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We show that positive solutions of a semilinear elliptic problem in the Sobolev critical
exponent with Newmann conditions, related to conformal deformation of metrics in R,
are asymptotically symmetric in a neighborhood of the origin. As a consequence, we
prove for a related problem of conformal deformation of metrics in R” that if a solution
satisfies a Kazdan-Warner-type identity, then the conformal metric can be realized as a
smooth metric on S.

1. Introduction

In recent years there has been a huge interest in studying properties of the positive singu-
lar solutions u of the scalar curvature equation

Au+k(x)u"?/ =2 =0 in B\ {0},

u(x) >0, ueC*(B;\{0}), (1.1)

where k(x) is a smooth positive function and B is the unit ball of R”, with n > 3.
We observe that the interest for studying singular solutions of (1.1) comes from the
study of asymptotic behavior of positive solutions of the following problem in R", n > 3:

Av+ Iz(x)v("”)/(”_z) =0 inR". (1.2)

Using the Kelvin transformation, the study of the asymptotic behavior of solutions v of
problem (1.2) at infinity is reduced to the study of the asymptotic behavior at zero of
solutions of problem (1.1).

For k(x) = 1, Caffarelli et al. in [2] proved that if zero is a nonremovable singularity
of a solution u of (1.1), then u is asymptotically symmetric with respect to the origin.
Furthermore, they showed the existence of a radial solution u of the problem

Aug+ u(()"”)/("_z) (x)=0, uy>0 inR"\ {0},

ug € C(R"\ {0}),  limuy(x) = +oo, (1.3)

Copyright © 2005 Hindawi Publishing Corporation
International Journal of Mathematics and Mathematical Sciences 2005:5 (2005) 679-698
DOI: 10.1155/IJMMS.2005.679


http://dx.doi.org/10.1155/S0161171205310234

680  Singular solutions of curvature-type equations

such that
u(x) = ug(x)(1+0(1)) (1.4)

as x — 0. A consequence of (1.4) is that for any solution u of (1.3), there exist positive
constants ¢, ¢; such that

alx)F M2 < y(x) < cp|x| @72, (1.5)

In case k(x) is a nonconstant function, Chen and Lin extended these results in [4] by
assuming that

alx|™' < |VEk(x)| < )« (1.6)

where [, ¢;, ¢ are positive constants. They showed in [3] that if the previous inequalities
hold for some I > (n — 2)/2, then u satisfies the upper bound of (1.5),

u(x) < clx|@m72, (1.7)

for any solution of (1.1) in a neighborhood of the origin, where c is a positive constant.
They established in [4] that the asymptotic symmetry for solutions of (1.1) follows from
(1.7).

In this paper, we are interested in studying singular solutions of an elliptic problem
related to conformal deformation of metrics in R”. We will use the methods of Chen and
Lin in [4] to study the positive singular solutions u € C*(Bf) n C!'(dB \ {0}) of the scalar
and mean curvature equations

Au+k(x)u"?/ =2 =0 in Bf,
u (1.8)

ou _ Rt
P 0 ind B\ {0},

where n > 3, Bf = Bi[1R%, d'Bf = 0B{ N dR", and # denotes the normal outward unit
vector in the boundary.

We assume that k € C!(B}) is bounded between two positive constants and satisfies,
in a neighborhood of the origin,

alxl™ < |Vk(x)| < clxl1 (1.9)

where /, ¢}, ¢; are positive constants.
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A motivation in studying problem (1.8) arises from the problem of finding a metric,
conformal to the Euclidean R”, such that k(x) is the scalar curvature and zero is the mean
curvature of the new metric. Our first observation is that if 0k/dn = 0 in 0'By, then k can
be extended to a function k € C!(B,). Moreover, any solution u of problem (1.8) can be
extended to a solution of problem (1.1) in the punctured ball B; \ {0}. If (1.9) holds for
some [ > (n—2)/2, then u satisfies (1.7).

According to the previous discussion, we are going to assume condition (1.7) on the
solutions u of problem (1.8). We point out that Chen and Lin in [5] conjectured that if k
is Holder continuous, then any solution of (1.1) satisfies (1.7).

In order to present the results, we start by defining the numbers P(r,u) and D(u)
associated with a solution u of problem (1.8), as follows:

n

P(r,u) = Ja~3+ (n_zua—u 1(x-r])|Vu|2+g—Z(x- Vu)+

_ = 2 i 2n/(n72)>
2 “an 2 (x-n)ku dsy,

(1.10)

2n

where B} is the upper half-ball of radius r, 0"’ B} = B} N R", and D(u) = lim,_q P(r,u).
Under assumptions (1.7) on the growth of u and (1.9) on the growth of k, we have the
following characterization of the singular solutions of (1.1).

TaEOREM 1.1. Ifu is a positive solution of (1.8), then D(u) < 0. Moreover, D(u) = 0 if and
only if zero is a removable singularity of u.

As a consequence of the characterization obtained in the last theorem, we are able to
establish a result about the nonexistence of singular solutions for an elliptic problem with
Dirichlet and Newmann conditions on the boundary (Theorem 1.2) and a result which
is related to the asymptotic symmetry in a neighborhood of the origin (Theorem 1.3).

Now, under the same assumptions on the growth of u and k as in Theorem 1.1, we
prove the following two results.

THEOREM 1.2. Assume that k(tx) is nonincreasing in t for any unit vector x € R", and in a
neighborhood of the origin either k(x) = 1 or (1.9) holds for I = (n —2)/2. Let Q be a smooth
bounded domain in R", such that A = Q N R} and ' A = dA N IR are nonempty, and
x -1 >0 forall x € 0Q N RY. Then, there are no positive smooth solutions of

Au+k(x)u"2/ =2 — o jp A,

u=0 ind’A, (1.11)
du _ 0 ind A\{0},
o
where d" A = oA N R".
TaeoreM 1.3. If u is a positive solution of problem (1.8), then
u(x) =u(lx|)(1+0(1)) (1.12)

as x — 0, where (r) = §5. 5, u(x)dsx denotes the integral average of u on 9" B}.
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We want to mention that if v is a positive smooth solution of

Av+k(x)v2/ =2 = in R",

v (1.13)
% =0 1n 8R+,

such that v(x) = O(|x|>™") at infinity, then v satisfies the following Kazdan-Warner-
Escobar-type identity:

J (x - VE)v? =2y = 0. (1.14)
RY

Conversely, Theorem 1.1 implies the following result of conformal geometry.

THEOREM 1.4. Suppose that k(x) satisfies k(00) = lim|y| 1w k(x) >0, and
crlx] ™MD < | Vk(x) | < ¢ x|~ (1.15)

for large |x|, | = (n —2)/2, and ¢, ¢, positive constants. Let v be a positive solution of prob-
lem (1.13) satisfying the inequality

v(x) < c|x| @2 (1.16)

for large |x| and some positive constant c. If the identity (1.14) holds then the conformal
metric § = v =2 dx? can be realized as a smooth metric in S Furthermore, if v is such
that the conformal metric cannot be realized as a smooth metric on S", then there exist
positive constants ¢, and c; such that

alx]F M2 < y(x) < | x| F2 (1.17)

for large |x|, x, > 0.

Observe that Theorem 1.1 says that if k(x) is a positive continuous function which sat-
isfies (1.9) for some I > (n — 2)/2, then, for any positive solution u of (1.8) which satisfies
(1.7), we have D(u) = 0 if and only if 0 is a removable singularity of u. We note that the
hypothesis [ = (n —2)/2 in Theorem 1.1 is optimal.

In fact, assume that k(x) = k(|x|) is radially symmetric, bounded between two positive
constants and satisfies

k(r)=1-Ar'+R(r) (1.18)

in a neighborhood of zero for some A >0, [ >0, R(r) = o(r'), and R'(r) = o(r'~!) when
r — 0. Let u(r,«) be the unique solution of the initial value problem

-1

W (1) + P () + k() u™ D — 0 in [0,1],

(1.19)

Then, as a consequence of [4, Theorem 1.6], we obtain the following theorem.



G. Garcia and H. Yaker 683

THEOREM 1.5. Assume that (1.18) holds for | < (n —2)/2 and k(r) is nonincreasing in r for
0 <r < 1. Then, there exists a sequence &; — +oo such that u(r,a;) converges in CIOC(BT) to
a positive and singular solution u of

Au+k(x)u™?/ =2 =0 in By,
0 (1.20)

U _y ingB*
o 0 ind B\ {0},

such that D(u) =0

This paper is organized as follows. In Section 2, we will study some properties of the
smooth solutions of problem (1.8) and, when k is a constant, we discuss the behavior of
solutions u of problem (1.8) or (1.13) with a nonremovable singularity at the origin. In
Section 3, we will prove the theorem of characterization of removable singularities of so-
lutions of problem (1.8). In Section 4, we will prove the theorem of asymptotic symmetry
of solutions of problem (1.8) in a neighborhood of the origin and the other applications
of Theorem 1.1.

2. Preliminaries

First we recall without proof a Pohozaev-type identity derived in [6], and two theorems
which follow from the results of Caffarelli et al. in [2].

THEOREM 2.1 (Pohozaev identity). Let QO C R" (n = 3) be a bounded domain with smooth
boundary; u: Q — R € C3(Q); f: QX R — R continuous in x, u; F: O X R — R defined
by E(x,u) = [y f(x,s)ds. Suppose that u is a solution of the equation —Au = f(x,u), x €

Q. Then
n—2 ,
J <nF - uf + Zx’F,d)dx
Q i

_ n-2 a_“ ii(n 1 2) % i
_LQ< 5 uan+ix17<F 2IVuI +a’12i:xu,)dsx,

where 1 denotes the normal outward unit vector in the boundary.
If f(x,u) = k(x)u"t2/(1=2) "4y > 0, then the identity transforms into

(2.1)

n—2
2n

I (x - VE)u? =2 dx
Q

= n-2 a*u - = 2 % . L—Z . 2n/(n72))
B LQ( 2 ( IVl an(x Vu)+ == (x - nku ds.
(2.2)

THEOREM 2.2. Let u be a positive solution of (1.1) with a nonremovable isolated singularity.
If k = 1, then there exists a unique asymptotic constant —(2/n)((n —2)/n)" < D < 0 and a
radial singular solution h(r) = hp(logr)/r""=»/2 such that

u(x) =h(lx])(1+0(1)) asx— 0. (2.3)
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THEOREM 2.3. Let A be a constant and let u be a positive C* solution of
Au+Au™2/ =D =0 in R\ {0} (2.4)

If the origin is an isolated nonremovable singularity, then u is radially symmetric with respect
to the origin.

Now, we will prove the results of this section. First observe the following proposition.

ProrosiTioN 2.4. If u(x) is a smooth solution of (1.8) in a neighborhood of the origin in
R%, then

n-2 04 1., 2, o n-2. 2n/(n72)> _
Jafs:( 5 uan 2(x mIVul +a’1(x Vu)+ 5 (x-n)ku ds, =0, (2.5)

where 0’ B, = 0B} N dR".
A straightforward calculation shows the following proposition.

ProposiTioN 2.5. Ifk(x) = 1, the function

_ (n=2)/2
uo(x) = (" 5 2) || (2772 (2.6)
is a solution of problem (1.8).
Set Q = B/. The Pohozaev identity implies that
n-2 ) 2n/(n—2) _ J (1’1—2 %_l . 2
- Lr(x VR e =P+ [ (" Fugl - S pIvu

al . L—Z . 2n/(n—2))
+817(x Vu)+ o (x-n)ku dsy,
(2.7)

where P(r,u) was defined in (1.10).

ProposIiTION 2.6. If u(x) is a solution of (1.8) with k(x) = 1, then P(r,u) is a constant
independent of r.

Proof. Observe that du/dy = 0 in 9'B;} \ {0}, (x - #) =0 on J'B} = 0B} N JdR", and
(x-n)=rond’B} =0B} NnR". Then for 0 < s < r, we have
n—2
2n

J (x - VE)u2”"2dx = P(r,u) — P(s,u), (2.8)
B} \Bf

and therefore P(r,u) = P(s,u). O

ProposiTiOoN 2.7. Let u(x) be a smooth solution of (1.8) in a neighborhood of the origin in
R%, then

(1) ifk(x) =1, P(r,u) = 0;

(ii) if k(x) is smooth and nonconstant, then D(u) = lim,_oP(r,u) = 0.
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Proof. Ttem (i) is a consequence of the Pohozaev identity and Proposition 2.4. From
(1.10), we have

_ n-2 a_u l 2 a_u n—-2 2n/(n—2)>
P(r,u) = L”B: ( 5 uan 2rIVuI + o (x-Vu)+ s rku dsy. (2.9)
By the assumption on u and k, we conclude that D(u) = lim,_o P(r,u) = 0. O

ProrosriTioN 2.8. Let k(x) = 1. If u(x) is a positive solution of (1.8) and zero is a nonre-
movable singular point of u, then

u(x) = ug(x)(1+0(1)) (2.10)

as x — 0; furthermore P(r,u) < 0.

Proof. Since 0u/dn = 0in d'B;" \ {0}, we can extend u to a function % defined in the ball
B, by

RS A
where y € R""1, |(y,t)| < r. It follows from Theorem 2.2 that
i(x) = uo(x)(1+0(1)) (2.12)
as x — 0. Consequently
u(x) = ug(x)(1+0(1)) (2.13)
asx — 0.
Using this equality and Proposition 2.5, we get
P(r,u) = L”B; (n ; zu% - %rIVu|2 + %:(x -Vu)+ nT_nzruzn/(”_z))dsx
A2 e
e (5 (oo
3B 2 n
where ¢ is a positive constant. ]

PrOPOSITION 2.9. Let A be a constant and let u be a positive C* solution of

Au+Aum2/(n=2) — g iy R%,
u . " (2.15)
% =0 indR}\{0}.
If the origin is a nonremovable isolated singularity, then u is radially symmetrical with re-
spect to the origin.
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Proof. Using the extension of u, as in the previous proposition, the result is a consequence
of Theorem 2.3. U

3. Removable singularities

In this section, we prove that the quantity D(u) characterizes the positive singular solu-
tions of problem (1.8), which helps us to study the asymptotic behavior of such solutions
and prove a result of nonexistence. An important application of this characterization to
conformal geometry says that if u is a positive solution to problem (1.13) for which the
identity (1.14) holds, then the conformal metric %"= |dx|? is smooth in S".

From now on, assume that k € C!(B;") is bounded between two positive constants and
satisfies inequalities (1.9). Furthermore, we will suppose that if u is a positive solution
of (1.8), then there exists a positive constant ¢ such that u satisfies inequality (1.7) in a
neighborhood of the origin.

Theorem 1.1 is a consequence of the following five lemmas which will be proved later
in this section. We start by establishing a Harnack inequality on the upper half-sphere of
radius .

LemMA 3.1. Let u be a positive solution of problem (1.8). Then there exists a positive constant

C such that there exists the estimates

maxus C‘m‘inu, [ Vu(x)| < Clx| u(x), (3.1)
X|=r X|=r

for |x| < 1/2 with x,, = 0.
Using inequalities (3.1), we prove the following estimates.

LemMma 3.2. Let u be a positive solution of (1.8) and let w(t) = a(r)r"=2/2, where t = logr,
r € (0,1] and, a(r) = 5.5, u is the integral average of u on 0" B}. Then w satisfies

n—2 2 n 2
( - ) w— WD) < o (T) W — w2, (32)

for t <0, where ¢, and c, are two positive constants.

The following two lemmas are technical; they will be used in the proof of Lemma 3.5,
which is one of the fundamental steps in the proof of Theorem 1.1.

LEMMA 3.3. Let u be a positive solution of (1.8). Assume that D(u) = 0. Then

limu(x)|x| 2”2 = 0. (3.3)

x—0

Lemma 3.4. Let u and w be as in Lemma 3.2. Let r; = e, where t; is a sequence of nega-
tive numbers such that t; — —oco, and w(t;) — 0 as i — +oo, with w'(t;) = 0. Then v;(y) =
r,l("fz)/zu(riy) is such that (vi(e))"'vi(y), with e = (1,0,...,0), converges uniformly to the

harmonic function h(y) = (1/2)|y|>™" +1/2.
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LemMA 3.5. Suppose that k(x) satisfies (1.9) for some | = (n—2)/2. Let u and w be as
in Lemma 3.2. If D(u) = 0, then lim;_._o w(t) = 0 and there exists T such that w'(t) >0
fort<T.

Proof of Theorem 1.1. Let u be a positive solution of (1.8). Assuming that D(u) = 0,
Lemma 3.5 implies that w(t) — 0 as t — —oco, and there exists T such that w’'(t) > 0 for
t<T.Foranye >0, |€| <1, T can be chosen such that

3 2
wtt—<n22—e) w>=0 fort<T (3.4)

Integrating this differential inequality, we have for t < T,
n—2
w(t) sw(T)exp[(T—e>(t—T)]. (3.5)

Since @(r) = w(t)r>="’2, where r = ¢, applying the Harnack inequality (3.1), we have
that for any € > 0, |€| < 1, there exists ry = e’ such that

u(x) < Citlx| = Cw(t)|x| &2

< Cw(T)exp [<nT—2 - E) (- T)] S (3.6)

= Cw(T)r “exp [ - (HT_Z - €>T]

<cle)r e,

forr = |x| < ry. Hence u € LP(B,,) for p large. By estimates of linear elliptic equations (see
[7]), the function u(x) is smooth at the origin. Therefore, zero is a removable singularity
and so, Theorem 1.1 follows. O

Now, we will prove the lemmas used in the proof of Theorem 1.1.

Proof of Lemma 3.1. Let v.(x) = u(rx) for each r € (0,3/4] and for 1/2 < x| < 1. A
straightforward calculation shows that v, satisfies

|
Av,(x)+ b, (x)v,(x) =0 i 3 <lx|<1, x,=0,
3.7)
v, 1 (
520, 5S|X|S1,Xn:0,

where b, (x) = r?k(rx)(u(rx))¥"=2). Due to inequality (1.7), b,(x) is bounded for 1/2 <
x| < 1.
Set

r

5 {u(r(y,t)) ift>0, (3.8)

N u(r(y,—t)) ift<o,

where y € R" L, [(y,1)| < 1.
After applying the Harnack inequality and the estimate of the gradient for 7, (see [4]),
the conclusion of Lemma 3.1 follows. O
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Proof of Lemma 3.2.

2r(n—2)/2 2,,—71/2

W) =2 | wdso= T | uds, (3.9)
e, =1 Jop na, Jorp:

where «,, is the volume of the unit ball B; in R”. Hence

2r n d
- _ M2 + wz_J ne1 )
Wi (mxn)( 5" L”B;u(x)dsx T u(ry)r"ds,

nr(n—Z)/Z 2’,(2—n)/2
-5 ][a”B;u(x)dsx+ ”~ [L”B{ (Vu(ry) -y )dsy]
2(n—1)rn-272 ” ]
+ na, . u(ry)ds, (3.10)
_ 2 n)/2
= nz 2w+ (J Au(x)dx — J Vu(x ndsx)
_ (2—n)/2
- 2W+ 2r' J Au(x)dx.

Taking again the derivative with respect to t, we get

 — n—2w N (2 —n)r@-m2
D) ! 2nay,

2r2-m2 1 g dr
+ (E BiAu(x)dx>E

Au(x)dx
Bf

(3.11)

na,

2
_ (7’1-2) W_r(n+2)/2J[ k(x) (n+2)/(n— z)de.
2 9By

By the assumption k(x) is bounded between two positive constants; furthermore (3.1)
implies the existence of two positive constants ¢3 and ¢, such that

e ((r) " < () R < e (ar)) R, (3.12)

Applying these estimates in (3.11), the conclusion of Lemma 3.2 follows. g

Proof of Lemma 3.3. Suppose that there exists a positive constant ¢y such that
co < ux)|x|™272 < ¢ (3.13)

for 0 < |x| < 1/2, x,, > 0. Let r; be a sequence of positive numbers such that r; — 0 as
n—2)/2

j— +oo. Setvi(x) = u(r]x)rj . By (3.13), we have

co < vj(x) x| < ¢, (3.14)
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and v; satisfies

Avj +k(rjx)v;”+2)/(”_2) =0 inR%,

Pi_o inar\ 0} 13
an = n JRY \ .

Since v; is uniformly bounded in any compact subset of R, by elliptic estimates there
exists a subsequence of v; (still denoted by v;) such that v; converges in C{,_(R") to a
solution v of

Av+k(0)v /(=2 — 0 in R",

ov . "
- 0 indR}\ {0}, (3.16)
v(x) = ¢y |x| 7272,

Proposition 2.8 implies that P(1,v) < 0; furthermore, by (1.10), we get

2

n—2 ou 1 Ju n—2 _
P(rj,u) :LV’BE( 5 u(x)a—irjIVu|2+rj n + rik () u? 2)>dsx
_ n-2 % n—1 l n 2
= L”B{ ( 5 u(rjy) aﬂr]- 57 [Vul
Jloul® n-2, _
+77 o + rjk(rjy)uzn/(” 2)>ds},
=P(1,Vj).
(3.17)
Then
0<D(u) = lin})P(rj,u) = lim P(1,v;) = P(1,v) <0 (3.18)
= oo
yields a contradiction. This finishes the proof of Lemma 3.3. O

Proof of Lemma 3.4. Let x = r;y. The Harnack inequality on any compact set of R” im-
plies that

n—2)/2 (n—=2)/2

vi(y) = o ulx)<r maxu(x) < Cr”" " minu(x)

B B (3.19)

<Crnn ‘n|1£n u(x) < Cr" P a(r) = Cw(t).
Therefore, v;(y) uniformly converges to 0 in any compact subset of R”. Therefore, z;(y) =
(vi(e))'vi(y), with e = (1,0,...,0), uniformly converges to a harmonic function h(y)
with a possible singularity at 0. By Liouville’s theorem (see [1]), h(y) = aly|> " + b. Since
h(e) =1,wehavea+b = 1.
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Set gi(r) = r"272z(y) = c(rr;))"22i(r;r), where ¢ = (v;(e))~" and r = |y|. Then
gi(r) = cw(t) andg/(r) =cw'(t)(1/r), with t = log(rr;). Then &' (1) = cw'(t;) = 0. Hence,
(d/dr)(h(r)r®"=2/2) = 0 in r = 1, where g(r) = h(r)r"2"2 = lim;_,« g(r). Calculating
g’ (1), we obtain that a = b, which completes the proof of Lemma 3.4. O

Proof of Lemma 3.5. We will prove by contradiction that lim;_. _ w(t) = 0. Otherwise, by
Lemma 3.3, there exists a sequence {t;} of local minima of w with lim;_;« t; = —o0 and
lim;—+c w(t;) = 0. The first inequality of (3.2) implies that there exists €y > 0 such that
wy > 0 if w < €9. Then there exists £ < t; < ; such that w(#) = w(f;) = €9; w; <0 in
[¢/,t;) and w; > 0 in (£, 1;]. Since {; < t;_1, then lim;_ ;. t; = — 0. Under these conditions,
we will prove the following inequalities:

2 w(t) o 2 w(t)
— logw(t,-) aq<ti—t< p—) log wit) +c (3.20)
for t € [tf,1;], and
2 w(t) 2 w(t)
n—2logw(ti) aq=<t—t=< n—ZIng(ti) +c (3.21)

for t € [t;,1;].
First, consider the function

—2\?
h(t) = w? — (”—) W2 & cw (1= (3.22)

for t € [t",t;], where ¢ = ((n—2)/n)c; and ¢ is the same constant of inequalities (3.2).
Then

2
H(t) = 2wt[wtt - (nT) w+clw(”+2)/(”*2)] <0 (3.23)

and h(t) = h(t;), that is,
wi —g(w) = —g(w(t)), (3.24)

where g(w) = [((n—2)/2)*w? — cw?”("=2)] and we use w;(t;) = 0. Integrating the previ-
ous inequality, we find that

< JWO (3.25)

wit;) _

By scaling w(t) = w = nw(t;), n € [L,w(t)/w(t;)], we get

w(t)/w(t;)

w(t)
J 0 \Jg(w J g(n g(1)’

(3.26)
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where g(n) = ((n—2)/2)*#? — cw(t;)¥ =2 y?"/("=2) Hence, for €, sufficiently small, we
have

2]
) d (3.27)
> (n*-1) [(”;2) —63w4/(”*2)] >0
for w < €. Therefore
Jw(t)/w(t,) dﬂ J»w(t)/w(t,-) dﬂ
— <
1 Jgm —g(ny {2 = D[((n=2)/2)" = csw¥n-2]}
JW(t)/W(ti) d,,]
h ((n=2)72){(n2 = D)[1 = cow¥n-2]} "
w(t)/w(t;) w(t)/w(t:) ,4/(n—2)
< 2 J dn + csw(t,-)4/(n_2>J 1 dn,
n—2J)1 ,72 -1 1 \/7127_1
(3.28)
where we used
a=cw?"2 <1 (g sufficiently small), 1 i“ <l+a (%Lm Z oﬂ). (3.29)
q=1

By the last integral in the previous inequality, we get #¥"~2 < (w(t)/w(t;))¥"=2~1y in
[1L,w(t)/w(t;)]. Hence

4/(n-2) 4/(n=2)=1 rw(t)/w(t;)
W(ti)4/(n*2)J n dl’] < W(ti)4/(ﬂ*2)< W(t) ) J n d11

1 1,72_1 1 /,72_1

=w( i)4/(n72)< W(t,) )4/("‘2)‘1 < W(t}) )2 -1< e,

w(t)/w(t;)

and therefore

w(t)/w(t;)
J dn < 2 log w(t) + ¢ (3.31)
1 g —g(1)  n-2 w(t;)

for some positive constant ce; this proves the first part of (3.20). To prove the second part,
we consider the function

_ 2
y(t) = wp — (” . 2) 0 (3.32)
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for t € [t]",1;]. By inequalities (3.2), we have

() = zwt[wﬁ - <nT_2)2w(t)] >0, (3.33)

and therefore

wh — (HT_2>2w2(t) < —(”T_2>2w2(t,-), (3.34)

where we used w;(t;) = 0. Integrating the previous inequality, we get

w(t)
f—t) J (3.35)
() Wz(tz)

By scaling w = yw(t;), n € [1,w(t)/w(t;)], we have

J ) Jwi(t wz(tl)
w(t)/w(t;) d’1 W(t) 2 W(t) W(t) (336)
:L 1 () =1 ey | =P8y

which completes the proof of inequalities (3.20). The proof of inequalities (3.21) is anal-
ogous and we skipped it. Evaluating these two expressions for ¢ and #;, respectively, we
have

2 w(t*) . 2 w(t)
Lo <t—tf < 1 L=+ 0,
n—2 gw(z‘,-) a=h-t n—Zng(ti) e
X N (3.37)
2 o W(ti)—c <L—t< 2 lo W(ti)+c
n—2 By(y) EHTHE T8 ) T
Hence,
€y _ P o
2 tog (t,)> c<h-tf. (3.38)
(n—2)/2

Letr; = e and vi(y) = r;
vi(e)(1+0(1)). Consequently,

u(r;y). By Lemma 3.4, we have that if | y| = 1 then v;(y) =

u(x) =u(r)(1+o(1)),

3.39
| Vu(x)| = -’ (r)(1+0(1)) 539
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inx = r;y, |x| = r = r;. Using this result together with (3.17), we get

2
+

ou
P(r,u) = J’a”B1+ a

- L,Bl (n—Zg(r)it'(r)rn—l(l+o(1))2+%rn(a/(r))z(Ho(l))z)dSy
-2
2n

w'?(t) - %(n;Z)ZWZ(ti)> (1 +0(1))] dsy

n—2
2n

n—2 ou n—1 l n 2 n
( u(ry)aﬂr 2r [IVul“+r

r”k(ry)uzn/(”*z)) ds,

k(ry) (F5=272q(r) (1 + 0(1)))2”“”‘2)>dsy

1
2
(71—2 2n/(n-2)
2k (ry)w (t,-)>(1+o(1)) ds,

= )= 3 (152) w4 T 2w )| o),

(3.40)

where 0,1 = na, is the volume of 9B; in R” and k(t) = forp:k with r = e'. By the above
equation, we obtain the following conclusions.
(1) Since w'(t;) = 0 and w(t;) — 0 as i — +oo, then

D(u) = lim P(r;,u) = 0. (3.41)

i—+oo

(2) P(ri,u) < c;(n)w?(t;) < 0 for €, sufficiently small.
Hence,

w2 (t;) < cu | P(riyu) |

< cy,[J |x - Vk(x)] uzn/”_zdx+I |x - Vk(x)| uz”/”‘zdx] =L+Dh,
Bi\B. B,

(3.42)

where 7 = el By the assumption, we have |x - Vk(x)| < colx|""~2"2, Since u satisfies
inequality (1.7), we obtain the following estimate:

|L| = an |x - Vk(x) | u?"=2dx (=272
B,

= cexp (n—_zt[“). (3.43)

*
< cr;
! 2

To calculate I;, by the first inequality of (3.20),

w(t) < cw(t;) exp [nT—Z (t — t)] (3.44)
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Setting A = B} \ B/, we have

o
A

< COJ |x|(n72)/2u2n/(n72)dx
A

Ti
=¢ J <J r(n—2)/2u(x)2n/(n—2)dsx> dr
= \Jo'B:

|I,| = x - Vk(x) | 1?2 dx |

. (3.45)
< NO J W(t)Zn/(nfz)r(n74)/2dr
Ti
ti
< ewr=2)(t;) exp (nt;) J exp ( - nTHt> dt
t‘.*
< w72 (1)) exp (nt;) exp ( - %”t{“).
By the second inequality of (3.20), we get
S n—2, .
w(t;) < ew(t)exp T(ti —t;) . (3.46)
Putting these two inequalities together, we have
2n/(n—-2) n—2 *
|| <{e exp (Tti ) (3.47)
Then, by (3.42), we get
2 n-2 *
w*(t;) < Cexp Tti , (3.48)
which implies —logw(t;) > —C, + ((n — 2)/4)(—t}); applying (3.38),
7o g¥ _ AR
-t > n_zlog(—:o n_zlogw(tl) c
] )
el I R el C 0] Bt (o BT EVT)
4 n=2, <i)
“a—2 a (TH)-als( )
that is,
_ 1
ti = —cslog <—), (3.50)
€o
which yields a contradiction with the fact that lim;_,« #; = —co. Lemma 3.5 has been
proved. O
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4. Applications

The theorems in this section are consequences of Theorem 1.1. Recall that Theorem 1.2 is
a result of nonexistence of singular solutions, Theorem 1.3 is a result of asymptotic sym-
metry in a neighborhood of the origin, and Theorem 1.4 is a result of conformal geome-
try.

Proof of Theorem 1.2. Suppose that u >0 is a solution of (1.11). Let s > 0; for (2.8) and
the assumption u = 0 in 9" A, we have

n—2
2n Ja\B:

(x - VE) "D x = J %(x )| Vul®dsy — P(s,u); (4.1)
A
taking the limit when s — 0, we obtain

lj (x - )| Vul2ds, = ”—”J (x - VA)u2""Dlx + D(u) < 0 (4.2)
2 Jaa 2n Ja

by the assumption for k and Theorem 1.1. Since x - # > 0in 0"’ A, we conclude that |[Vu| =
0 and du/dn = 0 in 0"’ A. This implies # = 0 in A, which yields a contradiction. O

Proof of Theorem 1.3. Suppose that 0 is a nonremovable singularity of u, otherwise the
result is obvious. By Theorem 1.1, D(u) = lim,_¢ P(r,u) < 0. We claim that there exists a
constant ¢y such that

u(x) = colx| @72 (4.3)

for 0 < |x| < 1/2. In fact, let w(t) = at(r)r""=2"2, t = logr. If the claim is false then
lim, ., w(t) = 0. Therefore, lim;__,w(t) > 0, otherwise, lim;_ ., w(t) = 0 and 0 must be
aremovable singularity of u. Then there exists a sequence of t; — —co such that w’ (t;) = 0.
Using the same argument as in Lemma 3.5, we have

1 1

P(rw) = 22| S0 () - 5 (

n—2
2

2
) WZ(ti)+”Z—;ZE(ti)WZM"%)(ti)](1+o(1)).
(4.4)

Then D(u) = lim;_,« P(ri,u) = 0, which is a contradiction. Consequently (4.3) has been
proved. Next, we prove that

u(x) = a(lxl) (1+0(1)), (4.5)
|Vuto)| = 2 (1) (1 o(1) (4.6)

asx — 0.
Suppose that there exists €y > 0 such that

u(x;) = a(r;) (1+¢p) (4.7)
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for a sequence of points x;, where r; = [x;| — 0asi— +oo. Let vi(x) = u(rix)r,-(”fz)/z. Then,
as in the proof of Lemma 3.3, there exists a subsequence (still denoted by v;) that con-
verges in Cf, (R") to a solution v of

Av+k(0)vtP/(1=2) = in R",

4.8
Y 0 inoR?\ {0}, (4.8)
on

Now, by (4.3), v(x) > colx|>=""2, then v(x) = v(|x|) (see Proposition 2.9). But,
vi(1) = ][E)”B{’ vj(x)dsy, = r]("_z)/za(rj). (4.9)
Hence, by (4.7), if |x]| =1,
vi(x) = u(rjx)rj(n_z)/2 > a(rj)r§”‘2)/2(1 +€9) = 7j(1)(1+€). (4.10)
Therefore, if |x| = 1,

v(x) = lim vj(x) = lim v;(1)(1+¢€) = v(x)(1 +€) (4.11)

j—too Jj—too

yields a contradiction. This proves the asymptotic symmetry of u. Arguing similarly, sup-
pose that there exists €y > 0 such that

| Vu(x) | = =it (1) (1+€) (4.12)
for a sequence of points x;, where r; = |x;| — 0 as i — 400, we arrive at
| Vv(x)| = lim |Vv;(x)]
jtoo

> — lim r;’/zﬁ'(rj)(l +€p)
J—to

= — lim r;”‘mfw (Vu(x) - x)dse (1 + €) (4.13)
7j

J—to
= 1i Vv; ds, (1+
Jfim § Vi) [dsy (1+6o)
= | Vv(x)|(1+¢€),

where |x| = 1. From this contradiction, (4.6) follows. O

Proof of Theorem 1.4. Suppose that v is a solution of (1.13) such that (1.14) holds. We
want to prove that v(x) = O(|x|>") at infinity, which implies that the conformal metric
g can be realized as a smooth metric in S%. Let

u(y) = Iylz’”v(w%) (4.14)
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be the Kelvin transformation of v. Since (1.13) is invariant under the Kelvin transforma-
tion, u(y) satisfies

Au(y) +k(y)u™2/ =2 =0 in R",
ou . "
% =0 indR%}\ {0}, (4.15)

u(y) =O(lyI>™") atinfinity,

where k(y) = k(y/|y|?). }
Taking x = y/|y|?, we have |Vk(y)| = |[Vk(x)||y|~2. By (1.15), we see that

alyl™ < [Vk()| < alyl™! (4.16)

in a neighborhood of zero. Due to inequality (1.16), u(y) is bounded by c|y|?~" in a
neighborhood of the origin, where ¢ is a positive constant. Hence, D(u) = lim,_o P(r,u)
exists and D(u) < 0.

To apply the Pohozaev identity in R” \ B}, observe that

J (y- Vk)uzn/("_z)dy = lim (y- Vk)uzn/(”_z)dy = lirp P(y,u) — P(r,u).
RI\B! y—+oo

y=+e JB\B}
(4.17)

Now, since u(y) = O(|y|>~") at infinity, a straightforward calculation shows that P(y,u)
— 0asy — +oo. Therefore

J[R"\B* (y - V)" "2dy = —P(r,u). (4.18)

Making the change of Varia_bles x = (y/|yl?), with Jacobian determinant —|x| 2", we ob-
serve that Vk(y) - y = —Vk(x) - x; therefore

JWW (- Vk(y)u "2 dy = —[ (x - VE(0)) v?" 2 (x)dx, (4.19)

|x|<1/r

which implies, by (1.14) and (4.18), that
D(u) = I (x - VEG)) v 02 (x)dx = 0. (4.20)
RY

Then, by Theorem 1.1, u has a removable singularity at zero; since v(x) = u(x/|x|?)|x|>~",
we conclude that v(x) = O(|x|?>~") at infinity. Now suppose that v is such that the confor-
mal metric cannot be realized as a smooth metric in S§%. Let u be the Kelvin transforma-
tion of v. Then D(u) < 0 and u has a nonremovable singularity at zero. Therefore there
exists two positive constants ¢; and ¢, such that

alylP " <u(y) <clyl*" (4.21)
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in a neighborhood of zero. Consequently,
alx)F M2 < y(x) < | x| E2 (4.22)

for large |x/|, x, > 0. This finishes the proof of Theorem 1.4. O
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