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We study some qualitative behavior of solutions of some max-type difference equations
with periodic coefficients. Some new results of the periodicity character of solutions of
that type of difference equations will be established.

1. Introduction

Recently there has been a lot of interest in studying the global attractivity, the bounded-
ness character, and the periodicity nature of nonlinear difference equations. In [5, 6, 8]
some global convergence results were established which can be applied to nonlinear dif-
ference equations in proving that every solution of these equations converges to a periodic
solution (which need not necessarily be stable). The periodic nature of nonlinear differ-
ence equations of the max type has been investigated by many authors. See for example
(1,2, 3, 4].

Our main objective in this paper is to extend the study of boundedness and periodicity
to solutions of some max-type difference equations. We deal with the following difference
equation:

1 A,
Xp41 = Max{—,
Xn Xn-1

}, n=0.1,..., (1.1)

where {A,}; o =1{...,a5,a,p,...} is a periodic sequence of positive numbers of period
two with 8 > & > 1. The case where {A,}, is a periodic sequence of positive numbers of
period three and A, € (0,1] was investigated in [4].

2. Invariant interval and boundedness

In this section, we show that every solution of (1.1) is bounded and persists.
The following lemmas are quite important results in their own; however these lemmas
will be used in the subsequent discussion.

LEmMA 2.1. Every positive solution of (1.1) is bounded and persists.
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Proof. Let {x,},-_; be a solution of (1.1). It follows from (1.1) for an integer number
N > 0 that

Xnr1Xn = 1, Xpr1Xp_1=a>1 Vn=>N. (2.1)
Thus
min {X,41 %0, Xp11%0-1} = 1 (2.2)
or
Xpprmin {x,,x,-1} =1 Vn=N. (2.3)

That is, there exists a positive real number m such that
X, =m Vn=N. (2.4)

Thus from (1.1), we see that

>

Xp+1 = max{

L)
’i” z"‘l (2.5)
< max { —, 2l =M.
m m
Hence
X, <M Vn=N. (2.6)
Thus from inequalities (2.4) and (2.6) we get
O<m<x,<M<o Vnx=N. (2.7)
Therefore every solution of (1.1) is bounded and persists. O

LEMMA 2.2. Assume that {x,},__, is a positive solution of (1.1). Suppose there exists N > 0
such that

XN_1,XN € [\/1&,/3\/&] for some N = 0. (2.8)
Then
Xp € [%,[5\/&] Vn=>N. (2.9)

Proof. Observe from (1.1) that

_ 1 Av ] 1 x| _Ja
N max{xN,xN—l} B max{ﬁ\/a,ﬁ\/&} B’ (2.10)
xn+1 < max {Va,a/a} = ar/a < B/a.
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Then
% < xn+1 < SVa. (2.11)
Again
v L A L1 B 1
AN N By pyal)  a (2.12)
AN42 < mu{%,/ﬁ\/&} =B
Then
= < < fVa (2.13)
Also we see from (1.1) that
UFRRPRON S T % OB 2 L
XN+2 XN+1 Bva’ aja 4 (2.14)
AN43 < maX{\@,li\/&} = B
Then
% < xn43 < BE. (2.15)
Thus following the above procedure we have
Xp € [%,/3\/&] Vn=>N. (2.16)
The proof is complete. O

LEmMMA 2.3. Every solution of (1.1) which is bounded below by 1/./« lies in the interval
[1//@B/al.

Proof. Let {x,},-_; be a positive solution of (1.1) and there exists N > 0 such that

1
Xp—1 = ﬁ Vn=N. (217)
It follows from (1.1) that
1 An
XN+l = max{—, } < max {Va, VaAy} < /o (2.18)
XN XN-1
Similarly, we see that
_ 1 Ann
XN+2 = Max{ ——, —— ¢ <max{/a,JaAy} < Ve (2.19)
XN+1 XN

The rest of the proof follows by Lemma 2.2. O
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3. The main result

In this section, we study the periodicity character of solutions of (1.1).
In the following we study the existence of periodic solutions of (1.1) with period four.

THEOREM 3.1. Assume that {x,},-_; is a positive solution of (1.1) with

%<XN71, XN<\/B. (31)

Then {x,},-_; is a four-cycle solution of (1.1).

Proof. Let {x,},-_; be a positive solution of (1.1). Suppose there exists N = 0 such
that

% <xnN-1, XN< \/B (3.2)
Assume that
AN-1= D> XN = q. (3.3)
Observe from (1.1) that
XN+l = max{i, A—N} (3.4)
XN XN-1

We consider the following two cases.
(1) xn+1 = I/xy = 1/q. In this case 1/xy > a/xn-1, (the case 1/xy > ff/xy-; can be
treated similarly) and we see that

it ) -
XN+2 = max > =maxiyq, (=
XN+1 XN q q
XN+3 =max{ ! ,AN”} =max<rﬂ,ocq} = aq,
XN+2 XN+1 LB
1 AN+3} (1 }
X = max S =max4—,q¢ =1, 3.5
N SLXN+3 XN+2 Laq 1 1 (3:5)
{ 1 ANH} 11 1
XN+5 = Iax > =maxq—,— = —,
XN+4 XN+3 (g q q
1 A
xN+6:maX{ 5 N+5}=max q,é}zé
XN+5 XN+4 q q
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Then clearly the solution becomes in the form

1B 1B }
s> T 00545 5 5. (. (36)
- g'q " g g™

(2) xN+1 = a/xn-1 = o/ p. In this case we see that

xN+2:maX{xL,%}=max{§,[—;}=é,
N+1 N q q (3.7)
xN+3:max{ ! m}zmax{ﬂ p}:p
xN+2,xN+l ,3’ ’
where xy_; > 1/\/B = Pxn-1 > \/B > XN,
% —max{ ! M}—maxfl }—
N XN+3 XN+2 L P’q P
1 ANH}> (1 oc} o
X =max{——,——¢=maxq—, — = —, 3.8
N+ {XN+4 XN+3 Lq p p (38)
xN%:maX{L,M}:maxl,ﬁ}:E,
XN+5 XN+4 La q q
and so the solution becomes in the form
a p a B }
ey Pl T T s> T T e (0 (39)
{ p.q ' q j2Y| ' q
O

The proof is complete.

THEOREM 3.2. Every positive solution of (1.1) which is bounded from below by 1/./a is
eventually periodic with period four.

Proof. Let {x,},__; be a positive solution of (1.1). By Lemma 2.3, we assume

1

ﬁ <xn-1, AN < f+/afor some integer N > 2. (3.10)
From (1.1), we see that
1
XN+1 =max{—, & } (3.11)
XN XN-1

We consider the following two cases.
(A1) xn+1 = 1/xn. In this case 1/xy > a/xn_1, and we see that

1 A
XN+2 =max{ ,ﬂ} =max{xN,£}. (3.12)
XN+1 XN XN

We consider the following two cases.



2232 Periodicity of max-type difference equations

(A11) xn+2 = xn. In this case xy > 5/xy, and we see that

1 Anp 1
XN43 = max{—, — =t =max{—,axN ( = AXN, (3.13)
XN+2 XN+1 XN
where xy > 1/ /a = axy > 1/xn,
1 Anss 1 B B
XN14 = Max , =max]—,—=—,
XN+3 XN+2 XXN XN XN
1 ANt xy 1 XN
XN+5 = Max , =max3]—,— = —,
XN+4 XN+3 B xn B
1 Anss B
XN+6 = Max , = maxj-——,Xy [ = XN,
XN+5 XN+4 XN
1 AN+6 1 ocﬁ (Xﬂ
XN+7 = Max , =maxi{—,— ¢ = —,
XN+6 XN+5 XN XN XN
1 Ansy XN ﬂ B
AN+g = maX{ , =max{-—_,~—=-—, (3.14)
XN+7 XN+6 af’ xn XN
1 Anys XN XN XN
XN+9 = Max , =max{ —, o (= o
XN+8 XN+7 /5) ﬁ ﬁ
1 Anyo B
XN+10 = INMax > =maxy ——XN ( = XN>
XN+9 XN+8 XN
1 AN+1() 1 (Xﬁ Olﬁ
XN+11 = IMax > =maxy—H (= >
XN+10  XN+9 XN XN XN
1 Ayt i P B
XN+12 = Max R =max{—,— = —
XN+11 XN+10 ap XN XN

We see that the solution is in the form

{..,ﬁx—Nx —ﬂxﬁﬁN “—/3 } (3.15)

.XN’ﬁ)N,N

Therefore {x,},-_, is a periodic solution with period four.
(A12) xn+2 = f/xn. In this case f/xn > xn, and we see that

1 Ana] _ XN _
XNy = max | = max | gy § = ax,
N+2 XN+1 (3.16)

1 AN+3 _ 1 _
XN+4 = IMmax 5 = max rx SXN ( = XN
N
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where xy > 1//a = x> 1/a = xy > 1/axy,

XN+11 = max

1 Ay 1 1 1
XN4+5 =MaAX{——,—— ¢ =maxy—,—¢ = —,
XN+4 XN+3 XN XN XN
1 Anss B B
XN+6 = Maxy —, =MaxX XN, — (= >
XN+5 XN+4 XN XN
1 Anss XN
XN+7 = mMax s =maxi —,aXN ( = @XN,
XN+6 XN+5 /3
1 Ansy 1
XN+§ = max 5 =maxy —XN ( = XN,
XN+7 XN+6 AXN (3.17)
1 Apnss 1 1 1 )
XN+9 = max s =maxq—,— = —,
XN+8 XN+7 XN XN

b
XN+10  XN+9

1 An+n 1 B
XN+12 =IMaxXy —» (= MaXy) — XN = XN.
XN+11 XN+10 AXN

Therefore {x,},__, is a periodic solution with period four as follows:
1 1
{...,xN,—,ﬁ,(xxN,xN,—,ﬁ,(xxN,...}. (3.18)
XN XN XN XN
(As) xn+1 = o/xn_1. In this case a/xn_1 > 1/xn, and we see that

1 A _
XN+2 =max{ ,M} = matx{m ﬁ} (3.19)

b
XN+1 XN ® XN

We consider the following two cases.
(A21) xn+2 = xn—1/a. In this case xy_1/a > /xn, and we see that

1 Ans o
XN13 = max{ ,——= ¢ = max JXNZ1( = XN—15 (3.20)
XN+2 XN+1 XN-1

where S/axy_1 > xn-1XN > aff = xN-1 > /0,

XN+4=maX{L M}=max{ 1 ap }: ap

bl b
XN+3 XN+2 XN-1 XN-1

>

XN-1
(3.21)
{ 1 AN+4} _ jLXN—1 o } _XN-1
XN+5 = Max , = max , = )
XN+4 XN+3 06/3 XN-1 0(/3
We consider the following two cases.
(Az11) xN+5 = xy—1/af. In this case xy_1/af > a/xn_1, and we see that
1 A af xn- XN—
xN+6=max{—,ﬂ}=max{ p , N 1}= N L (3.22)
XN+5 XN+4 XN-1 & o
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where xy_1/af > a/xn_1 = xny_1/a > aff/xn_1,

1 A 2 a?
xN+7:max{ , N+6}:max{ & ,ocﬁ}: /3,

XN+6 XN+5 XN-1 XN-1 XN-1
A ocﬁ ocﬂ (3.23)
1 N+7 | _ XN-1 _
XN+g = Maxy —, - ax 2R - >
XN+7 XN+6 [%% XN-1 XN-1

where xy_1 < /&= xk_, < PPa< frad = af/xn-1 > xn-1/02p,

ANys XN-1 XN-1 XN-1
XN+9 = Max = max , = ,
XN+8 XN+7 af ’ af af
1 AN+9 aff  xn-1] _ xN-1
XN+10 = MaxXy —— ax > = >
XN+9 XN+8 XN-1 & o (3.24)
A o’p a’p '
N+10 o
XN+11 = mMax = max , = ,
xN+10 XN+9 XN-1 XN-1 XN-1
AN+11 Xn—1 af af
XN+12 = Imax = max R0 = .
xN+11 XN+10 o ,3 XN-1 XN-1
Therefore the solution can be written as
2 2
{ (X/J) XN-1 XN-1 & /3 (Xﬂ XN-1 XN-1 & ﬁ } (3 25)
) b b b b b b b Yo . .
xn-1 aff T a Cxn-1r xn-1 af a0 xn-g
Then {x,},-_; is a periodic solution with period four.
We consider the following two cases.
(A212) xN+5 = o/xn—1. In this case a/xy—1 > xy-1/af3, and we see that
1 Anss XN-1 XN-1 XN-1
XN+6 = Max 1 ,—— t = max , = ,
(XN+5 XN+4 ) o o o
(1 Anss ) a
XN+7 =Maxy —, —— ( = Max >XN-1( = XN-1»
(XN+6 XN+5 ) XN-1
(1 AN+7 ) 1 (Xﬁ OCﬁ
XN1g = Max A ,—— t = max , = ,
LXN+7 XN+6 ) XN-1 XN-1 XN-1
(1  Anss) AN-1 o
XN+9 = Maxy > (= max > = > (326)
(XN18 XN17 ) aff " xn-1 XN-1
1 Ayt XN-1 XN-1 XN-1
XN+10 = IMaxy » (= Inax > = >
(XN+9 XN+8 J o o o
(1 AN+10 %% _
XN+11 = Maxy = max »XN-1( = XN-1»
L XN+10 XN+9 XN-1
(1 AN+11 1 (X,B (Xﬂ
XN+12 = max 5 = max 5 = .
LXN+11 XN+10 XN-1 XN-1 XN-1
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It is also easy to see that the solution takes the form

a XN_-1 o a xN- aff
) > »>XN-15 > > seee (O
XN-1 & XN-1 XN-1 & XN-1

which is periodic with period four.
(A22) xn+2 = /xn. In this case f/xn > xy_1/a, and we see that

—_

ANi2 }

b
XN+2 XN+1

< e}

XN+3 = max{

We consider the following two cases.
(A221) xN+3 = xy—1. In this case xny_; >xn/f, and we see that

1 Anys 1
XN+4 = Max s = max 1 yXN (= XN,
XN+3 XN+2 LXN-1
1 AN+4 (1 [04 (04
XN+5 = max =max4y — = 5
XN+4 XN+3 XN XN-1 XN-1
1 Anss an-1 B B
XN+6 = Max s = max =,
XN+5 XN+4 L a X XN
1 Anss (xn
XN+7 = INax > =maxy —HXN-1( = XN-1>
XN+6 XN+5 ﬂ
1 Anyy 1
XN+8 = Imax 5 = max SXN ( = XN>
XN+7 XN+6 LXN-1
1 AN+8 1 [04 (04
XN+9 = max > =maxy — = 5
XN+8 XN+7 XN XN-1 XN-1
1 Any an-1 B B
XN+10 = IMax > = max > (T T
XN+9 XN+8 L & XN XN
1 Antio XN
XN+11 = Max > =maxy —HXN-1( = XN-1»
XN+10  XN+9 ﬁ
1 Anmn 1
XN+12 = max N = max XN ( = XN.
XN+11 XN+10 XN-1

One can easily see that the solution will be in the form

a P a P
<3 XN-1>XN> > >XN-1>%XN> P TR )
XN-1 XN XN-1 XN

and so the solution is periodic with period four.
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(3.27)

(3.28)

(3.29)

(3.30)
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(A222) xN+3 = xn/p. In this case xny/ > xn-1, and we see that

1 A
xN+4=max{—,ﬂ} =max{£,x,\;} = XN, (3.31)
XN+3 XN+2 XN

where xy > fxn-1 > f//a >[3/\/,E= \/B = x3 > B = xn > p/xn,

L v} L 8B} of

XN+5 = max{ >
XN+4 XN+3 XN XN

(3.32)
1 Anss i P B
XN+ =MaX{——,—— ¢ =max{—,— ¢ = —,
XN+5 XN+4 aff’ xn XN
where xy < /0,
1 Anss XN XN XN
XN+7 = Max R =maxq—,— ¢ = —,
XN+6 XN+5 /3 ﬁ ﬁ
1 Anys B
XN+g = Max R =max{ —,XN [ = XN>
XN+7 XN+6 XN
1 AN+8 1 (Xﬁ (Xﬂ
XN+9 = Max R =maxi—,— = —,
XN+8 XN+7 XN X XN (3.33)
B 1 Anio) xwN Bl P
XN+10 = Max > =maxy —, (= >
XN+9 XN+8 [3 XN XN
XN XN XN
XN+11 = IMax 5 s (T 50
XN+10 XNt9 B B

;M}:

XN+12 = max{ >
XN+11 XN+10

Then the solution can be written in the form

. xN:F)xN XN XN ﬂ

{,_,/3 wo oo B o N;‘ﬁ} (3.34)

and so the solution is periodic with period four.
This completes the proof. The proof of Theorem 3.2 is thus completed. O

LeEMMA 3.3. Assume {x,},__; is a positive solution of (1.1) and suppose there exists m = 2
such that

Xy < < Xl (3.35)

1
Ja

Then either {x,},-_; is eventually periodic solution with period four or

hgllglfxn > T (3.36)
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Proof. Observe that x,, < 1/,/a and either x,,41 < /& Or X1 > 3/
(i) Assume that x,,,+1 < f3+/a. It follows from (1.1) that

1 An 1
Xt = max{ —H} = max{ i} = i, (3.37)

b
Xm+1  Xm

where X, Xm+1 = 1= X > Ja> 1,

mer3=max{L M}=max{x—m, B }— B (3.38)

> - >
Xm+2 Xm+1 X Xm+1 Xm+1

where X, xm+1 < f/o/ /o = < af3, and

1 A
Xped = maX{ ﬂ} = maX{@,xm}. (3.39)
Xm+3  Xm+2 ,B
Then either
X = L or s = X (3.40)

B

and by simple computations the solution becomes either

{...,x’”“ p B twa G P } (3.41)

>Xm+1> > > > ye e
ﬂ Xm+1 Xm+1 ﬂ Xm+1 Xm+1

or

(04 o
{u->xm)xm+13_$iaxmaxm+l)_) ﬁ )--'}a (342)

Xm Xm+1 Xm Xm+1

and so in either case {x,},__, is a periodic solution with period four.
(ii) Assume that x,,41 > f81/a. In this case we see from (1.1) that

1 Ann 1 o o
Xm+2 = Max ) = max s (T T
Xm+l  Xm Xm+1 Xm Xm

1 App Xm
Xm+3 = Max , (= maxy —, .
Xm+2 Xm+1 & Xm+1

We consider the following two cases.

(3.43)
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(B1) Xm+3 = Xpm/a. In this case we see that

1 Anss o o
Xm+4 = Max 5 =maxy ——HXm( = >
Xm+3  Xm+2 Xm Xm
1 Apa) Xm o) ap
Xmi5 = Max , =maxj—,—— = —,
Xm+4 Xm+3 & Xm Xm
1 Am+5 Xm
Xm+6 = Max > =mMaxy —Xm (= Xm»
Xim+s Xmora af
1 A 1 x 1
X7 = max{ julnlil =max3] —,— = —, (3.44)
Xm+6 Xm+5 Xm & Xm
1 Aner o o
Xm+g = Max > =MaX 1 Xm, —— (= >
Xm+7 Xm+6 Xm Xm
. 1 Apys . Xm o
Xmi9 = Max , =maxq —,fBXm ¢ = BXm>
Xm+8 Xm+7 [24
1 Am+9 1
Xm+10 = Max , =max-“ 5 HXm (-
Xm+9 Xm+8 ﬁxm

We consider the following two cases.
(B11) Xm+10 = X In this case the solution eventually will be periodic with period four

as

1 « 1 «
R Xy = > een 3.45
{ Xm Xy X B> Xm X Bxm } ( )

m xm

(B12) Xm+10 = 1/Bx. In this case straightforward calculations show that the solution
will be in the form

P 1 11
{...,x_’",i,_ﬂ,xm,x—,xﬁ,/g’xm,— x—,aﬂxm,...}. (3.46)

Thus the subsequence {x,,43:} i~ is increasing and so

. 1
limxy43; = —. (3.47)

i—o0 - \/a

(B2) Xm+3 = B/Xm+1. This can be treated similarly to the case x,,4+3 = X,/ and the so-
lution is either periodic with period four or limx,3; = 1/ /a.
1— 00

The proof is complete. O

Remark 3.4. Observe by assumption that x,,, Xn41 < 1/1/a is not possible as can be seen
from (1.1).

Now, we can state the main result in this section.
THEOREM 3.5. Every solution of (1.1) is periodic with period four.

Proof. The proof of this theorem follows from Theorem 3.2 and Lemma 3.3. O
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