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Suppose that C is a nonempty closed convex subset of a real uniformly convex Banach
space X. Let T : C — C be an asymptotically quasi-nonexpansive mapping. In this paper,
we introduce the three-step iterative scheme for such map with error members. More-
over, we prove that if T' is uniformly L-Lipschitzian and completely continuous, then the
iterative scheme converges strongly to some fixed point of T

1. Introduction

Let C be a subset of normed space X, and let T be a self-mapping on C. T is said to be
nonexpansive provided that ||Tx — Ty|l < [lx — y|l for all x, y € C; T is called asymptoti-
cally nonexpansive if there exists a sequence {k,} in [0, c0) with lim,_« k, = 0 such that
IT"x - T"y|l < (1+k,)llx — yll forallx,y € Cand n = 1. T is said to be an asymptotically
quasi-nonexpansive map if there exists a sequence {k,} in [0, o) with lim,_« k, = 0 such
that ||T"x — pll < (1 +k,)llx — pll forall x e Cand p € F(T), and n = 1 (F(T) denotes
the set of fixed points of T, thatis, F(T) = {x € C: Tx = x}).

From the above definitions, if F(T) # &, then asymptotically nonexpansive mapping
must be asymptotically quasi-nonexpansive mapping.

The concept of asymptotically nonexpansiveness was introduced by Goebel and Kirk
in 1972 [2]. In 2001, Noor [5, 6] introduced the three-step iterative scheme and he stud-
ied the approximate solutions of variational inclusions (inequalities) in Hilbert spaces.
The three-step iterative approximation problems were studied extensively by Noor [5, 6],
Glowinski and Le Tallec [1], and Haubruge et al. [3].

Recently, Xu and Noor [8] introduced the three-step iterative scheme for asymptoti-
cally nonexpansive mappings and they proved the following strong convergence theorem
in Banach spaces.

THEOREM 1.1 (see [8, Theorem 2.1]). Let X be a real uniformly convex Banach space, let
C be a nonempty closed, bounded convex subset of X. Let T be a completely continuous
and asymptotically nonexpansive self-mapping with sequence {k,} satisfying k, = 0 and
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So1kn < oo, Let {ay},{Bu}, and {y,} be real sequences in [0,1] satisfying
(i) 0 < liminf,_» a, < limsup,,_ , &, < 1,
(ii) 0 < liminf, . B, <limsup,_ . < 1.
For a given xy € D, define

Zn =Y T"%0 + (1 = Y1) X,

Yn :ﬁnTnzn"'(l_ﬂn)xm (11)
Xnt1 = 6n Ty + (1 - “n)xn-

Then {x,},{yn}, and {z,} converge strongly to a fixed point of T.

In this paper, we will extend the iterative scheme (1.1) to the iterative scheme of asymp-
totically quasi-nonexpansive mappings with error members. Moreover, we will prove the
strong convergence of iterative scheme to a fixed point of T (C need not to be a bounded
set), requiring T to be uniformly L-Lipschitzian and completely continuous. The results
presented in this paper generalize and extend the corresponding main results of Xu and
Noor [8].

2. Preliminaries
For the sake of convenience, we first recall some definitions and conclusions.
Definition 2.1 (see [2]). A Banach space X is said to be uniformly convex if the modulus

of convexity of X

eyl

8x(e) = inf{l 25 el = lyl =1, -yl = e} >0 2.1)

forall 0 < € <2 (i.e., 8x(€) is a function (0,2] — (0,1)).
Definition 2.2. A mapping T : C — C is called uniformly L-Lipschitzian if there exists a
constant L >0 such that for all x, y € C,

[|T"x — T"y|| < Lllx—yll, Vn=>1. (2.2)

In what follows, we will make use of the following lemmas.

LEMMA 2.3 (see [4]). Let the nonnegative number sequences {a,},{b,}, and {d,} satisfy
that

an1 < (1+b,)a,+d,, Vn= 1,2,...,2 b, < oo, Zdn < o0. (2.3)
n=1 n=1

Then,
(1) lim,,— « a,, exists;
(2) if liminf,_a, = 0, then lim,_ a, = 0.
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Lemma 2.4 ([7], ]. Schu’s Lemma). Let X be a real uniformly convex Banach space, 0 <
a<t, << x5y, €X, limsup,_ x4l < a, limsup,_ , lyull <a, and lim,_« [[tx, +
(1—ta)yull = @, a = 0. Then, lim,—.o X, — yull = 0.

3. Main results

In this section, we prove our main theorem. First of all, we will need the following lem-
mas.

LemMa 3.1. Let X be a real uniformly convex Banach space, C a nonempty closed convex
subset of X. Let T be an asymptotically quasi-nonexpansive mapping with sequence {ky} n=1
such that 3k, < 00 and F(T) + @. Let xo € C and

Zn = o0y T" % + By X + ¥, U,
Yn =0, T"Zu + ByXn + Y Vns (3.1)

Xn+l = Op T")/n +ﬁnxn + YuWn,

where {a,}, Lo}, Lo 3, ABuds ABnds ABy 35 Aynts {yn}s and {y,/} are real sequences in [0, 1]
and {uy},{va}, and {w,} are three bounded sequences in C such that

/I

D) an+Putyn =0, +f,+y, = +B +y/ =1,
(i) X1y <00, ol yn <00, 30y, < oo
If p € F(T), thenlim,,_« ||, — pl| exists.
Proof. Let p € F(T). Since {uy,}, {v,},and {w,} are bounded sequences in C, put

M = sup |juy = p[| v sup][va = p[| v sup[wn — || (32)

nx1

Then M is a finite number. So for each n > 1, we note that

[1%ns1 = Pl = [l T"y + Bu + yuwa = pl|
< an||T"yu = |+ Ballxn = pll +yallwn = pl| (3.3)
< an(1+kn)[[yn = pll + Bullxn = pll + yullwa = pll,
[y = pll = [l Tz + Brxn + yivn = pl|
= a[IT"z0 = pll + Bullxn = I+ yullva = pll (3.4)
<, (1+kn) [z = pll + Ballxn = I+ vl lva = pll;
llzn = pll < o (1K) llen = I+ By 10 = pll+ 7 un = - (3.5)
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Substituting (3.5) into (3.4),
[y = pll < ey (14 k) [0 = pl]

+anﬂ;'(1 +kn) [0 — pll + oy (14 k) [|un — pll+ Brllcn = pll+ynllva — pl|
< (1= B, =yl ) (1+ka)’[|xn = pll + Byl [0 — pl]

+(1 =B, _Y;l)ﬁ;l’||xn_?||+mn
< B (1K)l — pll+ (1= B ety (1 -+ k) [lxa — pl|
+ (1= BBy (L4 k) || = pll + 11,
=B, (1+ kn) [, = pl| + ( 1_ﬁ;)(“g"'ﬁ:)(l+kn)2||xn_P||+mn
< B (Lt ka) [ — plI+ (1= B,) (14 kn) [l — pl| + 1,
=(1+k,) ||xﬂ—p||+mn,
(3.6)
where m, =y, (1+k,)M +y, M. Substituting (3.6) into (3.3) again, we have
||xn+1 _P” < an(1+k, )((1+kn)2|’xn_P~|+mn)+/3n||xn_P||+Yn||Wn_P||
= a,(1+ky, 3||xn_P||+‘xn(1+kn)mn+/’)n||xn_P||+)’n||wn_P||
< (a +ﬁn)(1+kn)3||xn_P||+(1+kn)mn+)’n||wn_17|| (3.7)

IA

1+ k)| — pll+ (14 k) 1 + yul [ W — p|

IA

(
(1+k,) ||xn = pll+ (L +ky)my + yuM
(

L+d,)||xu — pl| + bu,

where d,, = 3k, +3k2+ k> and b, = (1 +k,)m, +y,M. Since >.;” d, < o0 and >, b, <
0o, by Lemma 2.3, we have that lim,,_« ||x, — p/|| exists. This completes the proof. O
LEmMA 3.2. Let X be a real uniformly convex Banach space, C a nonempty closed convex

subset of X. Let T be an asymptotically quasi-nonexpansive mapping with sequence {ky} y>1
such that > k, < 0 and F(T) # @. Let xo € C and for each n > 0,

zn =) T"xp + B, X+ Y, tn,
Yn =0, T"Zy + BrXn + Vi Vi (3.8)
Xn+l = On Tnyn +/-’)nxn + YnWns

where {u,},{v,}, and {w,} are three bounded sequences in C and {a,}, {a},}, {0, }, {Bn}>
B> B Aynts {yn), and {y;} are real sequences in [0,1] which satisfy the same as-
sumptions as Lemma 3.1 and the additional assumption that 0 < « < &y, B, ), 3, << 1
for some o, 3in (0,1). Then lim, .o [Ty, — x4l = 0 = lim,—.o | T"2, — X |l.
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Proof. For any p € F(T), it follows from Lemma 3.1, that lim,_. [[x, — pll exists. Let
lim, .o llx, — pll = a for some a > 0. From (3.6), we have

llyn = pll = (1+kn) |12 = pl| + . (3.9)
Taking limsup,,_ , in both sides, we obtain

limsup ||y, — p|| < limsup||x, — p|| = %11510||xn -pll=a (3.10)

n— oo n— oo

Note that

limsup||T"y, — pl| <limsup (1+ky)||y, — pl| = limsup||y, — pl| < a,

n—oo n—oo n—oo

a= i&%”xnﬂ -pll= lim loa T" yn + Bun + yuwn — pl|

= lim| o] Ty, - P+ (o IR p+ 2o ]H (3.11)
= Jim an[Tﬂyn—prﬁ(wn—p)]+(1—ocn)[xn zgn(wn_p)]H_

By J. Schu’s Lemma 2.4, we have

lim

n—o

n Vn _ Vn _ —
T Yn — Xn (20(,1 2/3n>(Wn p)H 0. (312)

Since limy—o [| (yn/20n — Yu/2n)(wn — p) Il = 0, it follows that

lim || 7"y — x| = 0. (3.13)

Finally, we will prove that lim,_ [|T"z, — x,I| = 0. To this end, we note that for each
nx>1,

llew = pIl < [IT"yn = xal |+ [T yu = pll < [|T" yu = xul[ + (1 + k) |y = pIl. (3.14)
Since limy—.co | 7"y, — x41l = 0 = lim, . ky,, we obtain that
a = lim ||x, — p[| < liminf |y, — p]|. (3.15)
It follows that

aslizrlioglfﬂyn—p”slimsup||yn—p||sa. (3.16)

This implies that

lim ||y, — pll = a. (3.17)
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On the other hand, we note that

|20 = plI = [l T + By 2 + 3y n = p|
< ay/ (L+ka) ||xn = pl[ + By 120 = pll +y3 [[un — pl| (3.18)
< ay (1+ka)|len = pl[ + (1 = o)) (1 + k) [ [xn = pl[ +y3 [|t0n = pl| '
< (L k) 2 = pll 4y [|un = pll-
By boundedness of the sequence {u,} and lim,_.« k, = 0 = lim, . y;,, we have
limsup||z, — p|| < limsup||x, — p|| = a, (3.19)
and so
limsup||T"z, — p|| < limsup (1 +k,)||z. — p|| < a,
a= %E{}OHJ’H -pll= %Lm ot T" 20 + Brxn + yiva — pl|
| Vn / (3.20)
tim | 772~ p+ 5 (= ) | 3 0 - )|
w12 4 Lt p) [+ (1= [ =+ Lt ) ]|
n n 2 ’ 2/3
By J. Schu’s Lemma 2.4, we have
S p—— Yn _ ¥ _
%&n}o T"z, x"+(20c;l 28 )( p)H 0. (3.21)
Since limy—o | (y;,/20;, — y;,/2B;,) (va — p)Il = 0, it follows that
lim || T2, = x| = 0. (3.22)
This completes the proof. O

THEOREM 3.3. Let X be a real uniformly convex Banach space, C a nonempty closed convex
subset of X. Let T be uniformly L-Lipschitzian, completely continuous, and an asymptotically
quasi-nonexpansive mapping with sequence {ky}n=1 such that 3>k, < o and F(T) #+ @.
Let xy € C and for each n = 0,

Zn = o0y T" % + 1) X + V), U,
Y =0, T"Zy + B X0 + Vi Vis (3.23)
Xn+1 = Oy T")/n +ﬁnxn + YnWns
where {u,},{v,}, and {w,} are three bounded sequences in C and {a,}, {a},}, {0, }, {Bn}>
B> B Aynts {yn), and {y;} are real sequences in [0,1] which satisfy the same as-

sumptions as Lemma 3.1 and the additional assumption that 0 < « < &y, B, ), 3, << 1
for some a, 3in (0,1). Then {x,},{yn}, and {z,} converge strongly to a fixed point of T.
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Proof. Tt follows from Lemma 3.2 that
Lim [|T" yy — xu[| = 0 = lim [| 7"z, — x| (3.24)
and this implies that
%1 = Xul] < @l |T"yn = x|| + yul|Wn — xn|| — 0 asn — oo. (3.25)

We note that
||Tnxn _xn” = ||Tnxn - Tn}’n” + ||Tn)’n _xn” = L||xn - )’n” + ||Tnyn _xn”
<oy L||xy — T"z|| + i L |v — xn| |+ || T" yu — xn|| — 0 asn — oo,
(3.26)
[t = Tl | < (1201 = 20 [+ 2001 = T st ||+ | T K1 = T o[+ T ot — Tt
=< ||xn+1 _xn||+||xn+l - Tn+1xn+1||+(1 +kn+1) ||xn+1 _xn||+L||Tnxn _xn”-
(3.27)
It follows from (3.25), (3.26), and the above inequality that
lim ||, = || = 0. (3.28)

By Lemma 3.1, {x,} is bounded. It follows from our assumption that T is completely
continuous and that there exists a subsequence {Tx,, } of {Tx,} such that Tx,, - pe C
as k — co. Moreover, by (3.28), we have || Tx,, — x,, || — 0 which implies that x,, — p as
k — co. By (3.28) again, we have

[P = Tpll = lim |y, = Tox[[ = 0. (3.29)

This shows that p € F(T). Furthermore, since lim,_« [lx, — pll exists, we have
limy—« llx, — pll = 0, that is, {x,} converges to some fixed point of T. It follows that

H)’n _xn” = “:;”Tnzn _an*'Y;;”Vn _xn” — 0,

- ., (3.30)
20 = xal| < 0 [|T"20 — 2| + ;) |12 — 20][ — 0.
Therefore, lim,—« y, = p = lim,—_« z,. This completes the proof. O
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