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By using fixed point index approach for multivalued mappings, the existence of nonzero
solutions for a class of generalized variational inequalities is studied in reflexive Banach
space. One of the mappings concerned here is coercive or monotone and the other is
set-contractive or upper semicontinuous.

1. Introduction

Since the fundamental theory of variational inequality was founded in the 1960s, the vari-
ational inequality theory with applications has made powerful progress and has become
an important part of nonlinear analysis. It has been applied intensively to mechanics, dif-
ferential equation, cybernetics, quantitative economics, optimization theory, nonlinear
programming, and so forth (see [2]).

In virtue of minimax theorem of Ky Fan and KKM technique, variational inequal-
ities, generalized variational inequalities, and generalized quasivariational inequalities
were studied intensively in the last 20 years with topological method, variational method,
semiordering method, and fixed point method [2]. However, the existence of nonzero
solutions for variational inequalities, as another important topic of variational inequality
theory, has been rarely discussed.

It is of theoretical and practical significance to study the existence of nonzero solutions
for variational inequalities. In this paper, we will discuss the existence of nonzero solu-
tions for a class of generalized variational inequalities for multivalued mappings by fixed
point index approach in reflexive Banach space.

Let Y, Z be two topological spaces. A multivalued mapping F : Y — 27 is called upper
semicontinuous at yy € Y if for each neighbourhood V' C Z of F(yy), there exists a neigh-
bourhood U of yy such that the set F(U) C V. Suppose that E,, E; are two real Banach
spaces, D < E;. A multivalued mapping A : D — 22 is said to be k-set-contractive on D
if there exists a constant k such that a(A(S)) < ka(S) whenever a(S) # 0, S = D, where
«a is the Kuratowski measure of noncompactness. A mapping A is called condensing on
D if a(A(S)) < a(S) whenever a(S) # 0, S = D. It is easily seen that a mapping A is con-
densing when k < 1. Let X be a Banach space, X * its dual, and (-, -) the pair between X*
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and X. Suppose that K is a closed convex subset of X and U is an open subset of X with
Uk = UNK # @. The closure and boundary of Uk relative to K are denoted by Ux and
d(Uk), respectively. Assume that T : Ux — 2 is an upper semicontinuous mapping with
nonempty compact convex values and T is also condensing. If x ¢ T'(x) for x € d(Uk),
then the fixed point index, ix (T, U), is well defined (see [3]).

ProrosrTioN 1.1 [3]. Let K be a nonempty closed convex subset of a real Banach space
X and let U be an open subset of X. Suppose that T : Ux — 2K is an upper semicontinuous
mapping with nonempty compact convex values and x ¢ T(x) for x € d(Uk), then the index,
ix (T, U), has the following properties:
(i) ifix(T,U) # 0, then T has a fixed point;
(ii) for mapping )20 with constant value {x,}, if xo € Uk, then iK(XAO> U)=1;
(i) ler Uy, U, be two open subsets of X with Uy N Uy = &. If x & T(x) when x €
d((Un)k) U o((U2)k), then ix(T, Uy U Uy) = i (T, Ur) +ix (T, U2);
(iv) let H : [0,1] X Ux—2K be an upper semicontinuous mapping with nonempty com-
pact convex values and a(H([0,1] X Q)) < a(Q) whenever a(Q) # 0, Q < Uk. If
x & H(t,x) for every t € [0,1], x € d(Uk), then ix(H(1,-),U) = ix(H(0,-),U).

In this paper, for mappings A : X — X* and g : K — 2X", we will deal with the following
problem by fixed point index approach: find u € K, u # 0, and w € g(u) such that

(Au,v —u) > (w,v—u), VveK. (1.1)
2. Nonzero solutions when the mapping A is coercive
Suppose that K is a subspace of X and A : X — X* is a coercive and linear continuous
mapping, that is, there exist constants M, y > 0 such that

(Av,v) = ylivl3, lAvVIx« < M|lvl, VveX. (2.1)

It is well known that for any given w € X*, the variational inequality

(Au,v—u) = (w,v—u), VveKk, (2.2)
has an only solution u in K (see [1]). Define a mapping as follows:

Ky: X* — K, Kiw)=u, VweX* (2.3)

then K, is a coercive and linear continuous mapping and (see [1])

||KA<W1>—KA<WZ>||sinwl—mnx*. (2.4)
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TaeoReM 2.1. Let K be a subspace of a reflexive real Banach space X. Suppose that A :
X — X* is a coercive and linear continuous mapping which satisfies inequalities (2.1) and
g: K — 2X" is B-set-contractive and upper semicontinuous mapping with nonempty compact
convex values, where /y < 1. Assume

(a) iminf ju, -0 SUp,,, c g (Wi tin)/ l[unll* <y (n € K);

(b) there exist xo € K and a constant q > 0 such that inf,,cg(u)(w,x0)/||ull > M||xo || when

lull >q, u € K.

Then (1.1) has a nonzero solution.

Proof. Define a mapping as follows:
Kug:K — 2K, (Kag)(u) =Ka(g(u)), Yuek. (2.5)

It is easily seen that Kug is (f8/y)-set-contractive and upper semicontinuous mapping
with nonempty compact convex values by (2.4). Let K" = {x € K, ||x]| < r}. Assuming
that there does not exist r # 0 and u € d(K") such that u € K4(g(u)) (or else u is a
nonzero solution of (1.1)). We will verify that ix (Kag,K") = 1 for small enough r and
ik (Kag,KR) = 0 for large enough R.

Firstly, define a mapping by H : [0, 1] X K" —2X, H(t,u) =tK4(g(u)). Obviously, H(t,u)
is an upper semicontinuous mapping with nonempty compact convex values. We claim
that a(H([0,1] X Q)) < a(Q) whenever a(Q) # 0, Q < K". In fact, let e € Kx4g(Q), then
0 € {K4g(Q) —e}. Hence, we have

H([0,1]xQ) = |J {t[Kag(Q)—e] +te}
te[0,1]
c U {t[Kag(Q —el}+ | {te} (2.6)
te[0,1] t€[0,1]
c {Kag(Q) —e}+ | ftel.

te[0,1]

Thus

“(H([O:IJXQ))5“({KA3(Q)})+“( U {te}> = a({Kag(Q}) <a(Q).  (27)

te(0,1)

We claim that there exists small enough r such that u ¢ H(t,u) forall t € [0,1], u € I(K").
Otherwise, there exist two sequences {t,}, {u,}, t, € (0,1], u, € I(K"), llu,ll — 0, such
that u, € H(t,,u,) = t,Kag(u,) or u,/t, € Kag(uy,), hence there exists w, € g(u,) such
that u,/t, = Ka(w,), that is, we have

<A<@>,v—ﬂ> > <wn,v—ﬂ>, Vv eK. (2.8)
tn [ [
Letting v = 0, we can obtain from (2.1) and (2.8) that
(Auty, uy) (Wasttn) — (Wnsth)
7 =In 7 = 7 -
[ o4 [[ua|

y < (2.9)
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Thus liminf,, o supwneg(un)(wn,un)/uun||2

fore,

> y, which contradicts condition (a). There-

ik (Kag,K") = ix (H(1,-),K") = ix (H(-,0),K") = i (0,K") =1 (2.10)

by Proposition 1.1(ii) and (iv).
Secondly, we will verify that ix(Kag,KR) = 0 for large enough R. In fact, we can get
from (2.1) and condition (b) that

(w,x0) > (Au,x0),  Vweg(u), asllull >q. (2.11)

On the other hand, because g is -set-contractive and upper semicontinuous mapping
with nonempty compact convex values, there exists a constant L > 0 such that [|w/x~ < L
for all w € g(u) whenever |lul| < g, u € K. Take N for large enough and f € X* so that

Magl|xol|+ Lilxo[[ < =N (f,x0). (2.12)

Define a mapping by H : [0,1] x KR — 2K, H(t,u) = Ka(g(u) — tN ). Then H(t,u) is an
upper semicontinuous mapping with nonempty compact convex values. We claim that
a(H([0,1] X Q)) < a(Q) whenever «(Q) # 0, Q € K7. In fact,

H([0,1]><Q)=KA( U {g(Q)—th}> EKA({g(Q)H U {—th}>,

te(0,1] te[0,1]

a({g(Q)}+ U {—th})sa(g(Q))+oc< U {—Ntf}) = a(g(Q)) <fa(Q).

te[0,1] te[0,1]
(2.13)

Thus a(H([0,1] X Q)) < (B/y)a(Q) < a(Q) by (2.4) and /y < 1. We claim that there ex-
ists large enough R such that u ¢ H(t,u) for all t € [0,1], u € d(KR). Otherwise, there
exist two sequences {t,}, {u,}, t, €[0,1], u, € A(KR), |lu,|l — 400, such that u, € H(t,,
u,) = Ka(g(u,) — t,N f), hence there exists w, € g(u,) such that u, = Ka(w, — t,Nf),
that is, we have

(Aun,v —uy) = (Wy—t,Nf,v—u,), Vvek. (2.14)

Taking v = u,, + xo in (2.14), we obtain from (2.1) that

M||x0|| > (Aun)x()) > (meo) > lnf (Wn)x())’ (215)
||| luall -~ wieglun) ||unl
which contradicts condition (b). Therefore,
ix (Kag,K*) = ix (H(-,0),K*) = ix (H(1,-),K*) (2.16)

by Proposition 1.1(iv). If ix (H(1,-),KR) # 0, then the mapping H(1,-) : K — 2K has a
fixed point u in K® by Proposition 1.1(i), that is, u € H(1,u) = K4(g(u) — N f). Thus
there exists w € g(u) such that u = K4(w — N f), that is,

(Au,v—u)=(w—-Nf,v—u), Vvek. (2.17)
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Taking v = u+xo in (2.17), we get that
(Au,x0) — (w,x0) = =N (f,x0). (2.18)

That contradicts (2.11) if [lul| > g, hence [lul| < g, then we can get from (2.1) and (2.18)
that

~N(f,x0) = | (Aux0) | + | (w,x0) | < Mgllxol| + L |xol |, (2.19)

but it contradicts (2.12). Therefore, ix (H(1,-),KR) = 0.
It follows from (2.10), (2.16), and Proposition 1.1(iii) that ix(Kag, KR \ K7) = —1.
Therefore, there exists a fixed point u € K® \ K” which is a nonzero solution of (1.1).
a

THEOREM 2.2. Let K be a subspace of a reflexive real Banach space X. Suppose that A :
X — X* is a coercive and linear continuous mapping which satisfies inequalities (2.1) and
g : K — 2X" is B-set-contractive and upper semicontinuous mapping with nonempty compact
convex values, where p/y < 1. Assume

(a) Hminf ju, | —+e0 SUP,,, cg(u) (Wis tn)/ [l 1> <y (1 € K);

(b) there exist xo € K and an open neighbourhood V (0) of zero point such that for any

given u € KNV (0)\ {0}, infyegqu)(w,x0)/llull > M| xoll.

Then (1.1) has a nonzero solution.

The proof of Theorem 2.2 is similar to that of Theorem 2.1. We omit it here.

3. Nonzero solutions when the mapping A is monotone

Let A: X — X* be a monotone linear mapping with (Au,u)/|lull — +oo (as [[u|| — 400,
u € K). It is well known that for any given w € X*, the variational inequality (2.2) has
solutions in K (see [2]), thus we may define two mappings as follows:

Ky : X* — 2K, Kai(w) = {u € K : uis a solution of the variational inequality (2.2)},
(3.1)
Kag:K—25,  (Kag)(u) =Ka(g(w), Vuek, (3.2)

PropositioN 3.1. Let X = R" and let K C X be a nonempty closed convex set. Suppose that
A: X — X* is a monotone hemicontinuous mapping. If for every w € X*, the variational
inequality (2.2) has solutions in K, then the mapping K4 in (3.1) is a monotone and upper
semicontinuous mapping with nonempty compact convex values.

Proof. Let u; € Ka(wy), uy € Ka(wy). Then
(Aupv —u;) = (wpv—u;), VveK,i=12. (3.3)
It is easily obtained from above inequalities that (Au; —Auy, u; — uz) < (w1 — wa, Uy — Up).

Thus K4 is monotone due to the monotony of A. Furthermore, K, is locally bounded by
[3]. We claim that K4 is upper semicontinuous. Otherwise, there exists a point w € X*
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and an open set Vy containing K4 (w) such that for sequence {w,} converging to w, there
exist u, € Ka(wy) such that u, & Vj. Since {u,} is bounded by the locally boundedness of
Ky, there exists a subsequence {u,, } such that u,, — uy. Obviously, uy € K, ug ¢ Vo. We
know that monotone hemicontinuous mapping A is continuous by [3]. Letting k — +co
in the inequality

(A, v —ty,) = (Wn,v —up,), VveK, (3.4)
yields that
(Aug,v —ug) = (w,v —ug), VveK, (3.5)

which implies that 1y € K4(w) C Vy. That is a contradiction. In addition, the compact
convexity of K4 (w) is obvious. O

ProrosiTioN 3.2. Let K be a subspace of a reflexive real Banach space X. Suppose that
A: X — X* is a monotone linear mapping with (Au,u)/||ull — +oo (as ||ull — +o, u € K)
and g : K—2X" is a mapping with nonempty convex values, then Ksg : K — 2K (3.2) is also
a mapping with nonempty convex values.

Proof. Letqe K and u;,u; € Kag(q). Then there exist wy, w, € g(q) such that u; € Ks(w;),
i=1,2. That is, we have

(Aup,v—uy) = (wi,v—uy), VveK, (3.6)
(Auz,v —up) = (wa,v—u3), VveEK. (3.7)

Substituting v + u; — (Ajuy + Ayuy) (resp., v+ up — (Ajug + Ayup)) for v in (3.6) (resp., in
(3.7)), where A1,A; > 0, A1 + A, = 1, we get that

2 2
(AlAul + M Auy, v — zAiu,) > </11w1 + AW, v — z/l,-u,), Vv eK. (3.8)
i=1

i=1

In addition, Z,il Aiw; € g(g). Therefore, Z?=1Aiui € Kag(q) which implies that K¢ is a
mapping with nonempty convex values. O

We first consider the nonzero solutions of (1.1) in R”.

TaEOREM 3.3. Let K be a subspace of X = R". Suppose that A : X — X* is a monotone
linear mapping with (Au,u)/||ull — +oo (as |ull —= +co,u € K)andg: K — 2X" is an upper
semicontinuous mapping with nonempty compact convex values. The following conditions
either (a), (b) or (a’), (") are assumed to be satisfied:
(a) there exist yy € K and an open neighbourhood V (0) of zero point such that for any
given u € KNV (0)\ {0}, inf,cqqu)(Au—w, yo) > 0;
(b) there exist xo € K and a constant q >0 such that SUP,eq(u) (Au — w,xg) < 0 when
llull>q, ueK;
(a") there exist yo € K and an open neighbourhood V (0) of zero point such that for any
givenu € Kn'V(0)\ {0}, supweg(u)(Au —w, %) <0;
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(b") there exist xo € K and a constant q >0 such that inf,,cg()(Au — w,x0) > 0 when
lull >q, u € K.
Then (1.1) has a nonzero solution.

Proof. It is well known that monotone linear mapping must be semicontinuous (see
[2]), hence K, : X* — 2K (3.1) is an upper semicontinuous mapping with nonempty
compact convex values by Proposition 3.1. It is easy to see from [2] that K4g : K — 2K,
(Kag)(u) = Ka(g(u)), u € K, is an upper semicontinuous mapping with nonempty com-
pact values, therefore K4 g is an upper semicontinuous mapping with nonempty compact
convex values by Proposition 3.2.

Let K" = {x € K, ||x|| < r}. Similar to the proof of Theorem 2.1, we may get that
ik (Kag, KR\ K7) = —1. Therefore, there exists a fixed point u € K® \ K" which is a non-
zero solution of (1.1). ]

Now, we discuss the nonzero solution of (1.1) in reflexive real Banach space.

TaEOREM 3.4. Let K be a subspace of a reflexive real Banach space X. Suppose that A :
X — X* is a monotone linear mapping with (Au,u)/||ull — +oco (as ||ul| — +co, u € K) and
g :K—=2%" is an upper semicontinuous from the weak topology on X to the strong topology
on X*, with nonempty compact convex values. The following conditions either (a), (b), (c)
or (a'), ('), (c) are assumed to be satisfied:
(a) there exist yo € K and an open neighbourhood V (0) of zero point such that for any
given u € KNV (0)\ {0}, infyeq(u)(Au—w, yo) > 0;
(b) there exist xo € K and a constant q >0 such that SUP e g(u) (Au — w,xg) < 0 when
lull>q, uekK;
(c) there exists zy € K such that liminfual0 supweg(um)(Aua - w,29) <0, where u, € K;
(@) there exist yo € K and an open neighbourhood V (0) of zero point such that for any
given u € KN V(0)\ {0}, sup,,cq, (Au—w, yo) <0;
(b") there exist xo € K and a constant q >0 such that inf,,cq()(Au — w,x9) >0 when
lull >q, u € K.
Then (1.1) has a nonzero solution.

Proof. Let F C X be a finite-dimensional subspace containing Xy, yo, and zp. We will
show that all conditions in Theorem 3.3 are satisfied on space F. Denote Kr = KN F.
Let jr: F — X be an injective mapping and jj : X* — F* its dual mapping. Denote A =
jr (A Kp): Ky — F*, gr = ji (g | Kp) : Kp — F*. We know that Ar = jFAjr, gr = jrgjF-
Then Ay, gr are linear and upper semicontinuous with nonempty compact convex values,
respectively. For x1, x,, u € Kr, we have

(Ap(x1) = Ap(x2),x1 — %2) = (jEA(x1) = jEA(x2), %1 — x2)
= (A(x1) —A(x2), ji (x1 — x2))
= (A(x)) — A(x2),x1 —x2) = 0, (3.9)

(AF(L{),U) (];A(u)ﬂ’l) (Au)u)

[[ull llull [[ull
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These mean that Ar is monotone with (Ar(u),u)/||u|l — +o (as ||u]| = +o0, u € Kg). On
the other hand,

inf (Ap(u) —w,y0) = inf )(j;‘A(u)—w,yo)

wegr(u) wej*g(u
= inf (jFA®W) - jf (W), )
Vs 3.10)
= inf (A(u)—w,w), G-
w' eg(u)

sup (Ap(u) —w,x0) = sup (A(u) —w',x0).

wegr(u) w'eg(u)

Therefore, there exists up,ur # 0, and wi € gr(up) from conditions (a) and (b) or (a’)
and (b") and Theorem 3.3 such that

(Ap(up),v —ug) = (Wp,v —up), VveEKp. (3.11)
Since wp € gr(ur) = j*(g(up)), there exists wr € g(ur) such that wi = ji (wr). Hence,
(A(up),v —urp) = (Wg,v —ug), VvEeEKg, (3.12)

by (3.11). Suppose that conditions (a) and (b) are satisfied, taking v = ur + x (or else
v = up — Xp), we get that (A(up) — wr,x0) = 0. Thus supweg(up)(A(up) — w,xg) = 0, this
conduces to a contradiction by condition (b) if ||up|| — +oo. Hence, there exists a con-
stant M > 0 such that [Jug|| < M for all finite-dimensional subspace F containing xo, o,
and zy. Since X is reflexive and K is weakly closed, there exists ' € K such that for ev-
ery finite-dimensional subspace F containing X, yo, and 2y, ¢’ is in the weak closure of
the set Vi = Ugcr, {ur, }, where F, is a finite-dimensional subspace in X. In fact, because
Vr is bounded, we know that (V)" (the weak closure of the set Vi) is weakly com-
pact. On the other hand, let F',F?,...,F™ be finite-dimensional subspace containing xo,
0, and zg. Set F' := span {F!,F?,...,F"}. Then F, which contains xo, o, and z, is
a finite-dimensional subspace. Hence, N2, Vi = 21 (Upick, {ur }) = Upmcr, {up} # @
and then Nz (Vr)* # @. Now let v € K and let F’ be a finite-dimensional subspace which
contains Xy, Yo, 2o and v. Since u’ belongs to the weak closure of the set Vi = Up cp, {uF, },
we may find a sequence {up,} in Vi such that up, = . There exists a sequence {wr, },
wr, € g(ug,), from (3.12) such that (A(ug,),v — ug,) = (Wg,,v — ug,). Because g : K—2%"
is an upper semicontinuous from the weak topology on X to the strong topology on X*,
there exist w’ € g(u’) and a subsequence {wr,} C {wg,} by [2, 5] such that the sequence
{weg} S (strongly converges to w'). However, up, and wg, satisfy the following in-
equality:

(A(uFlg)$V_uFﬁ) = (WFﬁav_uFlg)' (313)
The monotony of A implies that

(A(v),v —ug;) = (Wrg, v — ug,). (3.14)
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Letting up, 2w and {wr,} S yields that
(Av,v—u') = (w,v—u'), VveK. (3.15)
Thus
AW),v—u)=w,v—-u'), VveK, (3.16)

by the Minity theorem [2, 4]. We claim that u” # 0. Otherwise ug, 2. 0. Taking v = zo + U,
in (3.13) yields that (A(ug,),20) > (wg,20). Thus

sup  (A(ug) — wrg,20) 2 0, (3.17)
Wrg Eg(ul-'ﬁ)
which contradicts condition (c¢). Therefore, " is a nonzero solution of (1.1). O
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