H (D). Let ¢ be a holomorphic self-map
of D", the composition operator Cy induced by @ is defined by (Cp f)(2) = f(@(2))
for z in D" and f € H(D™). If, in addition,  is a holomorphic function defined on D",
the weighted composition operators ¢ Cy, induced by ¢ and @ is defined by ¢ Cy, (2) =
Y(2)f(p(z)) for zin D™ and f € H(D").

Let 0 < @ < 1, a function f holomorphic in D" is said to belong to the «-Bloch space
BX(D™) if

ﬂ(Z)

5 (1-]2¢))" < +eo. (1.1)

I flla= | F(0)]+sup >

zeD"

It is easy to show that B%(D") is a Banach space with the norm || - || 4. These spaces are
called Lipschitz space Lip,(D™) by Zhou (see [6, 8]). It is easy to show that the usual
norm on Lip,_,(D") defined by

1l = | FO)] + sup LB =S@)]

z,webn [z —w|l-« (L)
induces a Banach space structure on Lip;_,(D"). Clahane in [1] has shown that this
norm is equivalent to || - || «-

Essential norm formulas for composition operators are known in various settings.
Shapiro has given a formula for |[|Cylle when C, acting on the Hardy space H?(D)
in [5]; Montes-Rodriguez [4] has given the essential norm of composition operator on
the Bloch space in the unit disc; Donaway [2] has given upper and lower estimates
for ||Cylle when C, maps the Bloch space, the Dirichlet space, or the Besov-p space to
itself; MacCluer and Zhao [3] have given an exact formula of essential norm of weighted
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composition operator between the Bloch-type spaces in the unit disc, namely,

. ~1z12)*
[[uCpl|, = lim sup luz)| |’ (z2)| (1.3)

s—1 l@2)]>s < | (2)] )

Here, @ is an analytic self-map of D and u is a fixed analytic function on D and 0 < « <
1, 0 < B < 00; Zhou and Shi [7] have given the essential norm of composition operator
on the Bloch space in polydiscs, that is,

1
— lim sup

2
op1 ‘ 1- |z
n? 5.0 dist(p(2),0D") <6 Ki=1

oz - |@u(2)|?

(1.4)

<||Copl|, < 2n°lim sup

2
0 1-1z
@1 (z ’ | zi |
5—0 dist(p(z),0D") <o k=1

oz 1~ |gu(2)|?

Recently, Zhou [6] studied weighted composition operators between «-Bloch space
and B-Bloch space in polydiscs. He proved the following theorems.

THEOREM 1.1. Let ¢ = (@1,...,Qyn) be a holomorphic self-map of D" and Y (z) a
holomorphic function of D", 0 < &, B < 1. Then, YyCq : B*(D") — BB(D") is bounded if
and only if ¢ € BP(D") and

B
1— 2
a(pl ( |Zk| ) < =0(1) (|Z|—’1_)- (1.5)

W] Y ‘W

k=1

THEOREM 1.2. Let ¢ = (@q,...,Pn) be a holomorphic function of D" and Y(z) a
holomorphic function of D", 0 < &, B < 1. Then, ¢Cq : B*(D") — B (D) is compact if
and only if

(i) @Cy is bounded,
(ii)

n oY 2\B n
Igl a_Zk(Z) (1—|Zk| > :0(1)1 ((P(Z)—»@ )! (16)
(iii)
B
n 1- |z |?
lw()]| > a"’l ’<|—"|>2a=0(1), (p(2) — aD"). (1.7)
k=1 <l_|(Pl(Z)| )

It is reasonable to expect that the essential norm of ¢Cg : B*(D") — %8 (D™) should
be given by the related lim sup expression. The following theorem is our main result.
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THEOREM 1.3. Let ¢ = (@1,...,Qyn) be a holomorphic self-map of D" and Y (z) a
holomorphic function of D", 0 < &, B < 1. Suppose the weighted composition operator
YCq : BX(D") — BA(D") is bounded, then,

(1-1z1%)

2k ‘(1|(pl(z)|2)a

Lim  swp  Jwo)] Z
Ns_o dist(@(z),0D") <5 k=1

(1.8)
(1-1z1?)

a(Pl ‘ .
(1- o2 [?)

n
<||lwCpl|, < 2nlim sup lw(z)| >
§—0 dist(p(z),0D")<d k=1

2. The proof of Theorem 1.3. In this section, we mainly give the proof of the main
theorem of this paper. We divided our proof into two parts.

THE LOWER ESTIMATES. Since ¢/Cyp : B*(D") — BB (D") is bounded, we have y €
#BF(D") by Theorem 1.1.
Note that for m > 2,

(m-1)/2
_ B 2\ & mo1y _ ( 2 )"‘( m-—1 )
121"l ZSSU)Fi(l |21 ) [mzi" | =m m-1+2«x m-1+2« @D

where the maximum is attained at any point on the circle with radius

m-—1 172
7’m_(m—1+20<) . (2.2)

Hence, the sequence {z{"},>2 isbounded in B%(D"). Let fi, = z{* /121" | «, then || fin llo =
1 and f;, is bounded sequence and converges weakly to 0 in #%(D"). This follows since
a bounded sequence contained in % (D") which tends to 0 uniformly on compact sub-
sets of D" converges weakly to 0 in B%(D"). In particular, if K is any compact operator
from B*(D") to BA(D"), then limy, .o | K finllg = 0

For m > 2, let

Am=1{z=(21,22,...,2n) € D", <|zi| £¥mr}, (2.3)
here, 1, = (M —1)/(m—1+2x))/%2. Let g(x) = m(1 - x?)*x™"! then
g (x) = -mx"2(1-x)*""2ax? - (m-1)(1-x2)) <0 (2.4)

for x € [((m—-1)/(m—1+2x))"2,1), that is, g(x) is a decreasing function for x €
[(m—-1)/(m—-1+2x))'2,1). Therefore,
min afm‘ 1_|Zl| ) (1 Ym+1 |m rrnn+ll
||Zl ||¢x
(m-1+2« m2+(RQax—-1)ym \mV/72
_( m+2x ) (m2+(2o<71)m72(x)

(2.5)

=Cp.
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Note that C,, tends to 1 as m — . Take any compact operator K from B*(D") to
B (D), we have

[lyCep —K]|
zliry{llfgpll(ow—K)meﬁ
> lirrilfgp(||wcmfm||ﬁ - ||Kme[§)

:li?nlfupH(lIC'(pmeﬁ

m(z)‘ zl?)
m—oo zeDN 0z
>limsup sup Z %(2)’ |Zk|2)B

m—o  @(2)EAM -1

(1-121%)"

2z (1-12?)’

n
>limsup sup > op(z)
m—c @2)€Am j—1 0z

P(2)+p(2) Zai P(2)) @m

op(z)
aZk

f 0P

=limsup sup
m—o  @(2Z)EAM f=—1

fm(@2) +w(z) 5 = ((p(z))

>limsup sup
m—oo @(z)EAmM

s "”‘Z”‘a (@(2) M(z)‘
k=1

2\ B
% (1_|Zk| ) (x<1
(1-lp1(2)]?)

-2

k=1

—\(P1(2)|2>0(

0 B
a—i(z)\(l—lzklz) Ifm(qo<z))|’-
(2.6)

When 0 < & < 1, we know that ¢ € @8 (D"), so that

(1-12:2)" | fm(0(2)) |

7(2)

limsup sup Z
m—oo @(2)€EAM |=1

<[lyliglimsup sup | fin(®(2))]
m—o @(z)eEAm

(m/(m+2x))™* (2.7)

27"l

= llyllglimsup
m— oo

(m/(m+2x))™"?

mQRo/(m-1+20))"((m-1)/(m—-1+2)) ™ V/?

= [lyllglimsup
m— oo

=0.
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Therefore,
H(IJC(PHe
n af
>limsup sup > |@(2)] ‘ 3 CP(Z)) Z)‘
m—c @2)EAM poy w1
B
1-|zi|?
e
(1-le1@?)
2
. " d | zi |
> limsup sup ZIW(ZH‘ <P1( )‘—>
m—o  @(2)EAM k=1 |(PI(Z)| ) (2.8)
o . ofm ‘ B 2\ &
th%nf@g}éam\awl (@@)|(1- o1 %)
o, |2]%)"
>limsup sup Z lw(z)] ( )’—liminfcm
m—o  @(2)EAM k=1 1- |(pl Z)| ) mn
2\ B
n ? | zk |
> limsup sup ZIW(ZH‘ 091( )’>
m—co  Q(2)€AM _| 1—|()91(z)| )
So,
2\ B
] n 0 1—|Zk|
lyColl, = limsup sup > |(p(z)|‘ cpl( )'—) (2.9)
m=co @2)€Am k=] 1—|(P1(Z)| )
Forl=1,2,...,n, define
2\ B
n d | zk |
a; =lim sup Z lw(z)] (791( )‘)fx (2.10)
5-0 dist(p(2),0D") <5 11 1-|@i(2)] )

For any € > 0, (2.10) shows that there exists 6, 0 < §g < 1, if dist(p(z),0D") < d¢, then

B
~lz|?)
x > a1 —€. (2.11)

“ a(Pl
v@ |50 @] 5
g ‘ (1-1@12)]?)

Because 7y, — 1 (m — ), ¥;,, > 1 — 6o for m being large enough. If p(z) € A,,, then
<|@P1(2)| £ ¥m+1, thatis, 1 =¥y <1—|@1(2)] < 1—7y, that s,

dist (@ (z),0D") < dist (@1 (2),0D) < Sp. (2.12)
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By (2.9) and (2.11), we have
lwColl, = a1 —e. (2.13)
If we choose gm (z) = z]" /|| z]"|I, repeating similar argument as in the case | = 1, we have
lwColl, = ai—¢ (2.14)

for 1 =2,...,n. Hence,

1 n
|WC¢7He = E;
2\ B
R 2 d 1- [z
==> |lim sup > lwz)] a(pl )‘<—)2¢x—(—:
N 53\ 6-0 dist(@(2),00M)<5 —; Zk (1— |pi(2)| )
1 0 |Z’<\2)B
= —lim sup Z lp(z) | (Pz( )‘——E-
N 50 dist(p(2),0D")<6 121 1- |(PZ(Z)| )

(2.15)

Let € — 0, we obtain the result.

THE UPPER ESTIMATES. For this purpose, we define operator K, (m > 2) as follows:

Km f(2) =f<m7712). (2.16)

Using the method of [7], we can show that K, has the following properties:

(a) K,, is compact operator from %B%*(D") to B*(D"),

(b) limy, e SUP| ) <1 SUPzepn | (T = Kim) f(2)] =0

(c) for any f € BX(D"), (I — Ky, ) f — 0 uniformly on compact subsets of D", hence,

forl=1,2,...,n,0(I - Ky,) f/0w; — 0 uniformly on compact subsets of D",

(d) =Kl <2.

The details of parts (b) and (c) are left to the reader, we will show the details for part
(a) and (d).

First, we show the details of part (a). In fact, let E = {((m—1)/m)z, z € D"}, then
E is a compact subset of D™. For any sequence {f;} c B%(D"), there exists a sub-
sequence {fj} of {f;} converging uniformly to f € B%(D") on compact subsets of
D™ and || fll« < M. It is obvious that {0f},/0z;}, i = 1,2,...,n, converges uniformly to
{0f/0z;} on compact subsets of D". So, for large enough s,w € Eand l=1,2,...,n,

o(fi —.f)

(w)| <e. (2.17)
awl
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Hence,

[1Km.fjs =K f |

D7t o(%

[0

g $ [Am DI |y
<stan o[ (fi — f)((a(;':’z_l)/m)z)] ‘mn,:l (1_ \Zk|2>o( (2.18)

M: T M:

o[(fis—f)(((m—1)/m)z ’m 1
awl

zeDn

k=1
n
Z
o
<sup >
k=1
m—

)—‘ ~
I

<sup f“ 5 () ‘ —0

weE

for s — o. These show that K,,, is a compact operator.
Next, we show the details of part (d). In fact, for any f € B%(D"), we have

10K flly = sup. 3 | 20K ) (1 )
zebn k=1
< | of of 1 o
= 3 - (1m0 ) 55 (- 5)2) [ (- 1)
< sup i ﬂ(z) (1_|Zk|2>o< (2.19)

s

() s S0 (- 5)=
<ot 1f e = 20 f e

Since each K, is compact operator from B%(D") to B%(D"), so is ¢ CypKm. Hence,

1Colle = 0Co = wCoKnll = [9Cy (1=K} = sup l0Co(T=Kn)flly. (220

Ilfla=

We bound the last expression from above by

||,§le [w) || (I-Km)f(@0))] (2.21)
Slla=<1

+ sup sup Z |W(Z)|‘M(

B
(2)) —(z)‘ ~lzel?)” 22
Iflla<1 zeD" k=1

+ sup sup Z
Ifla<l zeDm ()

a—i(z)‘ [(I-Kn) fl@ (@) | (1= |2]?)". (2.23)



3948 L. SONGXIAO AND Z. XIANGLING

By the property (b), we know that the supremum in (2.21) can be made arbitrarily small
as m — oo. Since W(z) € BE(DM),

n
sup >

zebn k=1

%(z)‘(l— |zk\2)3<oo. (2.24)

Property (b) also ensures that the supremum in (2.23) tends to 0 as m — co. Now, we
need only consider the term

sup sup Z lp(z)] (z))—(z)‘ 1|z | ) (2.25)

[flle<1 2€D™ p ¢

‘81 Km)f(

For arbitrary 0 < 6 < 1, we define

G1 = {zeD":dist(p(z),0D") < 6},

2.26
Go = {zeD":dist(p(z),0D") > 6}. ( )
Here, G, is compact subset of C"*. We consider
< o(I-K
sup sup |w(z)|‘%( (z))i(z)‘ 1-|zk] )
Iflla<1 zED™ 11
= o(I-K
< sup sup > |y@(2)] ‘M( (Z))i(z)’ 1— |z | )
Iflasl 2€G1 121 0 (2.27)
= o(I-K 0 B
+ sup sup > |y( z>|li’”)f«p(z»aﬂ(z)’(l—lzkf)
Ifla<1 2€G2 1=y Zk
=1+1I.
First, we write I as follows:
B
n |z |?
I= sup sup Z|lIJ(Z)|‘ ()‘ —)
Ifla=1 2€G1 1121 (1~ *)° (2.28)
oI —Km)f 2\«
x\T’”(cp(z) (1= 1912 ?)
and observe that this is bounded above by
acpl |Zk|2>ﬁ
n||I - Ky || sup Z lp(z2)| ( )‘ (2.29)

(1-le2*)"

z€61 k=1
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Then, by property (d), we know that

I <2nsup Z lp(z) | (2.30)

2\ B
d | zk |
Q?l( )’—)
Z€61 1=1

(1- @) *)°

Next, we prove that limy,_., II = 0. Since ¢/Cy is bounded from B*(D") to BE(DM),
by Theorem 1.1 we have

2\ B
LA 1- |z
v Y 5@ \(—la <o (lz| —17). (2.31)
ki-1! 9%k (1—|(P1(2)| )
Thus,
n o 2\ B
suplqj(z)| > 13 @ | (1= 2] ?)” < oo (2.32)
26y Ki=1! 9%k
Then, using property (c), we have
B
lim IT = lim sup sup Z \w(z)|‘w( (z)) (z) (1—|zk|2) =0.
m=ee m—oo Ifla<l 2€G2 1 123
(2.33)
Combining the estimates for (2.21), (2.22), and (2.23) as m — o, we get
2\ B
. 2 1-|z]
[lwCqpll, < 2nlim sup Z ly(2)| (Pz ‘ (—)za (2.34)
5-0 dist(@(2),0DM) <6 1521 (1- @i %)
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