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For random coefficients a; and b; we consider a random trigonometric polynomial de-
fined as T,,(0) = Z;zo{aj cos jO +bjsin jO}. The expected number of real zeros of T,(6)
in the interval (0,27) can be easily obtained. In this note we show that this number is in
fact n/~/3. However the variance of the above number is not known. This note presents a
method which leads to the asymptotic value for the covariance of the number of real
zeros of the above polynomial in intervals (0,77) and (7,27). It can be seen that our
method in fact remains valid to obtain the result for any two disjoint intervals. The ap-
plicability of our method to the classical random trigonometric polynomial, defined as
P,(0) = Z?:o aj(w)cosj, is also discussed. T}, (6) has the advantage on P,(0) of being
stationary, with respect to 8, for which, therefore, a more advanced method developed
could be used to yield the results.
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1. Introduction

Let (Q,Pr, sd) be a fixed probability space and for w € Q let {aj(w)};':O and {bj(a))};LO be
sequences of independent, identically and normally distributed random variables, both
with means zero and variances one. Denote by N,(a, ) the number of real zeros of ran-
dom trigonometric polynomial

T,(0,0) = T,(0) = Z {aj(w)cosjO+bj(w)sin jO} (1.1)

j=0

in the interval (a,f3) and by EN,, (e, 8) its expected value. Indeed the above definition of
random trigonometric polynomials differs from the classical case of

P,(0,w) =P,(0) = > aj(w)cosjo (1.2)

~.
i M=
o
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2 Covariance of the number of real zeros

which has been extensively studied. The literature includes the original work of Dunnage
[3] which was later extended by Das [2] and Wilkins [8] and was reviewed by Bharucha-
Reid and Sambandham [1] and recently by Farahmand [7]. They generally show that for
all sufficiently large n and for different classes of distributions of the coefficients or in
different cases, for example, the level crossing case instead of zero crossings, EN,,(0,27) is
asymptotic to 2n/+/3. In particular the above work of Wilkins is of interest as it shows that
the error term involved in the asymptotic estimate is small and in fact is O(1). However,
finding the variance of the number of real zeros involves a different level of difficulties.
There have been several attempts, for instance, see [4] or [6], to obtain the asymptotic
value for the variance of N,(0,27) for P,(0). So far, the results are only in the form of
upper bounds. As far as the expected number of zeros is concerned the asymptotic value
of EN,(0,27) for T,(6) and P,(0) is the same. Therefore, we conjecture that their vari-
ances are also the same. In addition, with the above assumptions of independence of the
coefficients a;(w) and b;(w) the inner term of T,,(6) given in (1.1) has the property of
being stationary with respect to 0. This can be seen by evaluating its covariance function
as

E{[aj(w)cosj0+bj(w)sinjO][aj(w)cosj(0+1)+bjsinj(0+1)]}
(1.3)
= cos jOcos j(0+ 1) +sin jOsin j(O+ 1) = cos jT.

Therefore it is natural to seek to evaluate the variance of number of zeros of T,,(0) which
possess the above stationary property instead of P,(6) given in (1.2). We, however, are
unable to make any substantial progress in this direction. Instead, we obtain the covari-
ance of the number of real zeros in the intervals (0,7) and (7,27). As our main aim
remains to estimate the variance of N, (0,27) we will present our results and discussions
in such a way that they could be used to be generalized for variance. Although we are
considering two intervals (0,7) and (7,27) our proof is also valid for any two disjoint
intervals. A small modification and some generalization to our analysis should lead to an
asymptotic value for the variance. Looking at our proof it suggests that our estimate for
the covariance will remain the same as for the variance. Furthermore, although we are
considering the polynomial T,(6) given in (1.1) as far as the results for the covariance,
and, therefore, the variance are concerned, it should remain invariant also for P,,(6). For
random trigonometric polynomial T, (0) given in (1.1) we prove the following.

THEOREM 1.1. With the above assumption of independent and Gaussian distribution of the
coefficients {a; (a))};‘zo and {bj(w) };‘=0 the covariance of the number of real zeros of T,(0) is

cov {N,(0,7),N,(m,2m)} = 4n+ O(1). (1.4)

2. Covariance of the number of real zeros

For any two intervals («, ) and (6, y) it is known that

B B po
E{Ny(a, BN, (8, )] =I L JL 1x7]po,s,(0,0,%, y)dxdxdd6,,  (2.1)
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where pg, 9,(21,22,%, y) denotes the four-dimensional joint probability density function
of T,(601), Tx(62), T, (61), and T,,(6,). For our purpose and using the above formula
to obtain the result for The covariance case, the two intervals (a,) and (6,y) are dis-
joint. However the above formula and the following discussions remain valid for any two
intervals, whether or not they are overlapping. Let IT be the 4 x 4 variance-covariance
matrix of random variables T,,(60,), T,(62), T,(61), and T;(6,) with cofactor IT;; of ijth
element. Then using the Gaussian assumption for the coefficients we can calculate the
above-required joint density function as

1 H33X2 + H44y2 + (H34 + H43)xy
P, 0,0,x,y) = ————= — . 2.2
91,92( xy) 47'[2\/|ﬁ| eXp{ 2|H| ( )

In order to evaluate (2.1) further in (2.2) we let g = x/II33/[I1| and s = y+/I14/|TI|. As
we will see later IT33 and I144 are positive and therefore q and s are real. Hence from (2.2)
we obtain

JJ, |xy|P01,92(0y0,x,y)dxdx
_ |H|3/2 JJ q + 2 (H34+H43>
42115510y sl exp Voo ) dqds (2.3)

o mpe H“’ ( q2+52+2pqs>
= et ). [gs| exp 5 dqds,

where p = (IT34 + I143)/2+/T1331144. Now let p = cos¢, then from [7, page 97] the integral
appear in (2.3) can be evaluated as 4{1 + (n/2 — ¢) cot¢}/ cos? ¢. Therefore for Gaussian
assumption the required formula in (2.1) is simplified as

[TI132{1 + (7/2 — ¢) cot P}
EN, (0 B)NA(1,8) = jj ol coig Phdode. ()

Now we let
A, (01,0,) = cov{T,(01),T,(62)}, Cu(01,6,) = cov {T,(61),T,(62)},
B, (01,0,) = cov{T,(0:),T,(62)},

where T,(60) is the derivative of T,(8) with respect to 6. It is easy to show that the
cov{T,(0),T,(0)} =0,also A,(0,0) = var{T,(0)} = nand B,(0,0) = var{T,(0)} = n(n+
1)(2n+1)/6 are independent of 6. Therefore we can obtain the variance-covariance ma-
trix of random variables T,,(6,), T,(6,), T,(60,), and T,(6,) as

(2.5)

n An(91,62) 0 Cn(Gl,Gz)
A,,(Gl,@z) n —Cn(Gl,GZ) 0
= 0 —C,(61,65) M B, (61,0,) (2.6)
Ca(61,0,) 0 B, (61,6, n(n+1)2n+1)

6
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Let
_sin{(2n+1)(6) - 6,)/2}
$:(000:) === G G -0z} -
7
7,(00,0) = cos{(2n+1)(6, — 0,)/2}

sin{ (61 - 92)/2}

Then we can obtain the remaining elements of the above matrix as

$.(01,6,) — 1

An(601,0,) = A (62,6) = > cosj(61,60,) = > )

j=0
Cn(Gl,Gz) = an(Gz,Hl) = Z]sm](ﬂl — 92)
j=0

(2n+1)Z,(6,0,) N S1(61,60,) cot { (61 — 6,)/2}
4 4 ’

n

Bn(61,92) 02,91 Z] COS] 91 )

_ _(2n+ 1)28 (01,62) _ Sn(61,02) n (2n+ l)Z (91,02)c0t{ (61 ;02)}

8 8 4
Sn(gl)GZ) 2{(61_62)}
— cot 5 .
(2.8)
Now we are in the position to proceed with the proof of our theorem.
3. Proof of the theorem
From (2.6) we can obtain the determinate of IT as
2
ImI| = nz{w} — n2B2(61,6,)
2
—2nC2(6,,65) n(n+ 1)6(2n+ 1) —A2(6,,6,) { n(n+ 1)6(2n+ 1)} (3.1)
+Ai(91,92)3ﬁ(91,92) + 2A,,(91,92)C2 (91,62)Bn(91,92) + Cﬁ(GI,GZ)
Also the required cofactors are
M43 = a4 = n°B,(601,6,) — A*(61,6,) B, (61,6,) — A(61,6,) C*(61,6,), (3.2)
3
H33=H44=w—”2C2(91,92)+w1‘\ﬁ(91>92)- (3.3)
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Now we use the advantage that 0, and 0, are disjoint and therefore S,(6,,6,), Z,(6,,0,)
and cot(6; — 6,) are bounded. Therefore from (3.1)—(3.3) we obtain

) ~ n2{n(n+1)(2n+1)}2
6 bl
P (n+1)2n+1) (3.4)
6 b)
IT34| ~ 43 ~ n*B,(61,6,) = O(n*S,,(61,6,)).

[TI33] ~

In order to evaluate the integral that appears in (2.4) we note that from (3.4)

_ Isa 41143

23/T331044

as n — oo and therefore for sufficiently large #,

—0 (3.5)

¢ = arccosp — % (3.6)

This summarizes the value of (2.4) to

|H|3/2

By
E{Nu(a, )N, (8,7)} = L L 2105114

d6,do,. (3.7)

With our assumptions of our theorem it turns out that |I1|, IT53, and [144 are independent
of 0, and 6,. Also for all sufficiently large n,

Yn+1)22n+1)2 n® n’
By (O D €20 O S AN
36 9 3 (3.8)
nn+1)2n+1) n° .
Moy~ ~ ———F—— ~
6 3
Therefore
3/2
[TI]%2  {n®/9+n7/3} n’> 9n
E{N,(0,7)Ny,(m,2 ~ ~ ~—=+—=. 3.9
{Nu(0,m)Ny(m,27)} 5, (55/3)2 3 t3 (3.9)

In order to proceed we need to find EN,(0,7) and EN,(m,2m). To this end we use the
Kac-Rice formula and because of the stationary property of T,(6) mentioned above, we
are able to obtain an estimate with small error easily. Using a same method as [5] and
since cov(T,(0),T’(0)) = 0, we have

EN,(0,7) = ﬂo %d@, (3.10)

where
A% =var{T,(0)} = n,

nin+ 12n+1) (1)

B2 = var {T,(0)} = ;
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Therefore
. 2
EN,(0,7) = ”(nt}%znﬂ) = %+g+é:%+§+o(%). (3.12)

Hence by (3.9), (3.12) and since a similar result to (3.12) can be obtained for EN,,(7,27),
we can obtain

2
cov [N, (0,7), Ny (71, 271) } ~ ”;Jr 97" - {% ; g +o<1)} ~an+0(1).  (3.13)

This completes the proof of the theorem.
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