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The propagation of magneto-thermoelastic disturbances in an elastic half-space caused
by the application of a thermal shock on the stress-free bounding surface in contact with
vacuum is investigated. The theory of thermoelasticity I1I proposed by Green and Naghdi
is used to study the interaction between elastic, thermal, and magnetic fields. Small-time
approximations of solutions for displacement, temperature, stress, perturbed magnetic
fields both in the vacuum and in the half-space are derived. The solutions for displace-
ment, temperature, stress, perturbed magnetic field in the solid consist of a dilatational
wave front with attenuation depending on magneto-thermoelastic coupling and also con-
sists of a part diffusive in nature due to the damping term present in the heat transport
equation, while the perturbed field in vacuum represents a wave front without attenua-
tion traveling with Alfv’en acoustic wave speed. Displacement and temperatures are con-
tinuous at the elastic wave front, while both the stress and the perturbed magnetic field
in the half-space suffer finite jumps at this location. Numerical results for a copper-like
material are presented.

1. Introduction

Nowacki [11], Kaliski and Nowacki [7] considered magneto-thermoelastic waves in a
perfectly electrically conducting elastic half-space in contact with a vacuum due to ap-
plication of a thermal disturbance on the plane boundary. Both the half-space and the
vacuum are supposed to be permeated by an applied primary uniform magnetic field.
The study was made neglecting the influence of coupling between the thermal and elastic
fields. Later, Massalas and Dalamangas [9, 10] studied the same problem taking into ac-
count the coupling of strain and temperature fields. Further, the investigation carried out
in [9] was extended to TRDTE developed by Green and Lindsay [4], by Roychoudhuri
and Chatterjee [3, 16]. Moreover, the problem studied in [9] was also extended to ETE
developed by Lord and Shulman [8], by Roychoudhuri and Chatterjee [15], and by Roy-
choudhuri and Banerjee [14]. Further, Roychoudhuri and Debnath [17], Roychoudhuri
[12, 13] studied magneto-thermoelastic waves in a rotating solid in the context of ETE.
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Transient magneto-thermoelastic waves in a rotating half-space were also studied in the
context of ETE by Chand et al. [2].

Recently, Green and Naghdi [5, 6] developed a theory where the characteristics of ma-
terial response for thermal phenomena are based on three types of constitutive response
functions, labeled as types I, II, and III. The nature of these three types of constitutive
equations is such that when the respective theories are linearized, type I is the same as
the classical heat conduction equation (based on Fourier’s law), whereas the linearized
version of type II theory accommodates finite thermal wave speed and involves no dissi-
pation of thermal energy. Further, the type III theory involves a thermal damping term.
The mixed third-order derivative term appearing in the heat transport equation destroys
the wave structure. Accordingly, this equation predicts a non-wave-like heat conduction
different from the usual diffusion equation predicted by the conventional parabolic heat
equation. This theory admits an infinite speed of thermal propagation. This model admits
coupled damped thermoelastic waves. The purpose of the present study is to consider
magneto-thermoelastic waves in an elastic half-space in contact with a vacuum due to a
thermal shock applied on the stress-free plane boundary in the context of the thermoe-
lasticity theory III. The medium is supposed to be a perfect electrical conductor and both
media are permeated by a primary uniform magnetic field parallel to the plane boundary.
Short-time solutions for displacement, temperature, stress, perturbed fields in the half-
space and that in the vacuum are derived. The solutions for displacement, temperature,
stress, and perturbed field in the solid consist of an elastic wave front with attenuation
and a diffusive part due to the damping term present in the heat transport equation. The
perturbed magnetic field in vacuum represents a wave front without any attenuation trav-
eling with Alfv’en acoustic wave speed. Displacement and temperature in the half-space
are found to be continuous at the elastic wave front, while the stress and the perturbed
magnetic field in the solid both experience finite discontinuity at the same location. The
finite discontinuities are not constants but decay exponentially with distance from the
boundary.

2. Formulation of the problem and basic equations

We consider a homogeneous, isotropic, thermally and electrically conducting elastic half-
space D : x > 0 at a uniform reference temperature 6, in contact with a vacuum D’ : x < 0.
We suppose that in both media, there is an initial uniform magnetic field of intensity Ho
acting in the z-direction so that I-}o = (0,0,H,), where Hy is a constant. At the instant
t = 0+, we assume that the stress-free plane boundary x = 0 is suddenly heated to a tem-
perature T, and left in this state.

The thermal shock T = TyH(t), where H(t) is the Heavy-side unit step function, pro-
duces in the half-space a magneto-elastic wave which depends on the spatial coordinate
x and time t. At the same time, an electromagnetic wave is radiated into the vacuum [7].

The simplified linearized equations of electrodynamics of slowly moving continuous
media having perfect electrical conductivity are

G h= 2T G Fo _He ol h= *:_&@_ﬁ *)
V X h <) VXE T V-h=0, E C 8tXH0’ (2.1)
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where 4 and E denote perturbations of the magnetic and electric fields, respectively, j
is the electric current density vector, I;Io is the initial constant magnetic field, u is the
mechanical displacement vector, y, is the magnetic permeability, and c¢ is the velocity of
light. The displacement equations of motion in magneto-thermoelasticity are

-

yvzﬁ+(l+y)§(divﬁ)fy§T+%(] x B) = pii, (2.2)

where ( j*>< §) is the electromagnetic body force, B is the magnetic induction vector, A, 4
are Lame’s constants, y = (34 +2u)a;, « is the coefficient of linear thermal expansion, T
is the temperature increase above the reference temperature 6y, and p is the constant mass
density.

After linearization,

X B = j% pe(Ho+h) = pe(j'x Ho) = %[(6 % h) x Ho). (2.3)

Equation (2.2), then, after linearization, reduces to

yv2ﬁ+(A+y)v”(divﬁ)—yﬁﬂg[(ﬁxﬁ) x Ho| = pii. (2.4)
The heat transport equation in the theory of thermoelasticity (type III) presented by
Green and Naghdi [5] (in absence of heat sources) is

pC,T+ybydivii = KV2T +K*V2T, K* >0, (2.5)

where C, is the specific heat at constant strain, K is the thermal conductivity, and K*
is a material constant characteristic of the theory. It may be noted that the third model
represented by (2.5) of Green and Naghdi [5] for heat transport in solids accommodates
infinite thermal wave speed due to the presence of third-order mixed derivative term
present on the right-hand side of (2.5) and it involves thermal damping. As such, the
corresponding thermoelastic model admits coupled damped thermoelastic waves.

Since the disturbances depend on the spatial coordinate x and time ¢, we assume, for
one-dimensional deformation,

i=[u(x1,0,0], T=T(t, h=hx?. (2.6)

For Ho = (0,0,Hy), (2.1) reduces to

F= (o, peto u,o),
C
oh oi
gr B 2 Sdidd 2.7
ot (0’0’ Ho ax)’ @7
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The second equation of (2.7), on integration, yields h, = —H,(du/dx) for a perfect con-
ductor.

Equations (2.4) and (2.5), in one-dimensional case, for a perfect conductor simplify
to

0*u oT o*u

(A+2u+aip) == —y5 - =Pas
(2.8)
82T y0 Fu _K83T+ L O°T
Con T o0 = Koea T 0
where ag = \ju.Hj/4mp is the Alfv’en wave velocity of the medium.
The system of Maxwell’s equations in vacuum is expressed as
- - 0 — s - -
thO_iag V-h'=0, V-E’=0. (2.9)

where 1° and E° are the perturbed magnetic field and the electric field in vacuum. These
give

L. 10E L. 1OK
Vxh== VXE =-—="—, 2.1
h c ot’ c ot (2.10)

These equations yield the following equations satisfied by EY and R°:

1 o2
<V2 = atZ)(EO ") = (2.11)
In one-dimensional case, this reduces to
0? 1 02
(axzz - g@)(E?»hg) =0, (2.12)

where x’ = —x.
The components Tj; and TY, of Maxwell’s stress tensors in the elastic medium and in
vacuum are given by

1
Ty = —i‘—;tho, T, =~ hHo. (2.13)

The total stress in the half-space is composed of Hooke’s mechanical stress and Maxwell’s
stress. Thus, the total stress in the half-space is

ou
O'TI =0'11+T11 = (A+2‘I/l)— —)/T+T11

ox
- (/1+2,u)a—u - &tho (2.14)
{(A+2 )+ -— H}a—u— T,
U 0 dx Y

where o1; is the Hooke mechanical stress.
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Boundary conditions. (i) The continuity of total stress composed of thermoelastic and
electromagnetic stress across the boundary x = x” = 0 yields

O'11+T11=T?1 onx=x =0. (215)

(ii) The tangential component of E-field is continuous across x = x’ = 0, which leads
to
E,=E) onx=x"=0. (2.16)
(iii) The thermal boundary condition on x = x” = 0 gives T'(0,t) = ToH(t), where Ty
is a constant.
We assume that the system is at rest initially and temperature and temperature velocity

all vanish initially.
Then

u(x,0) = i1(x,0) = 0, T(x,0) = T'(x,0) = 0. (2.17)

We introduce the following notations and nondimensional variables:

A+2 K cox ot
cf:—P v 3 =al+c, Kzlf, E=07, ’7:%’
v
) (2.18)
U~ co()t+2y+a0p)u’ @:1,
)/9016 90

where ¢ is the dilatational wave velocity in the half-space. Equations (2.8) then reduce to
nondimensional forms as

PU 90 U

e (2.19)
PO PU PO 90
87’724'8’1“858112 = 817852 +CT87£2, £>O, (220)

where e = y200/p*>C,c} is the magneto-thermoelastic coupling, which reduces to & the
thermoelastic coupling constant for Hy = 0.

Equations (2.19)-(2.20) admit damped magneto-thermoelastic wave solutions in the
half-space. Here Cr = c3/¢c), where ¢3 = \/K*/pC, and Cr is the nondimensional finite
thermal wave speed corresponding to ¢3 which is the finite thermal wave speed of GN
model II.

In D’ :x" >0, that is, x < 0, the equation satisfied by h? reduces to

82 2 82 ’ ’
(af,z _/3 airlz)h:(z) = 07 fOI'E >0) E = _5) (221)

where f3 = ¢p/c and 1/ is the Alfv’en acoustic wave velocity of the medium.
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Further, the boundary condition for continuity of total stress across £ =& =0 in
nondimensional form reduces to

%—g—®+ﬁlh2=0 on&=¢& =0, (2.22)
where 31 = Hy/4my0,.
The condition of continuity of E-field across x = x" = 0 reduces to E, = Eg which,

by the help of (2.7), (2.9), and (2.12), yields, in nondimensional form, the following
equation:

U okl ,
ﬂza—qz— 8{3 =0 on{zf =0, (2.23)

where B, = p.Hoy0o/pc?.
Lastly, the thermal boundary condition gives

O(0.1) = g H ) (2.24)

The initial conditions are

WED (1 geg - 2060

0. (2.25)

The nondimensional total stress in the half-space is obtained from (2.14) as

, ofy  oU
0, =77 == —0, 2.26
11 YTO af ( )

The perturbed magnetic field in the half-space is h, = —Hy(du/0x) which in nondimen-
sional form reduces to

, oU
h, = s (2.27)
where hl, = (pc3/Hoyy6o)h, = nondimensional form of h,.

It may be observed that (2.19) and (2.21) are fully hyperbolic but the mixed derivative
term on the right-hand side of (2.20) destroys the wave structure. In fact, this equation
predicts a non-wave-like heat conduction different from the usual diffusion equation pre-
dicted by conventional parabolic heat equation. It is therefore expected that the solutions
of the coupled equations (2.19)-(2.20) with coupled boundary conditions (2.22)-(2.23)
should be composed of a wave part (dilatational wave) and a diffusive part due to the
presence of the thermal damping term in the heat transport equation. As (2.21) (hy-
perbolic type) uncouples from the system, its solution will be composed of a wave part
traveling with Alfv’en acoustic wave speed in vacuum.
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Solution of the problem in the Laplace transform domain. We introduce a potential func-
tion ¢ defined by

_9¢
U= o (2.28)
Then (2.19), on integrating with respect to &, yields
’? 7
®(£’"):<a_£2 3 2>¢ £>0. (2.29)

Equation (2.20) becomes

re, ¢ _ e 20
on?  Toomr ~ onog2 " T o2’

£>0. (2.30)

Taking Laplace transform of (2.29), (2.30), and (2.21) and using the initial conditions, we
obtain

0(&,s) = (d52 )%, £>0, (2.31)

2 28
[(C%+s)dd—fzfs2]@=sTszj—gf, £>0, (2.32)
cﬁgg = p*s*hg, & >0, (2.33)

where s is the Laplace transform parameter. Further (2.26)-(2.27) in the Laplace trans-
form domain become

B (o . S
011—7—62752—@, £>0, (234)
— dU & '
W= =@ >0

The boundary conditions (2.22)—(2.24) in the Laplace transform domain reduce to the
following:

2y
ng O+Bh=0 oné=¢ =0,
8 j‘éj Z? ~0 oné=& -, (235)
o Ll _
®—905 oné=0.

Elimination of © from (2.31) and (2.32) yields

[(C2+s) d" —(1+er+Ch+s)s? d—2+s ]$=0 (2.36)
T ag ! de? ' '
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The general solution of the above equation, vanishing as £ — o, is given by
?(&,5) = Arexp (= hi&) +Brexp (- 16), §>0,
where A1 , are the roots of the quadratic equation
(C+5)A — (1+er+Ch+5)s?2A% +5t = 0.

Hence,

1/2

(a+35)+/(a+s)? —4(C} +5)
s 2(CE+5) :

1/2

. (a+s)—(a+9)? —4(Ch+s)
278 2(Ck+5) ’

where a = 1 +er + Ch.
From (2.31) and (2.37), we obtain

0(¢&,5) = A1(A\f —s*) exp (— 11E) +Bi (A3 — %) exp (— A:€), &>0.
Further, (2.33) yields

ho = Cyexp(—spt’), & >0.

(2.37)

(2.38)

(2.39)

(2.40)

(2.41)

(2.42)

The constants A;, By, C; are obtained with the help of the boundary conditions (2.35).

Hence,
o Ty (sBHPiBaha)e ™ — (sB+fufohi)eME
9(6s) = Bos (A1 —A2) {B1fas? + B(A1 +A2)s+ BifaiAs) >0,
— _ Elz (s/3+ﬂ1ﬁ2h)e"‘2£ -M (Sﬁ'f'/))lﬁzAz)e_ME
UoS) = s (s o) [BuBost 4 B+ Aa)s + frfotila]” © >0
Gt - To =) 6B+ Biaa)e — (1 =) (sf-+fufoks)e
’ 605 (/11 —Az){ﬁlﬁzsz‘l'/))(/\l+/12)S+ﬂ1/))2/11A2} ’
e To M(sB+Bifoki)e ™ — A7 (sB+Bifoka) e M*
hz(f,S) B 905 ()Ll - /\2) {/31[)’252 +/))(/\1 +/\2)S+‘31ﬂ2/\1/\2} ’ f >0,
=\ Sﬂze—sﬁi'
M) = To g g G RO+ A5+ By’ © <
Th(f,s) _ E S(Sﬁ +ﬁ1/32l2)87)”€ — S(Sﬁ +/)’1/32A1)67A2{ f 50,

6 (M= M) {Bi1fes? + B (A1 +A2)s + BifahiA}

(2.43)
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As the Laplace inversions are very much complicated due to the presence of square root
sign in (2.40), we concentrate on solutions for small times only. We make use of Abel’s
theorem lim;_.o f(#) = lim;_.c {s f (s)}, that is, small values of time correspond to large
values of the parameter s. Thus expanding A, ; in ascending powers of 1/s to a few terms,
we have

~ 451 /30 Yo
M= a+s+—, for large s, (2.44)
1 S \/— \/— g
where
“:f_T’ “1:4£T(1—C%)—£%~’
2 8

(2.45)

8 _ et Ch . _ 2erCh+3Ct — &t

0 P > 0 8 .

Using the approximations (2.44) for large s, we have

P = 5% ﬂfg 3 exp(- af)[l—f+%]exp<—s£>
e R [CNC N S
U(Em)%ﬁ(f ﬁ+§ 5 X af[ “zg“—sf—jg]exp(—sa
+£—§[§%+Pl 2 |ep-vs, £>0,
09 = g o bp expl-a) 2+ 0 - 242 exp(t)
+£§[——%—2§2]exp (—5E), €0, (2.46)
(69 = g i explab) — = B 220 B e
R[S BS E ep- R), £,
@(f',s)=§;’ﬁfglﬁz[;j§ 2 |exel=spen, g <o,
769 = g g ppe(-ad)[ + 2 - B B ety

T()|: l+k0+a2—l

o + 2 Jexp(- 50, £

s s2
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We note the following results after simplification:

4 — o= %, ko = exfs, 2ty = 2er(er —21()1-1;853()51 -2)B; ’
ki+ay—1= %, a2—2a=——2(12+(f3+);3?ﬁ3, 2apg = erpPs.
(2.47)

We then obtain the final expressions of @, U, 0, h_;, h_g, 0'_'11 in the following forms in
ascending powers of 1/s:

- er 1 2(er — 1)+ (e —2)/33 B 1
o= dhon(-50)[ty DB B Lo

Bs—er+t11l erfs 1
9053[” 148 s 1+ps 53/2]6"1’ ~Vsb,

ET 1 1 ﬁ3 1 ET—2—2,831
v s)——e <__£)[_ 1+[33s_2_1+/53s2\/§+ 2(1+ﬁ3)2 S—3]exp(—sf)

To /33—€T+1 1
+9_0[55/2+ 1+ps m]exp( Vs8),

N er er 1 erfs 1 2er(er—1)+er(er—2)Bs 1
O, s)——exp( )[1+[3357+1+ﬁ3 EN 21 B)? ]eXp( —s&)

To[1 e 1 erfs 1

h_é(f,5)=5[ 1 Bz 1 2(1+Bs)+erfs 1 erfs 1

1+Bss  1+Bssys 2(1+ﬁ3)2 s2 1+,3352\/§]exp(_55)

To |: ﬁ3 —er+11 STﬁ3 1 ]
e ,
s? 1+f; & 1+B3572 exp(=Vst)
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TO /32 [1 2(£T—1)+(£T— )[33 STﬁ3 1

P9 2 2(1+p3) $ 1+ps 57/2]6Xp( —<FS),

"6 B(+py)
e Fenl- 44 b B S0
S |
R e e )

(2.48)

Taking inverse of Laplace transforms, we obtain the following small-time solutions of
U) ®) h;) h(z)) 0q1:

U(f’")gg_gexl’(_%fH 1+/3 (1=~ 1{):/3 33—( -7

[(H ﬂ::;; -
T .
e ) )
e =gl (- 58) [ - 115 —1hg s
9—0[(4;7)1 erfe( 5 j_)+ﬁ31f;:l(4n)zz4erf6( ;)
el )]

(2.51)
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oz v~ Lo B B 2(er — 1) + (er — 2)Bs (n — P§')?
HE ) eﬁ(Hﬁ)[( B - .
(2.52)
ST/33 8 , ’
TR T B HO e,
:E r 1 /33 i _ /2_2(5T_1)+(8T_2)ﬁ3 _
ont&n = grew (- 5€) | 1 g =00 Py
sT/33 4 3/2 _
RETiE AR U LU
Ty ¢ ﬁ3 ) ¢
+6—0[—erfc(ﬁ)+ 1+ﬁ 4r])1zerfc<ﬁ)
erf3s ¢
11 B (411)3/213erfc(2\/_)]
(2.53)
We have used the following Laplace inversion formulae [1]:
—a.s
L’l[e/ZI] (411)”/2”erfc(i), n=0,1,2,...,
n/2+ 2
’ Vi (2.54)

L’l[e_as] = (n_a)nH(q—a), n>-1,

sl Tn+1

where the functions erf(x) and the associated complementary error functions of nth de-
gree are defined by

i erf c(x) = j ierfc(E)dE, n=1,2,..., (2.55)
with
Perfe(x) = erfe(x) = i[ e du, erfc(x)=1-erf(x). (2.56)
).

3. Numerical results and discussion

The small-time solutions for displacement, temperature, stress, and the perturbed mag-
netic field in the solid reveal that each is composed of an elastic dilatational wave front
traveling with unit dilatational speed and a diffusive part (thermal part of the solutions).
The diffusive part arises due to the thermal damping term present in the heat trans-
port equation. The diffusive part which is predominantly thermal propagates with infi-
nite speed as expected. The terms associated with H(# = &) represent the contribution of
the wave traveling with unit speed at the wave front £ =  at time f = #. From solutions
(2.49)—(2.51) and (2.53), we thus observed that the first part of the solutions represents a
wave with exponential attenuation depending on the magneto-thermoelastic coupling 7.
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Figure 3.1. Displacement versus distance.

The displacement and temperature in the solid are both continuous at the elastic wave
front while the stress and the perturbed magnetic field suffer finite discontinuities at this
location. The discontinuities decay exponentially with distance from the boundary. The
solution (2.52) for perturbed field in vacuum represents a wave propagating with Alfv’en
acoustic wave 1/f without any attenuation. Further, the perturbed field in vacuum is con-
tinuous at Alfv’en acoustic wave front. The finite discontinuities of the stress field and the
perturbed magnetic field at the elastic wave front in the solid are not constants and are
given by

Ty 1 13
[0'11]5:,7:_6_31_'_[;367(17(_%5)) &>0,

(3.1)
T
ey = g g (- 58) &0

With an aim to illustrate the problem, we will present some numerical results. We have
chosen a copper-like material for which er = 0.0168, 85 = 0.05. We take Cr = 2.

Using this data, the values of the physical quantities are evaluated as plotted in Figures
3.1,3.2,3.3,and 3.4.

Figure 3.1 represents variations of displacement against distance for two different times
#=0.25and n=0.95. It is observed that the displacement curve is continuous and it grad-
ually increases with distance. The graph shows negative value in the range 0<£<0.188
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Figure 3.2. Temperature versus distance.

0.4
7 0.4
0.2 |
0.2
0_
~0.2 - 0
g
i N §
$
~0.4 - 3 -02-
—0.6 —
70'4 —
0.8 - |
| 0.6
_1 — T
e — 0.8 +——1——
0 0.05 0.1 0.15 0.2 025 0.3 0 0.2 0.4
&
=025 — =095

Figure 3.3. Perturbed field versus distance.
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Figure 3.4. Stress versus distance.
Table 3.1
Jumps n=0.25 n=10.95
[01190/T0],{=,1 —0.95170 —0.94889
[h,00/Tole-y 0.95298 0.95032

for 7 = 0.25 and in the range 0 < £ < 0.622 for 57 = 0.95, which means that it is in opposite
direction.

Figure 3.2 indicates variation of temperature versus distance. The values of tempera-
ture gradually decrease with distance &, the curve is continuous in agreement with the
theoretical results.

Figure 3.3 shows that the perturbed field gradually increases with distance for small
time # = 0.25 and suffers a finite jump at the elastic wave front & = 5 = 0.25. Further for
time 1 = 0.95, the value of perturbed field first gradually increases with distance and then
again it gradually decreases and suffers a finite jump at the elastic wave front & = 5 = 0.95.

Figure 3.4 gives the stress distribution. Stress curve suffers a finite jump at two instants
n = 0.25 and 5 = 0.95, where the wave front is positioned at the two instants # = 0.25 and
# = 0.95 in agreement with theoretical results.

Finite jumps in stress and the perturbed magnetic fields at two different instants # =
0.25 and 77 = 0.95 are exhibited in Table 3.1.

The results are in complete agreement with the theoretical expression for jumps.
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