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For a d-dimensional array of random variables {X,,, n € Z4} such that {|X,,|?, n € 7%} is
uniformly integrable for some 0 < p < 2, the LP-convergence is established for the sums
(l/ln\l/P)(Zj<n(Xj —aj)),wherea; =0if0<p<l,anda; =EX;if1 < p<2.

1. Introduction

Let Z¢, where d is an integer, denote the positive integer d-dimensional lattice points.
The notation m < n, where m = (my,my,...,my) and n = (ny,n,...,ny) € 7%, means that
m; <n;, 1 <i<d,|n|isused for ]_[?:lni.

Gut [2] proved that if {X,X,, n € Z9} is a d-dimensional array of i.i.d. random vari-
ables with E|X [P <00 (0< p<2)and EX =0if 1 < p <2, then

Z, X
jxn4xj . p . )
n|Vp — 0inL? as 1msilsr}in,—»m, (1.1)

where (n1,n,...,n4) = n € 79.
In 1999, Hong and Hwang [3] proved that if {X,,,, m = 1, n > 1} is a double array of
pairwise independent random variables such that

P{| Xyn| >t} <P{IX|>t}, t=0,m=>1,n>1, (1.2)

where X is a random variable, then the condition E(| X |? logJr IX|]) <o (1< p<2)implies
that

Sher 2y (X — EXx)
(mn)/p

—0inL' as max{m,n} — co. (1.3)

In this note, we provide conditions for (l/lnll/P)(Zj<,,(Xj —aj)) — 0inL? as |n| — o,
wherene 74, j€74,a;=0if0<p<1l,anda; = EX;if 1 < p<2.
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2. Result

THEOREM 2.1. Let {X,, n € Z%} be a d-dimensional array of random variables such that
{1X,|P, n€ 7%} is uniformly integrable for some 0 < p < 2. Assume that {X,, n € 74} is
pairwise independent if p = 1 and {X,,, n € 79} is independent if 1 < p < 2. Then,

i< (Xj—aj)

PIEE — 0 inlLfas|n| — o, (2.1)

wherea; =0if0<p<l,anda; =EX;ifl <p<2.
Proof. For arbitrary € > 0, there exists M > 0 such that
E(|X,|'1(|X,| >M)) <e Vnezd (2.2)

Set

X, =XI(]X,| <M), nerzd,

(2.3)
X =X, I(|X,| >M), nezd
Forall n € 74,
E|X! —EX/|? <4E|X|” < 4e. (2.4)
If0< p<1,then
p p p p
E| Y X;| <E|XXj| +E|XX/'| <E|>XXj| +> E|X]|
j=<n j=<n j=<n j=<n j=<n (2-5)
< (InIM)? +|nle  (by (2.2)).
The conclusion (2.1) follows from (2.5).
Ifp=1and {X,, ne 74} is pairwise independent, then
E| > (X;—EX;)| <E| > (Xj—EX}) |+ > E|X] —EX] |
j=<n j=<n j=<n
21/2
< |E| > (X; - EX)) ] + > E|X] —EX] |
L j=<n j=<n
(by the Jensen inequality (see [1, page 103]))
_ ~12 (2.6)
<| Y E(X;-EX))®| +dlnle (by(2.4)
¥j<n _
< (InIM*)"? + 4|nle

. ’ N2 "2 N2 .
(since E(X - EX))* = E(X))" - (EX))* < M?, j e 7¢)

=o(Inl) as|n| — co.
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Ifl<p<2and {X,, ne 74} is independent, then

p p P
E| > (X;-EX;)| =2r! {E > (Xj—EXj)| +E| > (X]—EX]) }
j=<n j=<n j=<n
2\ P2
< 2p! (E > (X; - EX]) ) +2> E|X; —EX}'|”
j=<n j=<n
(by the Jensen inequality [1] and the von Bahr-Esseen
inequality [4]) 2.7)
p/2
_ , "2
<2f 1<ZE(Xj—EXj) ) +2P*2|nle  (by (2.4))
j=<n
< 201 (|n|M2)?"? + 2P 2 |nle
(since E(X - EX))* = E(X))" - (EX))* < M?, j e 7¢9)
=o(|nl) as|n| — oo,
again establishing (2.1). O

Note that if {X,X,, n € Z4} are random variables such that E|X|? < co (p>0)and
supndiP{IX,,l >t} < P{|X| >t} for all t = 0, then {|X,|?, n€e Zi} is uniformly inte-
grable. The following corollary follows immediately from Theorem 2.1.

COROLLARY 2.2. Let {X,X,, n € Zﬁ} be random variables such that E|X|P < o for some
0<p<2, and supneZgP{an\ >t} < P{|X| >t} forallt = 0. Assume that {X,, n € Zi} is
pairwise independent if p = 1 and {X,,, n € 74} is independent if 1 < p < 2. Then,

> X:—a; )
% —0inl? as|n| — o, (2.8)

wherea; =0if0<p<l,anda; =EX;ifl <p<2.
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