A NOTE ON A MULTIPLIER OF THE NORLUND MEANS
AND CONVEX MAPS OF THE UNIT DISC

ZIAD S. ALI

Received 27 January 2005 and in revised form 3 June 2005

Important and interesting results which are already known such as those by Pélya and
Schoenberg in (1958), Basgoze et al. in (1970), and Ali in (1973), and which are related
to convex maps of the unit disc are presented in this note by a more general, unified, and
different method. The method considers the product of a nontrivial multiplier with the
Norlund means, and shows how the known results indicated above are reproduced again
as special cases.

1. Introduction

Let X 5o ux be a given series and let {S,}§’ denote the sequence of its partial sums. Let
{gn} be a sequence of real numbers with g; >0 for some j = 0,1,2,..., and g, > 0 for all
n=0,1,2,...,n# j,and let Q, = Z;?:o q;.

By Hardy [6], the sequence-to-sequence transformation defined by

T, = Qiz (L.1)

is called the Norlund means of {S,}{’, and is denoted by (N, g,). The (N, g,) is regular if
and only if g, = 0(Q,) as n — .

By Duren [4], a domain E of the complex plane is said to be convex if and only if the
line segment joining any two points of E lies entirely in E. A function f which is analytic,
univalent in the unit disc D = {z:z < 1}, and is normalized by f(0) = f'(0) =1 =0is
said to belong to the class K if and only if it is a conformal mapping of the unit disc D =
{z:z < 1} onto a convex domain. Equivalently, f € K if and only if Re-(1 +zf"(z)/
F1@)>0

Additional information on convexity are given in [8] by Pdlya and Schoenberg, in [3]
by Baggoze et al., and in [1] by Ali. Clearly with the normalized conditions imposed on
f, it is easily seen that ap = 0 and a, = 1. From now on when talking about f, we imply
that f is an element of the class K if this fact is already not indicated.
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Let g and h be analytic in D, by Nehari [7], g is said to be subordinate to h written as
g<h or g(z)<h(z), zeD, (1.2)
if g(0) = h(0), and g(D) subset of h(D).

2. Means connected with power series
Let

=

w(z, f) = Z iz/ be the sequence of partial sums of f,
j=1

Z Sj(z, f) the Cesaro means or the (C,1) means of f,
j=1

:|>—‘

(2.1)

> u—;S;(z, f) the Norlund means of f,
]=1

O|>_‘

> ( )a 7/ the de la Vallee Poussin means of f.

2
j=1

3. Known results

In [8], Pélya and Schoenberg proved the following theorem.
THEOREM 3.1. For f(z) € K, it is necessary and sufficient that V,,(z, f) € K forn = 1,2,....
In [3], Basgoze et al. proved the following theorem.

THEOREM 3.2. (i) Suppose that the values taken by f(z) for z in D lie in a convex domain
D,,; then the values taken by 0,,(z, f) also lie in D,, for all n and all z in D.

(ii) Conversely, suppose that the values taken by o, (z, f) lie in a convex domain D,,; then
the values taken by f(z) lie in D,, for all z in D.

In [1], Ali proved the following theorem.

TaeoreM 3.3. (i) Let (N,qy,) be a regular Norlund transformation such that {q,}y is a
nondecreasing sequence of positive numbers. Suppose that the values taken by f(z), for z in
D, lie in a convex domain D,,, then the values taken by T,(z, f) also lie in D,, for all n and
all z in D.

(ii) Conversely, suppose that the values taken by T, (z, f) lie in a convex domain D,,; then
the values taken by f(z) lie in D, for all z in D.

In [2], Ali has the following theorem.

TueEOREM 3.4. (i) Let f € K.
(ii) Let
- 2n
QFE% Qj:< ~>qu

! (3.1)

2 n
az JQn J>
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then

——Tu(z, f) < f. (3.2)

w(n)

4. The main theorem

In this note, we prove a theorem concerning the following product:

1
s T (4.1)

where

1 1
wn)  (-2/Q,) 27:1(—1)an—j’

Tu(z, f) i _iSi(zf) (4.2)

O’»—-

We will actually show that under certain assumptions that the product

1
w(n)

(2 f) (4.3)

equals to the de la Vallee Pouissin means of f at one time, furthermore equals to the
Cesaro means of f at a second time, and equals to the Norlund sums of f at the third
time.

The theorem is an outcome of Theorem 3.4 by Ali in [2], and is general to cover the
important, and interesting results indicated above by Pélya and Schoenberg [8], another
by Basgoze et al. [3], and third by Ali in [1].

In this note, we prove the following theorem.

TaEOREM 4.1. (i) Let f € K.

(ii) Let
" ! " / (2n—-2r+1)
szgoqug 2n—r+1) 10
(4.4)
Z Q.
then
1 .

mT,,(z,f) ek l_ﬁf e K. (45)

Remark 4.2. Without loss of generality, and in order to be more clear, the notation has
been slightly modified. For example, talking about Q,-; before is the same as talking
about Q;,_; now, and g, ; before is the same as g;,_; now, similarly Q, before is the same
as Q7 now.
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Proof of Theorem 4.1. We first note by Graham et al. [5] that

Z Z 2n-2r+1) (2n _(2n
a0 = 2n-r+1) 9= j 0>
furthermore

1 1
oo M S g s, @ 250

ﬂ]l

1 oo
w(m) 1@ f) = —235.,(-1)/Q; 2. Q) jaje

w(”) n-j j=1

The next step is to note that

2> (-1)/Qu ;= - < D (=1)iQu;+ Z(—l)"QZﬂ-)-

j=1 j=1

Now using the definition of Qj, we can easily see the following.
For n odd, we have

i o 22”(—1)1(27) ¥ (2”>,

and, for n even, we have

Now since

()

it follows that

1 1 & 2n .

(4.6)

(4.7)

(4.8)

(4.9)

(4.10)

(4.11)

(4.12)

which are the de la Vallee Poussin means of f, and the theorem follows by Pélya and

Schoenberg [8].

O
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CoroLLARY 4.3. (i) Let f € K.

(ii) Let
Qi=>qr=n+1,
r=0
and let
2 , )
—z(—l)f Z,]-—l, n is odd,
Q;’l j=1
w(n) = 5
ZN(-1iQ_, n is even,
QZ;( Q)
then
1 .
an(z,f) eK lﬁcf e K.

Proof of Corollary 4.3. Clearly Q,_; =n— j+1, and for n = 2k + 1, we have

2k+1

2> (-1 (n—j+1)—1=-2> (1) (2k+2—-j) -1
j=1

VR

j=1

=-2(-Qk+1)+k)-1

=2k+1=n.

Similarly, when considering the case where n = 2k to obtain the following:

IVE

-2 (—l)j(n—j+1)— 1, nisodd,

j=1

-2 (—l)j(n—j+l), n is even,

VR

j=1
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(4.13)

(4.14)

(4.15)

(4.16)

(4.17)

accordingly for any n, we have (1/w(n))T,(z, f) = (1/n) Z?:l Sk(z, f) = 04(z, f), which

are the Cesaro means of f, and the result follows by Baggoze et al. [3].

CoRrOLLARY 4.4. (i) Let f € K.

O

(ii) Let Ty(z, f) be a Norlund-type transformation defined by a nondecreasing sequence
{qn}y of positive real numbers such that 3. fcoqiq; = X jcevenq’> Where j is a nonnegative

integer, then

1

@Tn(z,f) eK lﬁf e K.

(4.18)
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Proof of Corollary 4.4. For n = 2k + 1, we have

n 2k+1

23 (-1JQ = -2 > (-1 QT
j=1

2k-2
2k+1 2k+1 2k+1 .

=2 z ( 2k1 2k—j—1>+Q0 ,  j=0,2,...,

jE€even

n

_ 2k+1 n .
_zz‘bkfzj—z > q;> j=0,2,....

j=0 j€E€even

Similarly when n = 2k, we get

I
M=

(_ __ZZ 2k j

1

-
I

2k—-1

=2 > (@ -, ), j=13...

jeodd
2k—-1

=23 @ =23 q) j=13...

jeodd jeodd

Hence for j nonnegative integer, we have

w(n) = ; Q- Qn(Zq, iq?>=

jeodd j€even

Accordingly, the result follows by Ali [1].
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