DUAL SZEGO PAIRS OF SEQUENCES OF RATIONAL
MATRIX-VALUED FUNCTIONS

ANDREAS LASAROW

Received 5 January 2005; Revised 9 January 2006; Accepted 12 March 2006

We study certain sequences of rational matrix-valued functions with poles outside the
unit circle. These sequences are recursively constructed based on a sequence of complex
numbers with norm less than one and a sequence of strictly contractive matrices. We
present some basic facts on the rational matrix-valued functions belonging to such kind
of sequences and we will see that the validity of some Christoffel-Darboux formulae is
an essential property. Furthermore, we point out that the considered dual pairs consist
of orthogonal systems. In fact, we get similar results as in the classical theory of Szegd’s
orthogonal polynomials on the unit circle of the first and second kind.
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1. Introduction

The theory of orthogonal polynomials is known to have numerous applications in an
extensive range of engineering problems. For instance, the important role of Szegd’s
orthogonal polynomials on the unit circle in circuit and system theory is today well
recognized (see, e.g., [1, 29-32, 39] and for discussing the case of matrix polynomials
[9, 10, 28, 38, 41], [11, Section 3.6]).

Starting from different points of view of applications Bultheel, Gonzéalez-Vera, Hen-
driksen, and Njéstad have formed up a fruitful collaboration and created in the 1990s
a comprehensive theory of scalar orthogonal rational functions on the unit circle. In a
series of research papers they worked systematically out basic parts of a concept of gener-
alizing essential parts of the classical theory of orthogonal polynomials on the unit circle
(see, e.g., [3-7] and probably the first work referring to the rational situation [13] by
Dzrbasjan).

The present paper is another contribution generalizing this topic to the case of orthog-
onal rational matrix-valued functions on the unit circle and continues the line of investi-
gations stated in [25-27]. The main objective of this paper is to discuss some dual pairs
of sequences of rational matrix-valued functions which are recursively constructed based
on a sequence of complex numbers with norm less than one and a sequence of strictly
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2 Dual Szego pairs of rational matrix-valued functions

contractive matrices. The recurrence relations defining such pairs are natural generaliza-
tions to the situation in question of those fulfilling Szegd’s orthogonal polynomials of the
first and the second kind. Following the idea of Delsarte et al. [9] with respect to the case
of orthogonal matrix polynomials, we only use another normalization for the orthogonal
functions in the case under consideration as Szego in his classical work [39].

Throughout the paper let n be a nonnegative integer, let g be a positive integer, let C
denote the set of all complex numbers, let D:= {we C: |w|<1},let T:={ze C:|z| =
1}, and let ()72, be a sequence of complex numbers belonging to the open unit disk D.
Furthermore, I, stands for the identity matrix of size g X q and the zero matrix of size
g X q is denoted by 0,.

Similar as in [25-27], we consider modules R’ of rational g x g matrix-valued func-
tions with prescribed poles (using the convention 1/0 := o) at most in the set

Pa,n::O{i}: (11)

j=o L%

in particular, not located on the unit circle T. We will also use the notation
n
=J{aj}. (1.2)
j=0

In fact, 4,7 denotes the set of all complex g X g matrix-valued functions X which can
be represented via

X =

P, (1.3)
ﬂ(X,f’l

where P is a complex g X g matrix polynomial of degree not greater than n and where the

polynomial 71, , of degree not greater than n + 1 is given by

n
Tl (U 1_[ l—oc] ueC. (1.4)

Such kind of rational matrix-valued functions are studied in [25-27] in a way with ag := 0
but for a larger set {a;,a,,...} of underlying complex numbers. Since the principal object
of this paper is to prepare a particular approach to solve an interpolation problem for
matrix-valued Carathéodory functions in D, where «g, a1, az,... coincide with the treated
interpolation points, we make this slight modification.

In the classical case, the connection between orthogonal polynomials on T and Tay-
lor coefficient problems is particularly given by Schur’s algorithm (see [36, 37]). Roughly
speaking, Schur’s algorithm leads to a sequence of numbers, the so-called Schur param-
eters, to check if the given data in the problem correspond to a holomorphic function in
which is bounded by one. As discovered later by Geronimus (see [29]), these Schur pa-
rameters are closely connected with the parameters introduced by Szego (see, e.g., [39])
through recurrence relations for orthogonal polynomials on T. In [33], based on some
results contained in [6], an analog interrelation between the parameters which appear in
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an algorithm of Schur-type and the parameters which appear in the recurrence relations
for orthogonal rational (complex-valued) functions on T is proved and used to solve an
interpolation problem of Nevanlinna-Pick type for complex-valued Carathéodory func-
tions in D.

There is a similar connection between orthogonal rational matrix-valued functions
and solving certain interpolation problems of Nevanlinna-Pick type for matrix-valued
Carathéodory functions (i.e., matrix interpolation problems which are studied with other
methods, e.g., in [2, 8, 15]). But it takes more technical effort to verify such a connection
in that case. The main task of this paper is to go some steps towards generalizing the re-
sults presented in [33] to the matrix case. In fact, we provide particular formulae starting
from the recurrence relations for orthogonal rational matrix-valued functions stated in
[26]. In a forthcoming work, these formulae will finally play a key role by solving interpo-
lation problems of Nevanlinna-Pick type for matrix-valued Carathéodory functions in
via orthogonal rational matrix-valued functions including an interrelation between the
parameters which appear in the recurrence relations studied in the present paper and the
parameters which appear in the algorithm discussed in [24, Section 5].

Similar as in [25, Definition 3.3], here a sequence (X;)j_, of matrix-valued functions
is called a left (resp., right) orthonormal system corresponding to ()i and a nonnegative
Hermitian g X q matrix-valued Borel measure F on T if the following two conditions are
satisfied.

(i) For each integer j € {0,1,..., 7}, the function X; belongs to @qu.
(ii) For all integers j,k € {0, 1,...,7},

LTXj(z)F(dz)(Xk(z))*z A, (resp.,L(Xj(z))*F(dz)Xk(z)=8]-qu), (1.5)

where §j; := 1if j = kand §jx := 0if j # k.

Recall that a nonnegative Hermitian q X q Borel measure on T is a countably additive map-
ping from the o-algebra By of all Borel subsets of T into the set of nonnegative Hermitian
q X q matrices. For basic facts on the integration theory with respect to nonnegative Her-
mitian Borel measures we refer to [35] (see also [23] concerning the special situation of
rational matrix-valued functions). Note that a measure F has to fulfill some additional
conditions if orthonormal systems of rational matrix-valued functions as above do exist
(see, e.g., [25, Corollary 4.4]).

In [27] it is shown that a pair of orthonormal systems corresponding to («;)j-o and
F, that is, a pair [(X j)JT-ZO, (Yj)]7:0] consisting of a left (resp., right) orthonormal system
(X j)]T':o (resp., (Yj)}zo) corresponding to (ocj)JLO and some nonnegative Hermitian g X g
Borel measure F on T, meets some specific recurrence relations. An essential characteris-
tic of these recurrence relations is marked by an intensive interplay between the elements
of the left and the right orthonormal systems although the left and the right versions come
in without connection to each other per definition. This phenomenon already occurred
in the case of matrix polynomials on T by finding the analogon of Szegd’s recursions for
that situation (see [9]).

Using a special normalization for the orthonormal systems of rational matrix-valued
functions, the recurrence relations stated in [27] gain a simpler structure (see [26]). In
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fact, [26, Theorems 2.11, 3.5, and 3.7] imply a parametrization of these particular pairs
[(X j)]T‘=0r (Yj)}zo] of orthogonal rational matrix-valued functions in terms of an initial
condition and a sequence (E;);_, of strictly contractive g X q matrices. These considera-
tions are the starting point for the present paper. The crucial idea here is that we associate
to such a pair [(X;)7_o,(Y;)}-,] a dual pair [(Xf);zo, (Y]#)JT-:O] which satisfies analog re-
currence relations depending on (—E,);_, instead of (E;);_,. Since this duality concept
given by recurrence relations forms the main part in the proofs of the results below (not
directly the orthogonality of the underlying systems), we center such dual pairs of se-
quences of rational matrix-valued functions and we return to some questions concerning
the orthogonality only in the last section of the paper.

A brief synopsis is as follows. In Section 2 we introduce the central notations of this
paper and explain basics on the recurrence relations defining these dual pairs of sequences
of rational matrix-valued functions. By using certain well-known results on Potapov’s J-
theory (see, e.g., [11, 12, 14, 16, 34]) we get in Section 3 some important properties of the
rational matrix-valued functions belonging to such special pairs. In fact, the considera-
tions there are motivated by the studies in [17-19, 21, 22] (see [9] and [11, Section 3.6])
on particular matrix polynomials solving Taylor coefficient problems. In Section 4 we will
see that the pairs in question fulfill so-called Christoffel-Darboux formulae. As the treat-
ments in Section 5 imply, the realization of such kind of Christoffel-Darboux formulae is
in a way also a sufficient condition for rational matrix-valued functions to be dual Szego
pairs of sequences of rational matrix-valued functions. Finally, we extend in Section 6 the
investigations stated in [26, Section 3] on the connection between recurrence relations
and orthogonality of rational matrix-valued functions including an alternative proof of
[26, Theorem 3.5]. The essential new information in Section 6 is that, based on the duality
concept introduced here, one has more insight into the structure of the nonnegative Her-
mitian g X g Borel measure occurring already in [26, Theorem 3.5]. Following this train
of thoughts, we will obtain two particular choices of measures, where the one corresponds
to the pair [(Xj)}=0,(Yj)}=0], the other corresponds to the dual pair [(Xf);o,(Yf }zo],
and both can be recovered from each other similar as in the special case of orthogonal
matrix polynomials on T (see, e.g., [11, Definition 3.6.10, Proposition 3.6.9, and Lemma
3.6.28]). In particular, the dual pairs of rational matrix-valued functions are modelled on
Szegd’s classical orthogonal polynomials of the first and the second kind.

2. Some basic facts

As the studies in [25-27] (see also [6]) suggest, the following transform of a rational
function into another is an essential tool for the consideration on orthonormal systems
of rational matrix-valued functions. If X € 972,22‘1, then the adjoint rational matrix-valued
function X!*" of X (with respect to the underlying points ag, ay,...,a, € D) is the ratio-
nal matrix-valued function (belonging to R&»! as well) which is uniquely determined by
the formula

Xl (1) 1= %Bn(u) (x(%))* U € C\ (PanUZanU {0}) @2.1)
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(cf. [25, Lemma 2.2 and Remark 2.4]), where
Bu(u) := [ [ b, (1) (2.2)
j=0

and where b,; denotes the elementary Blaschke factor corresponding to aj, that is,

u if aj =0,

be(W) =1 & o — (2.3)
T au ey

lajl 1 —aju

Some information on further interrelations between X[*" and the underlying function
X can be found in [25, Section 2]. Note that the results on adjoint rational matrix-valued
functions in [25] are explained relating to the special case ap = 0. But it is not hard to
restate these with their proofs to the present situation. For instance, if X,Y € 97{%,‘1, then
also in that case the following properties are fulfilled.
(1) Xlonl € REA (X loonlylan) = X,

(1) X" (a,) = 0, & X € RL1 | for n 0.

(1) (X(2))*Y(z) = Xl@nl(2)(Yl®nl(2))* for z € T.

We study in the following certain sequences of rational matrix-valued functions
formed by given sequences of points belonging to D and of parameters which are strictly
contractive matrices. Recall that a complex g X g matrix A is said to be contractive (resp.,
strictly contractive) if I, — A* A is a nonnegative (resp., positive) Hermitian matrix, where
A* denotes the adjoint matrix of A. For instance, the zero matrix 0, of size g X g is a
strictly contractive matrix.

If 7 is a nonnegative integer or oo, if (E¢);_; is a sequence of strictly contractive g X q
matrices, and if X and Y are nonsingular complex g X g matrices fulfilling the condition
X5 Xo = YoYg, then we define sequences of rational matrix-valued functions (X;)j_, and
(Yj)]f-:0 by the relations

\/1*|060|2X

1—aou

\/1*|“0|2Y

Xo(u) := T
— QoU

0 Yo(u):= 0, u€C\Pyp, (2.4)

and, for all integers £ € {1,2,...,7} and points u € C\ Py, recursively,

1- |0£e|2 1—@»1(

Xe(u) := —
NI e P T

I, — BBy ) " (bu, ()X () + B Y5 (),

2 -
1—|a|” 1-®qu [ae—1]
Ye(u) := " (ba, , (1) Ye_1 (1) + X;°, " (u)E,; ) (I, — EFE,
VT T [F 1w (9ot 0+ X2 G0Be) L, - B

)71/2

(2.5)

Here and in the sequel A/ stands for the (unique) nonnegative Hermitian square root
of a nonnegative Hermitian g X g matrix A, the notation A~! stands for the inverse of a
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nonsingular q X g matrix A, and hence A~"? denotes the inverse matrix of the nonneg-
ative Hermitian square root of a positive Hermitian g X g matrix A tantamount to the
nonnegative Hermitian square root of A™!.

Similar as in [26], we call [(Xj)]f-zo,(Yj);zo] the Szegé pair of rational matrix-valued
functions generated by [(« j);zo; (E¢)p—15X0,Yo]. In addition, we consider simultaneously
the Szeg6 pair [(Xf)}=0,(Yf j=ol of rational matrix-valued functions generated by the
special choice [(a;)7_; (=Ee)j_1;(Xg")*,(Y5")*] and call this the dual Szego pair of
(X j)]T-ZO, (Yj)]T-ZO] in the following. In fact, we have

XEu) = Y (X", Vi) = (Y)Y, ueC\Puo, (2.6)

and, for all integers £ € {1,2,...,7} and points u € C\ P4y, the recurrence relations

2 _
1- |« 1—op_u -1/2 o
X |L€'|z Ly~ BB (b WXE )~ B ) ),
- -1
2 _
1- |« 1—-a,u al— -1/2
Yi () =\ || €||2 e (bec (0YE () = (X ) w)Ee) (1, ~ B Be)
- | &e-1

(2.7)

Remark 2.1. If [(Xf)}=0,(Yf }=0] is the dual Szegd pair of [(Xj)}=0,(Yj);=0], then
[(X;)F-0, (Y})_o] is the dual Szegd pair of [(XT)T_,,(YF)7_,].

The definition of a Szeg6 pair of rational matrix-valued functions is inspired by the
recurrence relations presented in [26, Section 2]. This will be emphasized by the follow-
ing theorem on particular orthogonal systems of rational matrix-valued functions. A left
(resp., right) orthonormal system (X j)}:o corresponding to (ocj)}:o and some nonnega-
tive Hermitian g X q matrix-valued Borel measure F on T is said to be of left (resp., right)
Szego-type if in addition the matrices

-1

T (i ) X0 (@)

1 —aeap—y
1 (2.8)
Mete-1 01 0 -
(resp., TNHX‘Kl ](“871) <X([a ] (06271)) ), e {l1,2,...,1},
are positive Hermitian, where the numbers #;, j € {0,1,...,7}, are defined by
-1 if 06]‘ = 0,
ni=1 o (2.9)
! ! if o -7é 0.
o

Note that if there exists a left (resp., right) orthonormal system (Y;)j_, corresponding to
(aj)j-o and F, then one can always choose such a special sequence (X;)]_, of orthonormal
systems (cf. [25, Corollary 4.4] and [26, Remark 2.2]).
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Finally, a pair [(Xj)j-o,(Y})]-o] consisting of a left (resp., right) Szegé-type orthonor-
mal system (X;)j_, (resp., (Y})]—o) corresponding to (a;);_o and F is called a Szego pair of
orthonormal systems corresponding to (a;)j-o and F. Using the same arguments as in [26,

Section 2], we get the following statement.

Tueorem 2.2. If [(X;)j_o,(Y})j_o] is a Szego pair of orthonormal systems corresponding
to (aj)j—o and some nonnegative Hermitian q X q Borel measure F on T, then [(X;)]_o,
(Yj)i=o] is the Szego pair of rational matrix-valued functions generated by [(a;j)i-os
(Ee)p—13X0,Yo), where Ep:= ng%(X{E“’e](ocg,l))’l Ye(ap_1) for each integer € € {1,2,...,7},
Xo:=+1—lag?Xo (), and Yo:=+/1—|a]? Yo (o).

Example 2.3. If g =1 and if [(Xj)}zo,(Yj)}zo] is the Szegd pair of rational functions
formed by an appropriate initial condition and corresponding recurrence relations as
above, then there exists z € T such that the equality X; = zY; is fulfilled for each integer
j €10,1,...,7}. Moreover, if we consider the probably first studied system of orthogonal
rational functions (see, e.g., [13, 40]), the so-called Malmquist-Takenaka system ((pj)§=O’
that is, the rational functions ¢g,¢1,...,¢; given by

\/1—|060|2

1—oou ifj=0,
— o
@j(u) = Tl (2.10)
~|a;
mgbak(u) if j #£0,

for each integer j € {0,1,...,7} and point u € C\ Py j, then [(<;>j)]r-:0,(goj)j~:0] is the Szeg6
pair of rational functions generated by [((xj)]T-ZO; (0)7_1;1,1]. Therefore, [(q)j)}zo, (goj)}zo]
is the dual Szeg6 pair of [((pj)J’-ZO, ((pj)}zo].

For a strictly contractive g X q matrix E, we use in the following the notation

(1,-BE*)""?  B(I,—E*E)""*
HE2= " 172 e\ —172 . (2.11)
E* (I, — EE¥) (1, - E*E)
With a view to (2.1) and the complex 2g X 2g matrix-valued functions,
—be, YT (XD
@1 = ( @i "] ( J[lj] S jE{O,l,...)T},
baj Y] X]
(2.12)

by X! by X ,
resp., &j 1= (Y?)[a’j] Y!a’j] , ] € {0,1,...,7},

J

the recurrence formulae above can be written for all integers £ € {1,2,...,7} and points
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u € C\ Pyp in matricial form as

2
1- |« — 01U
O (u) = o] 3@ ()@ (1)
1- |(Xg,1| —oeu
(2.13)
1 Jae|” 1-@mug
resp., E¢(u) 5 —— B ()Be1 (1) |,
1—|ap|” 1—aeu
where
by, ()l 0
Ou(u):=Hg: | .71 1 ) ee{l,2,...,1}
f(u) E; ( Oq 776”781L1> { T}
(2.14)

A b, (1)1 0,
(resp., Eo(u) = ( E)Z) q ne i1 )HE2>’ e {l,2,...,1},

and where the numbers 7, j € {0,1,...,7}, are defined by (2.9).

ProrositioN 2.4. Let Xy, Yy be given as in (2.4) with some nonsingular q X q matri-
ces Xo, Yo fulfilling X5 Xo =YY and let Xo,Y, € 97&2;‘1 for each integer € € {1,2,...,7}.
Then [(X;)j-0>(Y;)jo] is the Szegd pair of rational matrix-valued functions generated by
[(aj)=05 (Ee)g=13X0, Yol if and only if for each integer € € {1,2,...,7} and pointu € C\ Py,
the following backward recurrence relations are satisfied:

_ (I —aeoe1) (ba, (1) — by, (ae-1))
\/(1f|ag| ) (1 laer )
(1 —azae—1) (b, (1) — by, (ae-1))

JO=Teel?) (1= o ]?)

)1/2

nee—1 Ye(u) — X)) (w)E, Yeo1(u)(1, — B} E,

>

172
)

Xe—1(w).

nefie1Xe() — Be Y (u) = (1, — E.E}

(2.15)

In particular, if X§, YO are defined as in (2.6), if X},Y} € 97?,23 for each integer € €
{1,2,...,7}, and if [(X;)j-0,(Y;j)j-o] is the Szego pair of rational matrix-valued functions
generated by [(ocj i- o0s (Be)i_1:X0, Yo, then [(Xf }:0,(Yf }:0] is the dual Szego pair of
[(X; )]70,(Y ) _o] if and only if for each integer € € {1,2,...,7} and point u € C\ Py the
following backward recurrence relations are satisfied:

(1 —apop—1) (ba, (1) — ba, (ae-1))
J(1—|W|2)(1 a1 1)

(1 _“—6“671)(170«7(”) - btxe (“f*l)) (

\/<1— e ) (1= |1 1)

Netfe—1Y; (1) + (X )M](u)Ee—

Y7 (u)(I,—EFEe)"2,

nele=iXd () + B (Y1) ™ (u) = 2

I, — EeE}) X7 (w).

(2.16)
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Proof. Let? € {1,2,...,7} and u € C\ P,,. Evidently (cf. [11, Lemma 3.6.32]),
HEZ* H,E;< = Izq (I‘CSP., HEngEz = Izq) (217)

is satisfied. Therefore, (2.13) is equivalent to the relation

Vi e (D) g el 1wy
Yeu)  Tener X (w) CUN - e |P 1-®eu
(res H ( ~Xi(w) Xe(u) ): 1_|‘x€|2 1= jug (u))
o BB oo (YD) w) - Figne Y ) TN Jaey P L@ )

(2.18)

Hence, by considering the first column of ®,_; (u) and the first row of E,_; (), using the
identity

1- g1 (

1—|0¢e|2

1—a,u
1—opu

Mete—1 ba, (1) — b, (ap-1)) = ba, (1), (2.19)

and taking into account property (I) of adjoint rational matrix-valued functions, one can
finally conclude the assertion. O

Observe that the difference between the backward recurrence relations stated in Propo-
sition 2.4 for a Szeg6 pair of rational matrix-valued functions and for its dual Szego pair
consists in the different signs in front of the parameters E,, £ € {1,2,...,7}, similar to the
case of the forward recursions defining such pairs of rational matrix-valued functions.

3. Connection to Potapov’s J-theory

We will show in this section that one can use Potapov’s J-theory (see, e.g., [11, 12, 14,
34]) to obtain some information on the rational functions belonging to dual Szego pairs.
In fact, we get certain formulae which can be considered as a generalization of results
on matrix polynomials in [21] (with respect to an approach solving Taylor coefficient
problems for matrix-valued Carathéodory functions via orthogonal matrix polynomials)
to the rational case.

Recall that if p is a positive integer and if J; and J, are complex p X p signature matrices
(i.e., unitary and Hermitian) respectively, then a complex p X p matrix A is called J,-
Ji-contractive (resp., Jo-J1-unitary) when J, —A*J,A is a nonnegative Hermitian matrix
(resp., the zero matrix 0,). In the particular case J; =], we write shortly J;-contractive
(resp., J1-unitary) instead of J;-J;-contractive (resp., J;-J;-unitary). The special choice of
the 2q X 2g signature matrices

s I‘I 0‘1 — 0‘1 _I‘I
el ) o1

will be essential in the considerations below.
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In the following [(X)j-(,(Y;)j-¢] denotes always the Szegd pair of rational matrix-
valued functions generated by some [(ocj)]LO; (Ee)p—15X0,Yo], where (cxj)}zo is a sequence
of points belonging to D, where (E¢);_, is a sequence of strictly contractive g X g matrices,
and where X, Yy are nonsingular complex g X g matrices fulfilling X§ X, =YY, as well
as [(Xf)}zo, (Yf i_o] stands for its dual Szegé pair.

THEOREM 3.1. For each integer j € {0,1,...,7} and point u € C\ Py j,

Jai=1e?) o R
Oi(u)="————"0,(u)0O;(u) -

l—oc_ju ®](u))
(3.2)
—_ _ 2<1 B |0(] |2) = = )
)00 = B )+ Bo(w),

where @ ;(u), Ej(u) and @)g(u), ég(u)forf € {1,2,...,j} are given by (2.12) and (2.14) as
well as

@O(U) = 1_&60(1,{) _ L (_(YOI) X01> (b‘xo(u)lq Oq )’

* _
2<1_ |(X0|z) V2 Yo X 0, Molg

- 1 -wu 1 (bewly 05\ (—(X5)" X

Eo(u) := ——=E0(u) = —< P _ ! ) < —1 x|
2(1 - |060|2> v ¥ ol Y o

(3.3)

In particular, if u € D, then the matrices ((1 — a_ju)/\/m)Gj(u) and (((1 —oju)/
\/m)ﬁj(u))* are jqq-Jq-contractive and if u € T, then ((1 — a_ju)/\/m)
0®;(u) and (((1 - Fju)/\/m)ij(u))* are even jgq-Jg-unitary.

Proof. Let j € {0,1,...,7} and u € C\ P, ;. We prove only the expressions with respect to
©®;(u). Similarly, one can verify the others by using the same arguments. The represen-

tation (3.2) of @;(u) is an easy consequence of (2.13) and the choice of Xy, Yo, X}, and
Y{ (according to (2.4) and (2.6)). It remains to prove that if u € D (resp., u € T), then the

matrix ((1 —o;u)/\2(1 — |&;|?))®;(u) is jyq-J4-contractive (resp., jqq-J4-unitary). Obvi-

ously, we have
bo 1y 0,\". (bu ]y 0.\  (|byw)|’T, o, ‘
( 0, 2, Jag 0, a,) 0, 1) kE{O,l,...,]},( |
3.4

ifz€ T and (cf. [11, Lemma 3.6.32])

(HE;‘)*jquE? :jqq; te {1)2,---)]'}) (35)
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as well as, since X¢ X = YoY(, furthermore

() XN\ =t X! .
R R

Hence (using [16, Lemma 4]), if u € D (resp., u € T) then the matrix @g(u) is jgq-
contractive (resp., jqq-unitary) for each € € {1,2,...,j} as well as the matrix @o(u) is
jaq-Jq-contractive (resp., jqq-J4-unitary) which implies by virtue of (3.2) that the matrix

(1 —aju)/{2(1 = |&;|2))O; (1) is jgq-J4-contractive (resp., jyq-J4-unitary). O

Theorem 3.1 yields in view of some well-known results on jg,-J;-contractive matrices
(see, e.g., [16, Lemma 8] and use in addition [11, Lemma 2.1.5]) particularly the follow-
ing result.

CoroLLARY 3.2. For each integer j € {0,1,...,7} and point ue D U T, the relations
detX][“’“(u) +0, det(Xf)[“"’] (u) # 0, det Yj[“’e](u) +0, and det(Yf)[“’”(u) # 0 are satisfied.
Moreover, for each integer j € {0, 1,...,7}, the real part of

-1

&) (x5 w) L x5 () w)

-1

(3.7)
aj -1 a,j a,j 1l
(resp., (V1 w) () w, ()" w) | ”(u>),
respectively, is a positive Hermitian matrix if u€ D U T and the matrices
o, -1 o, -1
bo, () (X[ ) Vi), b (XD W) Yiw)
(3.8)

(resp., b, ()X () (Yj[“’j] (u)) o ba; ()X () ((Yf) o] (u)) 71)

are strictly contractive if u € D and unitary if u € T.

Since Corollary 3.2 includes a localization of the zeros of detXl[“’e], det(X})let],

det Ye[“’fl, and det(Y})*¢), ¢ € {1,2,...,7}, the next Corollary is an easy conclusion of
Proposition 2.4 and (2.13) by the special choice u = ap_;.

CoROLLARY 3.3. For each integer € € {1,2,...,7}, the parameter E; can be attained via

-1

-1
E, = WW(X}O"H (ae71)> Ye(ae—1) = nete—1Xe (ote—1) (Ye[a’e] (“za)) ,

‘ (Wq))il Yi (1) = neme—1X; (ce-1) ((Yf) o (06571)>71

(3.9)

—E¢ = nefie ((X0)"



12 Dual Szegd pairs of rational matrix-valued functions

(cf.Theorem 2.2) and in addition

(1, - EEBF)"”
\/(1— lael?) (1 et )
o [a,€] [oce 1]
= 7]€71€—1 1—06_(0((,1 (Xg ((Xe_l)) X ((X[_l)
= Jal?) (1= o)
_ #\ [af] “1(v# \[af-1]
neffe T () (ae-)) (X)) @),
(1, - E}EB,)"
2 2
- _\/<1 - |Oce| )(1— |0¢e—1| )Y[a,f—ll( )(Y[“’e]( ))—1
= NeNe—1 l—oTeocg_l -1 Kp—1 ? Ke—1
0=l (- Tae ) ,
. # [a,6—1] # [a,t]
= Mete-1 |~ o, (i) (ae-1) ((Y ) (“e—l))

(3.10)

Remark 3.4. For each integer j € {0, 1,...,7}, from Corollary 3.2 we know that X][a’ﬂ (et)),
(Xf)[“’f](ocj), Yj[a’j](ocj), and (Yf)[""j]((xj) are nonsingular matrices. In particular, prop-
erty (II) of adjoint rational matrix-valued functions implies that for each integer £ €
{1,2,...,7} the functions X, Yy, X}, and Y} belong to QRW \(RRW1 and that if we put
Z; € {X;,Y; X# Y#} for all integers j and » satisfying 0 < j < n < 7, then the system
Z0sZ1s. .oy Ly 1S both a basis of the right and the left C7*7-module R (cf. [25, (2.10)]
and [23, Proposition 2.7]).

ProposiTioN 3.5. For each integer j € {0,1,...,7} and point u € C\ Py j,

0 I 0 I
w8, )ew-ngiman(, 5). o

J

[

where @ (u) and E;(u) are defined as in (2.12), the number n; is given as in (2.9) concerning
«j, and Bj(u) is given as in (2.2) with respect to 0o, &1,..., ;.

Proof. Let j € {0,1,...,7} and u € C\ P, ;. Further, let 5y, := —1. A straightforward cal-
culation yields

ba(ily 0 0 I\ (b (W)l 04 _ 0, I
— _1 = —ba q q
< oq rlkrlkfl Iq _Iq Oq Oq rlk;/’k71 Iq ’7k’7k 1 k(u) _Iq Oq
(3.12)

for each k € {0,1,...,j} and (using [11, Lemma 1.1.12])

0‘1 Iq _ 0‘1 Iq :
HEg <—Iq Oq) HE? = (—Iq Oq , le {1,2,...,]}, (313)
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as well as, since X¢Xo = YoY{,

_(x-1\* (v * -l
(Xgl ) Xﬁ 0, I (Yo') XO* -9 0, I . (3.14)
Y, Y/ \-1; 04 Yo X -1; 0,
Consequently, from (3.2) one can finally conclude the assertion. O

The next result is an easy consequence of Proposition 3.5, (2.12), and

0, I 0, Ig) _
(_Iq 0q) <_Iq 0, - b 19

COROLLARY 3.6. For each integer j € {0,1,...,7} and point u € C\ (Pyj U Zy;), the ma-
trices Ej(u), @;(u) are nonsingular and

(2:(w) ' = (1-aju)® ( X;[a’j](“) —ba,-(u)Yj(H))
' 21;(1- 1o 1) By w) \= (X)) (W) ~ba(w)¥i(w))’
, ‘ (3.16)
(o) = — =) ( 7w —<Yf)[wl(u))
! 215 (1= [y 17) By () \=be, X () —ba ()X} () )

Proposition 3.5 and Corollary 3.6 imply by considering the g X g block entries of ®;
and Ej, j € {0,1,..., 7}, according to (2.12) the identities below.

CoroLLARY 3.7. For each integer j € {0,1,...,7} and point u € C\ Py j,
XY @) =X Y, ()" X w) = v w () w),
X X =YY w, o)™ wxiw = i) (v) ) w),

2
aj o 1 — o
ba (1) (X () (X)) () + X)X} () = —2:71-#')23;@)%,

(1-aju
2
by (V1) @)Y+ 7 @)V 0) = —2m -1 g or,, a7
(1—au)
2
baj(u)((Xf)[“’j](u)Xj(u) + Y}’(u)Y}“’j](u)) = —M,-Lf'sz(u)lq,
(1—-oGu)
2
ba () (X} () XE () + Y3 ) (Y]) ' () = —2qu0‘f|sz(u)1q.

(1-%u)
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Remark 3.8. Forallintegers € € {1,2,...,7} and j € {0, 1,...,£ — 1}, Corollary 3.7 implies

Xe(a)) (XD () = —XF(a)X N aj), (V) (o)) Yola) = =Y, () Y (o)),

X)) () Xe(ay) = =Y ()Y, ey), X o) XE (o)) = = Yela))(Y)) @) (a),

since the points ag, a;,...,a,—1 are the zeros of the function B,_; (cf. (2.2)). 19
ProrosritioN 3.9. For all integers € € {1,2,...,7} and j € {0,1,...,€ — 1},
(60" (o) (6% = 06 ) (X1 )
= () ) ) (319)
= (V@) )" ay).
Proof. Let € € {1,2,...,7} and j € {0,1,. — 1}. From Corollary 3.2 it follows that

detX,[”](oc]) +0, deth'” 1](oc]) +0, detYe[“e](a]) 40, detY, [‘” Y(a a;) # 0, and
det(Y;_))!*¢~1(a;) # 0. Hence, Corollary 3.7 provides the equahtles

(Xe)[ae( )(X[ae]( )>’ (Y[a€( )> (Y#)[af( a;),

- _ (3.20)
()" (a) (X1 wp)) = (Y ) () (@),
Furthermore, if j = € — 1, then Corollary 3.3 yields
o, oy -1 o,y [ -1
(X)) () (XN ay)) = ()™ () (X027 (@) (3.21)

and if j # € — 1, then from (2.13), Corollary 3.7, and Remark 3.8, one can get

-1

(o) ™ ) () () (X9 () ((¥7)'“ @)

= (Yo 0)" o) ()™ () — by () Y7 () )
(X)) b, Yeor () BE) (V)™ (o)
= (V)™M o) (X7 )" () = b, (o) (Vo)™ (@) Y () B

(Ve )™ o) ()" (o) = b () (Yo )™ (@) Y7 (@) B ) =1,
(3.22)

-1

that s, (X7)@) (a;) (Xp™" ()" = ((Ye- 1)@ (a;)) (Y7 ) 1*¢~ 1 («;), which complet-
es the proof. O

Proposition 3.9 implies in view of (2.4), (2.6), and (2.1) the following.
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CoROLLARY 3.10. For each integer j € {0,1,...,7},

(X (a0) (X1 (@0)) = (XgXo) ™ = (%o¥g) ™ = (VI (w0)) (V) (aw).
(3.23)

ProrosriTioN 3.11. For each integer £ € {1,2,...,7}, the 2q X 2q matrices

5 2
%((em»‘) jque(u”l‘%«wl(u»‘> jaa(©0-1) "
1-— |(x€| _L‘HV

(Ee-1(0) jgg ((Ber () ™)
(3.24)

|1-au |1 -aul’

are nonnegative Hermitian if u € D\ Zyp and if u € T, then

1_ 2 B *. B 1_ _ 2 _ *' —
(0 (0 = L (@01 (0 )
2 2
o ) (@) ) = ) () )’
— 0y — Qp-1

(3.25)

where @p (1), ®@p_1 (1), Be(u), and Ep_1(u) are defined as in (2.12).

Proof. Let € {1,2,...,7} and ue (D UT)\ Zye. We prove only the assertion with re-
spect to @,(u). Similarly, one can verify the others by using the same arguments. From
Corollary 3.6 we know that the matrix ®,_;(u) is nonsingular. Consequently,

- |aet|? 1-mu 1 (bm(u)lq 0, )
Op_1(u O, (u) = Hgy . 3.26
AT l—oce_lu( e-1(u))  @¢(u) = H; 0, neietl, (3.26)

follows from (2.13). Hence (cf. the proof of Theorem 3.1), the matrix

2
1—|ap 1—-aeu -1
A= | 1l E(@p1(w) O(u) (3.27)
1_|a€| 1—op_1u

is j4q-contractive if u € D \ Z¢ and jgq-unitary if u € T. Therefore, the identity

2 . ) ) * 7
%((ee(u»l) jqq(GZ(u))1_%<(®€_1(u))1> jaq (@e—1(u)) :
o —
2
i %«@f(“))l) (a0~ A%jag) (©c(w)
— o

(3.28)

implies immediately the assertion referring to @, (u). O
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4. Christoffel-Darboux formulae

We show in the present section that, similar as for orthogonal rational matrix-valued
functions (cf. [25, Section 5]), any Szegé pair of rational matrix-valued functions along
with its dual Szegd pair satisfies some Christoffel-Darboux formulae. Here [(X;)]-,
(Yj)j=] denotes again the Szegd pair of rational matrix-valued functions generated by
[(oc]); o0s (Be)p_13X0,Yo] and [(X#)] 0,(Y#)j o] stands for its dual Szegd pair, where
()= is a sequence of points belonging to D, where (E¢);, is a sequence of strictly
contractive g X q matrices, and where Xy, Yy are some nonsingular complex g X q matri-
ces fulfilling X§X, =YY . For technical reasons, if a; € D and if u,v € C\ {1/ @;j}, we
also use the notation

(1- 1)1 = uw)
(1—ue) (1 —ajv)

k(x](u)V) =1- b(xj(u)brxj(v) = (4.1)

At first, we remark the following identities with respect to [(Xj)} 0,(Y) _o) and[(X )] —o»
(Y1)
LemMA 4.1. For each integer € € {1,2,...,7} and points u,v € C\ Pqy,
ke () (Y ) Y0 (1) = (Xe(1) " Xe(u))
= kaet,) ( (VI 0)) Y (1) = B, (M), (1) (Xea(1) Xema (),
o (10,9) (X0 () (X9 () = Yelu) (Ye(w) )
= ka9 (XE 00 (X 0)) = b, ()b () Vet () (Yerr(1) ),
ko () (V)0 0)) ¥ ) + (XF ()" Xe(w)
= kao ) (V) 0)) ¥ ) + B )b () (X2, () X)),
e (0 (X0 (X)) 4 Yew) (Y2 (1))

= k() (XE @) () 0)) b (0B () Yerr () (Y, () ).
(4.2)

Proof. Let€ € {1,2,...,7} and let u,v € C\ P,,. Considering the second g x g block row
of ®,(u) and the first g X g block column of (@, (v))*, from (2.13) and (3.5) (note also
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[11, Theorem 1.3.3]) one can see

_1—|ocg,1|2 l—au 1—aw
1—|062| 1l—a,ul —ap v

*

1—|0cg_1|2 l-ou 1-—aW . —(Yi(»)
= Y, X *
- |a€| | —@ul—ap 1V( e(u) Nene-1X, (”))Jqq WW((X?)[M](V))

e () (YE, ()"
xi)"w)

_baefl(V)(Y;—l(V))i
(&) )

= X @) (X)) = b (Wb, () Yoo () (Y, ()™

(X (u )<(Xg)l“’“(v))* +Ye(u) (Y (1))

= (Ba () Yoo 1 () X" () ) Hig; g (Hlg; ) (_<

= (P, () Yo 1 () X357 () (

(4.3)

Hence, (4.1) yields the fourth identity. Similarly, observing further combinations of g X g
block rows and g x g block columns of the matrix-valued function ®, or E,, in view of
(2.13), (3.5), and (4.1), one can obtain the other equalities. O

THEOREM 4.2. For each integer j € {0,1,...,7} and points u,v € C\ Py, the following
Christoffel-Darboux formulae hold:

j
(1-bq w) > (X)) Xi(u)

O

k=
= (Y}“’ﬂ(w)* Y17 (1) = By (V)b (1) (X () X (w),

j
(1= bay(Wba,(v)) > Yie() (Ye(v)*

- x,‘-“’”w)(x}“’“(v))* — by (), (Y () (Y;(1) ",

= o e (™) Y ) B b (0 (X[ ) X, (),
J ]
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Proof. Let u,v € C\ Pgyyp. According to (2.1), (2.4), and (2.6) we have

2 2 *
X(E“’O](u)((Xg)[“’o](v))* _ (-710\/1 — |ao] Xff) <—flov1 — |ao] Xgl)

1—ou 1—ayv

_ 1- | |”
(1 - uap) (1 - agv)

Yo(u)(Y§ ()" = (“I_M‘)'Yo) (1_|“O| (Yol)*)

(4.5)

1—oou

_ 1- o |”
(1 —uag) (1 —agv) T

Hence, the fourth identity is obviously fulfilled for j = 0. Now we assume that for each in-
teger £ € {1,2,...,7} and points u,v € C\ P, the fourth formula with j:=¢ — 1 is already
proved. Thus, the fourth equality in Lemma 4.1 and (4.1) imply

11

(1= bo(u)be, () > Yi() (YE(1))™

k=0
ke (u,v)
ke (1)

A (x40 (001 0) b 0B (Ve (37 19)°)

(1= by, (W)ba, (V) ZYk YY) ™ + ko (uyv) Yo () (YE ()

2ktxg(“>v)<1 - |‘X€—1 |2)

ke (14, v) (1 = wiorg—1) (1 — a1 7)

I+ Yo(u) (Yi()) " —be () bay,(v) Ye(u) (Y (1)) "

2<1—|ae|2>

(1 — ug) (1 — apv)

= X1 (X)) = Yew) (Y (0) " + \

+ Yo () (Y (V)™ = boy () beg(v) Ye (1) (Y (0)) *
2(1- Jae|?)

T (1 - o) (1—aew) 4

L= X () 0)) = baw)Ba ) Yelw) (Y (1)
(4.6)

firstly for u,v € C\ Py, satisfying uv # 1. Applying a continuity argument one can get
that this identity is actually fulfilled for all u,v € C\ Py,. Consequently, for each inte-
ger j € {0,1,...,7} and points u,v € C\ Py the fourth formula is inductively shown.
Similarly, the first, second, and third formulae can be verified by using (2.1), (2.4), (2.6),
Lemma 4.1, and (4.1). (]
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Observe that the first and second Christoffel-Darboux formulae in Theorem 4.2 co-
incide with the identities for orthogonal rational matrix-valued functions proved in [25,
Section 5] (see also [27, Theorem 3.10]). In view of Remark 2.1, these relations yield for
each integer j € {0,1,...,7} and points u,v € C\ P,,; directly

j
(1 = ba(v)ba,(u)) Z (Xi () X,f(u)
k=0 (4.7)

= (YD) (V)7 () = By (b () (XE ()" X (),

j
(1 = bay()bg,(v)) Z () (YE() "
k=0 (4.8)

= ()™ @ (XN )" = b (Wb WY ) (Y] (1)

The essential new information concerns the third and fourth Christoffel-Darboux for-
mulae in Theorem 4.2 which can be regarded as a matricial version of [6, the first identity
in Corollary 4.3.4]. Furthermore, the Christoffel-Darboux formulae in Theorem 4.2 can
be obviously restated as follows.

CoROLLARY 4.3. For each integer € € {1,2,...,7} and points u,v € C\ Pqyy, the following
Christoffel-Darboux formulae hold:

(1= b (V) bay (1 Z (X)) Xe(w) = (Y)Y ) — (X)) Xew),

-1

(1= b (0B, ) 3 Ye(w) (Vi)™ = X[ () (x10 ()) " = Ye(u) (Ye(w) ",

-1
(1= bay(Mba (1) > (XE()) " Xie(u)
k=0
(4.9)
2(1_ |‘x"|2> (ae] * ] *
") (1 —uz) ()" 0)) ¥ ) = (X)) Xelw),
-1
(1 = by ()b, (v)) f(n))*
k=0
2(1- | |?)

(] #) [oC] # *
= I, - X X -Y, Y .
T (a0 (X )~ Yelw) (Y ()
Remark 4.4. Similarly as performed in [25, Lemma 6.5], the first (or second) Christof-
fel-Darboux formulae with u = v =z, z € T in Corollary 4.3 yield for each integer £ €
{1,2,...,7} and point u € C\ Py, an alternative approach (cf. Corollary 3.7) to the equal-
ity X100 1) = V() V() ),
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Remark 4.5. Using the same strategy as in the case of orthogonal rational matrix-valued
functions (cf. [25, Section 7]), from the first (or second) Christoffel-Darboux formulae
with u = v in Corollary 4.3 one can conclude that, for each integer £ € {1,2,...,7} and
point u € D, the relations detX,[a’e] (1) #0 and det Yg[“’e] (u) # 0 are satisfied at which the
complex g X g matrices (X}“’Z] (1))"'Y,(u) and Xg(u)(Ye[“’l] (u))~! are strictly contractive
(cf. Corollary 3.2).

5. A characterization of Szeg6 pairs

In the previous section (see, e.g., Theorem 4.2), we have explained that a Szego pair of
rational matrix-valued functions along with its dual Szego pair fulfills some Christoffel-
Darboux formulae. Referring to this, we study now an inverse problem. Roughly speak-
ing, we will see that the realization of Christoffel-Darboux formulae is in a way also a
sufficient condition for rational matrix-valued functions to be dual Szeg pairs of ratio-
nal matrix-valued functions (cf. [27, Theorem 3.10]).

Remark 5.1. 1f € is a positive integer and if X, Yk, X,f, Y,f IS 97%21‘1 foreachk € {0,1,...,¢}
then, by setting j := ¢, the following statements are equivalent.

(i) The first (resp., second, third, or fourth) formula of Theorem 4.2 is satisfied.

(ii) The first (resp., second, third, or fourth) formula of Corollary 4.3 is satisfied.

LEmMMA 5.2. Let € be a positive integer and let X, Yk,X}f, Y,f IS @Zf fork e {€—1,¢}. The
following statements are equivalent.

(i) The first (resp., third) identity of Lemma 4.1 is satisfied.

(i) The second (resp., fourth) identity of Lemma 4.1 is satisfied.

Proof. If we fix v € C\ Py then, in view of (2.1) and forming the adjoint with respect to
the €+ 2 points ag, a1,...,ap, a1, the first identity of Lemma 4.1 is equal to

(b, (1) = by (V) (Ye() Y5 (v) = X[ ()Xo (1))
(5.1)
= (boy (1) = b, () (b, , () Yo 1 () Y5 () = by, (M)X(EF (1) X 1(v)).

Since, by fixing now the point u € C\ P,, and adjoining, this relation is equal to

(b (V)b (1) = 1) (Yew) (Ye() ™ = X3 (v) (x[* () ™)

= (B (Ve (1) = 1) (B, ()b, (V) Yoo 1 (v) (Yeor ()" = X5 0 (X2 ()™,
(5.2)

we obtain the equivalence of the first and the second identity of Lemma 4.1. Similarly,
one can conclude that the third and the fourth identity of Lemma 4.1 are equivalent. [

LEmMA 5.3. Let Xo, Yo, X}, Y} € gutz,xeq for each integer € € {1,2,...,7} and let Xo, Yo, X{, Y§
be the rational matrix-valued functions defined as in (2.4) and (2.6) for some nonsingu-
lar complex q x q matrices Xo, Yo satisfying the condition X5Xo = YoYg. The following
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statements are equivalent.
(i) For each integer € € {1,2,...,1}, the first (resp., second, third, or fourth) identity of
Lemma 4.1 is fulfilled.
(ii) For each integer j € {1,2,...,7}, the first (resp., second, third, or fourth) identity of
Theorem 4.2 is fulfilled.

Proof. Using the same arguments as in the proof of Theorem 4.2, one can inductively
show that (i) implies (ii). It remains to verify that (ii) implicates also (i). Note that the
choice of Xy, Yy supplies immediately that the identities of Theorem 4.2 are also satisfied
for j = 0 (cf. the proof of Theorem 4.2). Thus, for each integer £ € {1,2,...,7} and points
u,v € C\ Py, from (4.1), (ii), Remark 5.1, the fourth identity of Corollary 4.3, and the
fourth identity of Theorem 4.2, it follows that

K ) (X[ @) (60) ) "+ Yo (47 0) )

2(1- e’ el A .
= — ko, ,(1,v) ((1 —(MOC_@) (le_ (LV) I _Xf[a’e](u)((xg)[ ’Z](V)) - YE(U)(Y;(V)) )

2(1— |(xg|2><1— |06e71|2>(1_”7)

(1 — wor) (1 — aev) (1 — e 1) (1 —ap_yv) 1
» . -1 o ok 2(1—|a€_1|2>
= ke, (4, v) ae(u,V)gOYk(u)(Yk(V)) + “f(“’v)(l—um)(l—ag,ﬁ)lq

= kap ) (X ) (5" 0)) 4 b (B, D) Yo () (YE (1) ).
(5.3)

Consequently, with respect to the fourth kind of identities it is shown that (ii) yields (i).
Similarly by a straightforward calculation, one can prove this implication referring to the
first, second, and third kind of identities, respectively. O

THEOREM 5.4. Let (X; )]70, (Yj)}zo be such that X;,Y; € @Z,qu and the first (or second)
identity of Theorem 4.2 is fulfilled for each integer j € {0,1,...,7} as well as that X, (),
Yo (o) are nonsingular matrices. Then the matrices Xe[a’” (oe—1), Ye[“’g] (ap—1) are nonsingu-
lar for each integer € € {1,2,...,7} and if in addition

_Mefe=1 (ylwel “lae-1] NNEL_y -] (a0] -1
1w, (Xe (Oée—l)) Xeo1 (o), T ma,, ¢ Yo (06571)<Yg (ae—l))
(5.4)
are positive Hermitian matrices and if in that case
(v lat] -
Ee = neme—t (X (@) Yeloer), €€ {121}, (5.5)

Xo:=~/1—ag|?Xo(ap), and Yo :=~/1—|ag|2 Yo (), then [(X; )] 0 (Y )] o] is the Szego pair
of rational matrix-valued functions generated by [(a;)]_o; (E¢)p-13X0,Yo]. Moreover in that
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case, if(Xf)JT:O, (Yf)JT-:O are chosen such that Xf, Yf S @qu and (4.7) (or (4.8)) is fulfilled
for each integer j € {0,1,...,T}, then the following statements are equivalent.

i) [(X# i=00 (Yf)}:o] is the dual Szego pair of[(Xj)}:o, (Yj);zo].

(ii) (Xo(txo)) X§(ao) = (1 — lao|*) (X5 (et0))* X5 (000) X Xo(X§(a0)) * X5 (o) (or Yi(ato)
(Y§(ao))* = (1 = laol?) Y5 (o) (Y§(0))* YoYg Y5 (o) (Y5 (0))* ) and the third (or
fourth) identity of Theorem 4.2 is fulfilled for each integer j € {0,1,...,7}.

(iii) X3 (o) =1/(1 = lao|*)((Xo(0)) ™) *, Y5 (at0)=1/(1 = |ato|*)((Yo(a0))~")*, and for
each integer € € {1,2,...,7} the three relations below are satisfied:

(X0 (ae-1)) ™ V(o) = = () (1)) Y7 (o),
(X" are-)) X () = (X)) XKD @), (59)

Y () (7 ae)) ™ = (V)™ e ) () (@) ™

Proof. First, we consider the case j = 0. Since Xy, Yy € Q{a o » the definitions

RO oy YR P RS

imply immediately that X, and Y, admit the representations in (2.4), where X, and Y, are
nonsingular complex g X g matrices. Furthermore, from the first (resp., second) identity
of Theorem 4.2 we get

(XO(V))*X()(U) — (Yéa,o](v)>*Yo[tx,0](u)
(5.8)

(resp., Yo(u) (Yo()) " = X\* ) (i () )

for each u,v € C\ P,y. Hence, in view of (2.1) and (2.4), it follows XXy = Yo Y. Par-
ticularly for the case T = 0 it is shown that [(X j)}zo, (Yj)JLO] is the Szego pair of rational
matrix-valued functions generated by [(ocj)]T-:O; (Ee)p—13 X0, Yol.

Now let 7 be a positive integer or o and let £ be an integer belonging to {1,2,...,7}.
Because of the choice of (X j)]T-:O and (Yj)}zo, Lemmas 5.2 and 5.3 (which include espe-
cially that at any rate the first identity of Lemma 4.1 is fulfilled), Remarks 5.1 and 4.5 we
obtain that the matrices X, [t [“ e

ba, ,(atp—1) = 0 that

u), Y, (u) are nonsingular for each u € D and by using

(v (cxe_1)>* v () = (Xe(ae1)) " Xe(w)
(1 b ) () Y0 (o)) )

= (1= i ()b (ae1) ) (Y () ) YR (w)
(59)
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for all ue C\ P,,. Notably, we have that X,_E“’e] (ote—1), Ye[“’a (ap—1) are nonsingular as well
as by the choice of E¢, Remarks 4.4, 4.5, and 5.1 that

~1 !
E, = ’Ifﬁ(xe[a’g] (“6—1)) Ye(ae-1) = neffe—1Xe(ae-1) (Ye[a)g] (065—1)> (5.10)
and therefore
*
(Ye[a’ﬂ ((Xe_l)) (Iq - E?Ee) Ye[a’e] (“f—l)
*
= (Y (a1 ) Y (atemn) = (Koo)X (aer) (5.11)

(1= 1Balae) 1) (7 (o)) ¥ ().

This implies that E; is a strictly contractive g X ¢ matrix and that

ve _ neieiy (1= Jae|*) (1= a1 )

_ -1
(I, — EJEr) - Vo o) (YN )
(5.12)
in view of (4.1) and the assumption that
Ly ) (e 1)) (5.13)

I —opop—y

is a positive Hermitian matrix. Moreover, (5.9) yields by virtue of (2.1) the equality

Ye(u) Y5 (1) = X2 ()Xo (1) = (bay (1) = by (a0-1)) Yo 1 () Yo (1)

(5.14)
for each u € C\ Py,. Consequently, an application of (5.10) and (5.12) provides
nefie-1Ye(u) — X, (u)Ee
= oot Ye(u) — nee X ()X (1) (Y.«,E(X’Z] (ae-1) ) B
= 1071 (b (1) = b (1)) Yoo1 () Yi2 " () (Ye[a’e] (06171))_1 (5.15)

(o) (b —balden)) y g g,

V= Tael?) (1= e )

for each u € C\ Pgyp. Similarly, by using Lemmas 5.2, 5.3, Remarks 4.5, and 5.1, based on

1/2
)
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the second identity of Lemma 4.1 one can obtain that

ey (1= ) (1= o)

71 _
(1, —E:E}) (X2 (ae)) X027 ()

1 —aae—
(5.16)
and that the recurrence relation
. 1 —agato—1) (ba,(1) — by, (o
T Xe (1) — Ee 1% (u) = (1 — e 1)(2 (u) (0€e21)) (L, —EeEf) Xes (1)
\/(1—|a5| )(1- laet|?)
(5.17)

is satisfied for each u € C\ Pyp. In the end, from Proposition 2.4 one can conclude
that [(X;)]-0,(Y;)jo] is the Szegd pair of rational matrix-valued functions generated by
[(aj) =05 (Ee)p=15X0, Yol

It remains to prove the equivalence of (i), (ii), and (iii). Because of (2.6), (5.7), and
Theorem 4.2 the statement (ii) follows from (i). Now we assume (ii). Since the functions
X§ and Y§ belong to R %, the definitions

XE = ng(ao), Y§ = my(?(“o) (5.18)

imply immediately that X§ and Y{ admit the representations

2 2
N =
X (u) = V1= faol”y YE(u) = Vizfaol v ey Peo, (5.19)

1—opu 1—aou

where X{ and Y}, are some complex g x g matrices. From (2.1), (5.19), and the identity
(4.7) (or (4.8)) with j = 0 we get, similar as above,

(X5) " X5 = Y5(¥5) " (5.20)
as well as, in view of the third (or fourth) identity of Theorem 4.2, it follows that
(XE) " Xo+Y5Y5 =21,  (or XgXh+Yo(YE)™ =21,). (5.21)

Thus, we have at any rate

-Yo X —(Yﬁ)* Y5\ (L 0
(Yz (xz)*>< X, X)) *lo, 1,) (5.22)

which implicates

(¥ Y§> ¥ xa*) L oq>
=2 . 5.23
( x x)\vi )= e 1 529
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In particular, the equality

XEX5 +Xo(XE) " =21, (5.24)

is fulfilled. Moreover, by virtue of (5.18) and (5.20) we see that the relation

(X5 (@0)) " XGa0) = (1= Jao |*) (X5 (@0)) " X5 (000) X§ Xo (XG(0)) “XG(@0) (525
is tantamount to

V(o) (Vo)) = (1= Lo ®) V(o) (¥ (0)) Yo¥5 Viao) (Yi(oo))". (5.26)

Because (5.24) supplies that the real part of XX is a positive Hermitian matrix, [11,
Lemma 1.1.13 (c)] shows that even X is a nonsingular matrix. Hence, (5.18) and (5.25)
yield (X§)*X§ = (X5 Xo)~! such that from (5.24) one can get

(1, - X0 (X)) = 0, (5.27)

Using this equality in combination with the fact that the real part of I, — Xo(X})* is 04
(cf. (5.24)) one can conclude X} = (X;')*. Therefore, from (5.21) it follows in addltlon
that Y = (Y, ')*. In view of (5.7) and (5.18), we have

X§(a0) = 1_|10m|2<(X0(060))_1)*, Y§ () = 1_|10m|2<(Y0(0¢0))_1>*- -

Since the identity (4.7) (or (4.8)) is fulfilled for each integer j € {0,1,...,7}, as above we
see at least from Remark 4.5 that (X})!*¢(ap_;), (Y])[*?(ap_1) are nonsingular matrices
for each integer ¢ € {1,2,...,7}. Because of (ii), Lemmas 5.2, 5.3 (which include that at
any rate the third identity of Lemma 4.1 is fulfilled), and b,, ,(a¢—1) = 0 one can reason

(7)™ (are-1)) Y () + (X7 (et 1) Xe(w)

(5.29)
= (1= ba (Wb (ae-)) (V)" (@) ) Y w)
for each integer € € {1,2,...,7} and point u € C\ Py. By virtue of (2.1) we get
Ye(u) (YF) '™ (1) + X0 ()X (o)
(5.30)

= (beg(1) = by (ote-1)) Vo1 () (Y5 ) (1)
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for each integer € € {1,2,...,7} and point u € C\ P,e. Choosing in this equality at first
U = ap_1, ONE can see

(X0 e 1)) Yelae ) = =X (e ) ((0) e )) (5.31)

and then in view of (5.10), (5.12), and (5.15) also

-1

VI () (V0 () = ()™ e ) (0@ ) T 532)

for each integer £ € {1,2,...,7}. Similarly, by using Lemmas 5.2, 5.3, and based on the
fourth identity of Lemma 4.1 one can obtain that

-1 -1

(X)) ae-1)) Vi (o),

(X0 e 1)) X ) = () (e 1)) (K)o,

Xe(ae-1) (Ye[a’el (‘Xe—l))
(5.33)

Consequently (note (5.28) and again (5. 10)) the statement (iii) is fulfilled. Finally, we
show that (iii) implies (i). Since X§, Y§ € %ao , the relations (5.7) and (5.28) imply that
X{ and Y{ admit the representations in (5.7). Furthermore, from (iii), the choice of E,
(5.12), and (5.16), it follows that

-1 . -1
—E, = —ﬂeW<X¢£a’e] (0(671)) Ye(ate—1) = ﬂeﬁ((xf)[ . (a€71)> Y; (ae-1),
(Iq - EfEZF)l/Z

(1 el ) (1= Jae )

()™ (@) (x50 (@),

1 —opop—q
(I, - EfE;) "
. 2 2
’76’15—1\/<1— o | )(1— e | ) -1
= Y# [a,6—1] 3 y [a,t] -
1 — @ap (Y74) (e 1)(( 0 (e 1))(5 "
for each integer £ € {1,2,...,7}. In particular, the matrices
HeMe—1 4 (] 1 s\ lat—1]

—( (X} _ X, 1),

i (6D ) (XD ) .

I (g ) () (7)) |

1-@ap - ! A -

are positive Hermitian for each integer € € {1,2,...,7}. Thus, the considerations at the
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first part of the proof yield that [(Xf)]T:O,(Yf)JZO] is the Szego pair of rational matrix-
valued functions generated by [(a;)7_o; (—Ee)j_1;(Xg")*,(Ys")*], or in other words,
[(Xf ]T-:O,(Yf ;:0] is the dual Szeg6 pair of [(Xj);zo, (Yj)]f-:o]. O

Remark that, in view of Corollary 3.3 (cf. (5.10)), it is not hard to accept that for an
¢ {1,2,...,7} the definition of E,; in Theorem 5.4 can be replaced by

-1
E;:= WWXZ(“{ANY{)[“’“ (06271)) (5.36)

and the left-hand side of the relation in the third line of (iii) by Xg(ocg,l)(Y}“’f] (op_1))!
or the right-hand side by —X} (ap—1)((Y7)[*¢ (ap—1))~".

6. On particular measures corresponding to the dual pairs

We study now an inverse question to Theorem 2.2. By using similar arguments as in [26,
Section 3], it is not hard to accept that if [(X j)]T:O, (Y]-)JT-:O] is some Szegd pair of rational
matrix-valued functions, then there exists a nonnegative Hermitian q X q Borel measure
Fon T so that [(Xj)j_,(Y;)j-] is exactly a Szegé pair of orthonormal systems corre-
sponding to («;)j_, and F. The following considerations are to explain that the construc-
tion of such a measure occurring already in [26, Section 3] includes actually a simultane-
ous answer referring to the dual pair [(Xf);zo, (Yf)}zo] of [(X;)}—o» (Y})7_o]. For technical
reasons we prove before two useful results. Here and in the sequel, if A is a complex g X g
matrix, then Re A stands for the real part of A, that is, Re A := (1/2)(A+A*).

LEmMA 6.1. For each integer j € {0,1,...,7} and pointz € T,

if [(Xj)j=0,(Y})j=o] is a Szegd pair of rational matrix-valued functions generated by some
[(ocj)}=0;(Eg)§=l;Xo,Yo], where (Eg);_, is a sequence of strictly contractive q X q matrices
and Xo, Yo are nonsingular q X q matrices fulfilling X5 Xo = Yo Y{ .

Proof. Let j € {0,1,...,7} and z € T. In view of Corollary 3.2 and (2.1) it follows that the
matrices X }“’] ](z), Yj[a’J ] (2), Xj(2), and Y(z) are nonsingular. Therefore, an application
of Corollary 3.7 yields

re| (6@ (X2) | = we| (V@) @] 62
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as well as by virtue of (2.1), z = 1/z, and IBJ-(z)I2 =1,

2
L) (@)’
J
2 * ) B
— TZ_ |Z]||2 ((X][%]](z))il) (XJ[%]](Z)) 1
-4

_temr e Y el (il y) !
e P O((0) ) (2 men) ()

1 BE((x@) ) (%@ @ X @x @) ()

_1
T2
1 -1

= (@ (x @)+ (0 (x @) 1))

-1

(@) ) (7 @) 0™ 0+ (0™ @) 5 ) (e

~ Re [(X;f‘) () (x [ (z))_l]

(6.3)
and similarly
1- || S\ * -1 [l "Ly (0]
L)) @) ! = we| (@) @ ] 6
|z —a;] O

LemMa 6.2. If X,,, Y, € REL, then there is at most one Szegé pair of rational matrix-valued
functions [(X;)j-o,(Y;)i-] generated by some [(a;)i_; (Ee)p-13Xo0, Yo such that X, = X,,
and Y, = lN/n, where (E;)j_, is a sequence of strictly contractive q X q matrices and Xo, Y
are nonsingular q x q matrices fulfilling X5 Xo = YoY; .

Proof. In the case n = 0, the assertion follows directly from (2.4). Since Corollary 3.3 and
(2.1) show that if [(X j)j=0>(Y})i-o] is the Szegd pair of rational matrix-valued functions
generated by some [(ocj);‘:o; (Ee)p—15X0,Yo], then for each integer £ € {1,2,...,n} the pa-
rameter E, can be recovered via the elements X, and Y, and since Proposition 2.4 and
(2.1) yield that the elements X,_; and Y,_; are uniquely determined by X;, Y, and E;, by
induction on #, one can finally conclude that the assertion is also fulfilled if n is a positive
integer. g

Remark that, by virtue of a well-known matricial version of a theorem due to Riesz-
Herglotz (see, e.g., [11, Theorem 2.2.2]), there is a correspondence between nonnegative
Hermitian Borel measures on T and matrix-valued Carathéodory functions. Recall that a
q X q Carathéodory function (in D) is a matrix function Q from D into the set of complex
q X q matrices which is holomorphic in D and which has a nonnegative Hermitian real
part ReQ(w) for each w € D. In particular, if Q is a g X g Carathéodory function, then
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there is a unique nonnegative Hermitian g X g Borel measure F on T such that

z+w

Q(w) = i9mQ(0) = J F(dz), weD, (6.5)

TZ—W
where JmQ(0) stands for the imaginary part of the complex g X g matrix Q(0), that is,
ImQ(0) := (1/21)(Q(0) — (©(0))*). This unique measure F is called the Riesz-Herglotz
measure associated with Q.

In the following, the notation A stands for the (ordinary) linear Lebesgue Borel mea-
sure on T (not normalized, i.e., A(T) = 2m).

THEOREM 6.3. Let [(Xj);’zo,(Yj);‘zo] be the Szego pair of rational matrix-valued func-
tions generated by [(a;)i-o; (Ee)g-13Xo0, Yo for some nonnegative integer n, some sequence
(Ee)p—; of strictly contractive q X q matrices, and some nonsingular complex q X q matrices
Xo, Yo fulfilling Xg X = YoY; . By the relation

2
Fad)i= 5 | 1‘""”:2(Xn<z>)‘1((xn<z))‘1) Mdz), AeBr,  (66)

21 )a |z - a,

a nonnegative Hermitian q X q Borel measure on T is well defined, whereby

| 2

1 (1-]ay Sk -
Fn(A>=EjAm(<Yn<z>) N (%) A2, AeBr,  (67)

and [(X;)}-o,(Y})}-o] is a Szegd pair of orthonormal systems corresponding to (a;)i_, and
F,.. Further, if[(X*;);-’:O, (Y}’);‘:O] is the dual Szegd pair of [(X;)_o,(Y;)"_,], then

-1

Qu(w) = ()™ (w) (X&) (w)) , weD, (6.8)

defines a q x q Carathéodory function, whereby

Quw) = (Y ) (v (w), weD, 6.9)

and F, is the Riesz-Herglotz measure associated with Q.

Proof. From Lemma 6.1 one can particularly see that the measure F, is well defined and
that F, admits also the second representation. Moreover, Corollary 3.2 implies that Q,,
is well defined and actually that Q, is a g X g Carathéodory function. In combination
with Corollary 3.7 we obtain then the second description of Q,,. Since property (I) of
adjoint rational functions and Corollary 3.2 show that the function (X7)l®"! (X,L“’"] )~ lis
holomorphic in a disk enclosing T, an application of Poisson’s formula yields

Qu(w) = (X)) (X[ ()

(6.10)
1 1-wl?

C2mr |z —w)?

(X)) (2)(x(2)) " A(d2), weD.
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Hence, from Lemma 6.1 and

|lz_—|Z|Iz - [ztm z€eT, (6.11)
it follows that
ReQu(w) = ﬁ g T{_':::j Re[ (X)) (2) (X[ () | Md2)
- %L \IZ_JZ:E 1|Z__| Z:i (X.(2) " ((Xa(2) ") Md2)
:% T [:—m%z:z(xn(z))1(<Xn<z>)1)*udz) (6.12)
:%e[;ﬂﬁr(:ﬁ)L_':::j(Xn<z>)‘1((Xn<z))“)*x<dz>]

:m” Z+WFn(dz)], w e D.
TZ—W

Therefore, because Q, is holomorphic in D and also by

05 w)i= [ Z2p 2, weD, (6.13)

a holomorphic function in D is defined (see, e.g., [11, Theorem 2.2.2]), the Cauchy-Rie-
mann differential equations imply that

Qu(w) =Qp,(w)+iH, weDb, (6.14)

for some Hermitian g X q matrix H, that is, F, is the Riesz-Herglotz measure associated
with Q,. By virtue of the definition of F,, (cf. [23, Example 5.4], [25, Corollary 4.4], and

~

[26, Remark 2.2]) there exists a Szegd pair of orthonormal systems [()? j)?zo, (Y; );7:0] cor-
responding to (ocj);?zo and F,,. Let j € {0,1,...,n}. Since properties (I), (II) of adjoint ra-

tional matrix-valued functions and Corollary 3.2 show that the function (xlemhy-1x ][a’”]

is holomorphic in a disk enclosing T and that the identity ( Lonhy =14 )X ][a’"] (00n) = 8ujly
is fulfilled, an application of Poisson’s formula yields

an<z) F,(d2) (X;(2))"

11l
27 T|z—cxn|2

el (9 (2)) ) (u(3)) we
_ (el
C2nlv z-a,|?

X,(2) (Xa(2) " ((X,(2) ") (X5(2)) " A(dl2)

(6.15)

[a,n] -1 [a,n] _ .
(x[=(2)) X1 (2) M(dz) = 8,1,
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Similarly, using the second description of F, and Poisson’s formula we obtain

LI (Y;(2)* Fa(d2) Yo(2) = 8], (6.16)
Thus (cf. [25, Remark 3.1 and Lemma 3.2] and note Remark 3.4), there exist some unitary

q X q matrices UNand A% sNuch that the equalities X, = U)?n and Y, = }N’nV are satisfied. Since
the choice of [(Xj)?:o, (Yj);-’zo] and Theorem 2.2 (note also [26, Remark 2.3]) imply that
[(UX;)j-0,(Y;V)j_o] is the Szegd pair of rational matrix-valued functions generated by
[(aj)7-05 (UEeV)p_13UXo, Yo V], where

~ N “1
Eoi=neiier (X () Veloeor), €€ (1,2,..0,m}, (6.17)

1— |0c0|2X0 oco ), and ?0 =1-ag Ilefo(oco), from Lemma 6.2 we can conclude that
X UX and Y; = YVfor each j € {0,1,...,n}. Hence,

JX(z (d2) (X —U( J R(2) Fald2) (R(2)) ) — 5, UU* = 8,41,

L (Y;(2))" Fu(dz) Yk(2) = V* (L (Yi(2))" Fu(dz) iN’k(Z))V = 8 V*V = 8,

(6.18)
for each j,k € {0,1,...,n}. Finally, Corollary 3.3 yields that the matrices
_Mele=1 (ylal) 1 [ae-1] C Mefle—1 | lae-1] (€] -1
- @op (Xe (ae—l)) X2 (1), 1_076“6—1}77 (ae )(Y ((Xefl))
(6.19)

are positive Hermitian for each € € {1,2,...,n} such that [(Xj);‘zo, (Yj);‘:o] is actually a
Szegd pair of orthonormal systems corresponding to («;)j-o and F,. O

Note that Theorem 6.3 can be considered in a sense as an extension of [6, Theorem
4.2.6 and Lemma 8.1.3] to the matrix case. Furthermore, an alternative proof of a matri-
cial version of [6, Lemma 8.1.3] is given in [26, Theorem 3.5].

Example 6.4. 1If X, e REA (resp., Y, e RL fulfilling the condition det)?r[,“’”](u) #0
(resp., det Y1 (1) 4 0) for each u € D U T, then similar as performed in [27, Lemmas
4.1 and 4.2], there exists a left (resp., right) orthonormal system (Z;)7_, corresponding
to (a;)7-y and the nonnegative Hermitian q X q Borel measure on T which is given, for
each A € B, by the relation

2 - 1y *
A= [ 1 (3 0) (%.6) ) M

2m Ja |Z_“n|

2 e -
(resp Fe(4)= 5 | Ll (9,0) Y (3.00) 1)t(dz))

Alz- ocn|

(6.20)
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such that Z, = X,, (resp Z = Y,). In particular, if for each z € T the additional condition
()?n(z))*)?n(z) Y. (z )( #(2))* is satisfied, then F; = Fg and, in view of [26, Remarks 2.2
and 2.3], Theorem 2.2, and Lemma 6.2, there is exactly one Szegé pair [(Xj);‘:o, (Yj);»':o]
generated by some [(ocj);;();(Eg)?:l;Xo,YO] such that X, = )?n and Y, = 17,1. Moreover,
Theorem 6.3 implies that

aw)i= | Z R, weD, (6.21)

defines a q X g Carathéodory function which is the restriction of a rational matrix-valued
function onto D, where the elements X} and Y} of the dual Szegd pair [(Xf)}’zo, (Yf)?zo]
of [(X; )] 0 (Y )] o] can be used to compute Q) or vice versa.

Due to Remark 2.1, from Theorem 6.3 one can conclude directly the following.

CoroLLARY 6.5. Let [(X;)]-o,(Y;)j-o] be the Szegt pair of rational matrix-valued functions
generated by [(«;)—o; (Ee)z-13Xo, Yo for some nonnegative integer n, some sequence (E¢);_,
of strictly contractive q X q matrices, and some nonsingular complex q X q matrices Xo, Yo
fulfilling the condition X§Xo = YoYg . Furthermore, let [(X# -0 (Yf2 7:0] be the dual Szego
pair of [(X; )]70,(Y )]70] By

1 | - Sy
Fi(A):= EJAW(X#( 2) " ((X}(2)"') Mdz), AeBr, (6.22)

a nonnegative Hermitian q X q Borel measure on T is well defined, whereby
# 1 1 |a| #0,1) 7! #
CRE v R (7)) (Yi(2) 'AMd2), A ey, (6.23)

and [(Xf)?zo, (Yf)?zo] is a Szegd pair of orthonormal systems corresponding to (), and
F%. Moreover,

-1
Qi (w) == X2 (w) (X)), weD, (6.24)
defines a q X q Carathéodory function, whereby
# # Laon] -1 [a,n]
Qhw) = ((v)“"w)) Y (w), weD, (6.25)

and Fi is the Riesz-Herglotz measure associated with QF.

Remark 6.6. The interrelation between the g X g Carathéodory functions occurring in
Theorem 6.3 and Corollary 6.5 is given by the equality QO (w) = (Q,(w)) !, w € D. Hence,
in view of the notion given in [11, Definition 3.6.10], the nonnegative Hermitian g X q
Borel measure F# defined in Corollary 6.5 is the reciprocal measure corresponding to
the measure F, defined in Theorem 6.3 if and only if the Hermitian g X g matrix H that
appears in the proof of Theorem 6.3 is equal to the zero matrix 0,. In particular, if ay = 0,
then Corollary 3.10 yields H = 0,.
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By using some well-known results on weak convergence of nonnegative Hermitian
q % q Borel measures (see, e.g., [20]) we study now a little the case of Szego pairs of infinite
sequences of rational matrix-valued functions. Note that one says that a sequence (Fy, )5,
of nonnegative Hermitian g X g Borel measures on T converges weakly to a nonnegative
Hermitian g X q Borel measure F on T if

lim | hF,(dz) = JhF dz) (6.26)

n— oo

for each bounded, continuous, and real-valued function # on T.

TueoreM 6.7. Let [(X;)720,(Y})i20] be the Szegt pair of rational matrix-valued functions
generated by [(a;)5; (Be)s13Xo,Yo] and let [(Xf)]zo,(Y]#)J:O] be the dual Szego pair of
[(X ]-)‘]?":0, (Yj);‘;o] for some sequence (Eg);Z, of strictly contractive q X q matrices and non-
singular complex q X q matrices Xo, Yo fulfilling X5 Xo = YoYg. If Fy, Q, and Fi, QF are
given as in Theorem 6.3 and Corollary 6.5 for each nonnegative integer n, then there exist a
subsequence (Fp,, )p—o of (Fp) o, a subsequence (F; )m_o of (Fi) o, and some nonnegative
Hermitian q X q Borel measures F, F* so that (an -0 converges weakly to F and (F}, ) _o
converges weakly to F*. In particular, [(X;)%,(Y;)i20] is a Szego pair of orthonormal sys-
tems corresponding to (a;)3%, and F, [(X# e 0,(Y] )i=ol is a Szegd pair of orthonormal sys-

tems corresponding to ((x])°°_0 and F?, and
Q(w) := VL@; Q,, (w), O (w):= r!,ill}o Qf (w), webD, (6.27)
define q X q Carathéodory functions, whereby
Gw) = (Qw) ', weD, (6.28)

F is the Riesz-Herglotz measure associated with Q, and F* is the Riesz-Herglotz measure
associated with QF.

Proof. Let n be a nonnegative integer. Since

2
1- 1-
ool _1=lool”_ [ZE2] zeT, (6.29)

T+ | = |z—a| z—a

and since Theorem 6.3, Corollaries 3.10 and 6.5 imply

Lm [jf—f;‘;] Fo(d2) = Re Q) = Qo) = (X3 Xo) ",
(6.30)

J Re [”“‘) ] Fi(dz) = Re O (ap) = (Qm(ao)) ™" = XiXo,
T _
it follows that the sets {Fo(T),F;(T),Fy(T),...} and {Fj(T),F{(T),F;(T),...} are
bounded. Therefore, a twofold application of a theorem due to Helly-Prohorov according
to [11, Lemma 2.2.1] (see also [20, Satz 9]) provides the existence of some nonnegative
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Hermitian g X q Borel measures F, F¥, a subsequence (F,,)jm_o of (F,)i_, which con-
verges weakly to F, and a subsequence (F}, );_o of (F});_, which converges weakly to
F*.

Theorem 6.3 yields that [(X j)]’?:o,(Yj)’J?:o] is a Szeg0 pair of orthonormal systems cor-
responding to («;)}_, and F,. Applying [20, Satz 3] we obtain for all nonnegative integers

j, k the equality

| %2 F(d2) ()" = lim [ X020, (d2) (X)) = 8l
! e (6.31)
LT (Yi(2))" F(d2) Yi(2) = lim | (Yj(2))" F,,(d2) Yi(2) = 8,

m— oo T

that is, [(X j);";o, (Yj);-";o] is a pair of orthonormal systems corresponding to (ocj);?"zo and
F. Corollary 3.3 yields that [(X;){Z,(Y;)jZ,] is actually a Szegé pair of orthonormal sys-
tems corresponding to (ocj)j‘;o and F. Similarly, from Corollary 6.5, [20, Satz 3], and

Corollary 3.3 one can conclude that [(Xf fzo,(Yf);‘;o] is a Szegd pair of orthonormal
systems corresponding to (e;);2, and F*.
Now let w € D. Because

hu(z)i= 2,

zeT, (6.32)

defines a bounded, continuous, and complex-valued function on T, we get from Theorem
6.3, Corollary 3.10, and the choice of F particularly

lim i 9m Oy (0) = lim Q. (a0) — lim | ZF%0F, (dz) = (XiX,)™ —j ZE0 pigy),
(6.33)
and hence
Q(w) = lim Q, (w) = lim | 22 F, (d2) + lim iSmQ, (0) = I ZXVW p(dz) +iH
m— o0 m—oo JT Z—W m— oo TZ—W
(6.34)
for some Hermitian g X g matrix H. Similarly, it follows that
0 (w) = | Z pr () 4w (635)
TZ—W

for some Hermitian g X g matrix H*. Consequently, Q and QF are g x q Carathéodory
functions, whereby F is the Riesz-Herglotz measure associated with Q and F* is the Riesz-
Herglotz measure associated with QF. Finally, Corollary 3.10 provides

ReQ(a) = lim Re Qy, (a0) = lim O, (o) = (X¥X,) ! (6.36)

such that [11, Proposition 2.1.3 (c¢) and Lemma 1.1.13 (c)] yield that the matrix Q(w) is
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nonsingular, whereby in view of Remark 6.6 it follows that

QF(w) = lim OF, (w) = lim (Q,,(w))"" = (Q(w)) . (6.37)

m— oo m-— oo
O

Example 6.8. If [(X j);‘zo, (Yj)?zo] is the Szego pair of rational matrix-valued functions
generated by [(a;)7_o; (Ee)}_15Xo, Yol and if [(X})7_,(Y])}_,] stands for its dual Szegs
pair as in Theorem 6.3, then there is an obvious choice for parameters E,1,E,2,... such
that [(X;)7Z0,(Y;)jZo] is the Szegd pair of rational matrix-valued functions generated by
[(0tj) 5205 (Be)gZ 13 X0, Yol and [(XT) ¥, (Y) ] is the dual Szego pair of [(X;)5, (Y;)5],
namely E, = 0, for each integer £ with € > n (cf. Example 2.3). For this special situ-
ation, the construction of nonnegative Hermitian g X g Borel measures according to
Theorem 6.3 and Corollary 6.5 implies the equalities F, = F,, and Fj = F? for each integer
¢ > n (cf. [26, Corollary 3.6]). Hence, Theorem 6.7 yields that [(Xj)jio, (Y]-);-"’:O] is a Szego
pair of orthonormal systems corresponding to (« j);io and F,, as well as [(Xf);io, (Yf)j‘;o]
is a Szegd pair of orthonormal systems corresponding to («;)3, and F# in that case.

Finally, we remark that in opposition to the particular case of matrix polynomials on
T (see, e.g., [11, Theorem 3.6.2]) a nonnegative Hermitian g X g Borel measure F for
which a Szego pair [(X j)j‘;o,(YJ-);":O] of rational matrix-valued functions forms a Szego
pair of orthonormal systems corresponding to («;);2, and F is not uniquely determined
by [(Xj)jZ0,(Y})jZo] in general. This phenomenon already arises in the case of complex-
valued functions (see [6, Chapters 6-8] for details).
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