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We study a class of vector minimization problems on a complete metric space such that all
its bounded closed subsets are compact. We show that a subclass of minimization prob-
lems with a nonclosed set of minimal values is dense in the whole class of minimization
problems.
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1. Introduction and the main result

The study of vector optimization problems has recently been a rapidly growing area of
research. See, for example, [1-5] and the references mentioned therein. In this paper
we study a class of vector minimization problems on a complete metric space such that
all its bounded closed subsets are compact. This class of problems is associated with a
complete metric space of continuous vector functions & defined below. For each F from
A we denote by v(F) the set of all minimal elements of the image F(X) = {F(x) : x € X}.
In this paper we will study the sets v(F) with F € 5. It is clear that for a minimization
problem with only one criteria the set of minimal values is a singleton. In the present
paper we will show that the subspace of all F € s with nonclosed sets v(F) is dense in .
Therefore in general the sets v(F), F € o can be rather complicated.

In this paper we use the convention that co/co = 1 and denote by Card(E) the cardi-
nality of the set E.

Let R be the set of real numbers and let n be a natural number. Consider the finite-
dimensional space R" with the norm

llxll = ||(x15...%0) || = max {|x;| :i=1,...,n}, x=(x1,...,%,) €R" (1.1)
Let {e1,...,e,} be the standard basis in R™:
e; = (1,0,...,0),...,e, = (0,...,0,1). (1.2)
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2 A density result in vector optimization

We equip the space R" with the natural order. Let x = (x1,...,%4), ¥ = (V1,...,¥n) € R".
We say that

xzy ifx;=zy Vie{l,...,n},
x>y ifx>y, x#y, (1.3)

x>y ifx>y Vie{l,... ,n}

We say that x < y (resp., x < y, x < y) if y > x (resp., y >x, ¥y = X).

Let (X,p) be a complete metric space such that each of its bounded closed subsets is
compact. Fix 0 € X.

Denote by o the set of all continuous mappings F = (fi,..., f») : X — R" such that for
i=1,...,n

li (%) = 0. 1.4
p(x)ler)gmf(x) % (1.4)

Foreach F = (fi,..., fu),G = (g1,...,gn) € s set

d(F,G) = sup{| filx) —gi(x)| :x€ X, i=1,...,n},
S (1.5)

d(F,G) = d(F,G)(1+d(F,G))

Clearly the metric space (s4,d) is complete.

Let A C R" be a nonempty set. An element x € A is called a minimal element of A if
there is no y € A for which y < x.

Let F € . A point x € X is called a point of minimum of F if F(x) is a minimal
element of F(X). If x € X is a point of minimum of F, then F(x) is called a minimal value
of F. Denote by M(F) the set of all points of minimum of F and put v(F) = F(M(F)).

The following proposition is proved in [6].

ProrosiTioN 1.1. Let F = (fi,..., fu) € A. Then M(F) is a nonempty bounded subset of
(X,p) and for each z € F(X) thereis y € v(F) such that y < z.

In the sequel we assume that n > 2 and that the space (X, p) has no isolated points.
The following theorem is our main result. It will be proved in Section 2.

TaEOREM 1.2. Suppose that the space (X,p) is connected. Let F = (fi,..., fu) € o and let
€ > 0. Then there exists G € A such that d(F,G) < € and the set v(G) is not closed.

2. Proof of Theorem 1.2

By Proposition 1.1 there exists x4 € X such that

F(x4) € v(F). (2.1)
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There exists § € (0,1/4) such that

[|[F(x) — F(x4)]| < for each x € X such that p(x,xx) < 26,

o | m

{ze X :p(z,xs) =88} + Q.

(2.2)

(2.3)

Since the metric space X is connected for each t € (0,868], there is z € X such that p(z,

.x*) =1f.
It is clear that there exists a continuous function ¢ : X — [0,1] such that

y(x) =1 foreach x € X satisfying p(x,xx) <6,
y(x) =0 foreach x € X satisfying p(x,x4) > 20.
Forx € X andi=1,...,n define
F7@0) = w0 filee) + (1= 9(0) fix),
FO = (Y., £,
Clearly, FV) € s and

F(x) = F(xy«) Vx € X satisfying p(x,x4) < 6.

(2.4)

(2.5)

(2.6)

(2.7)

We will show that d(F,F(V) < /8. Let x € X. If p(x,xx) = 28, then y(x) = 0and FV(x) =

F(x).If p(x,x4) < 26, then by (2.2)

[|F(x) = F(x4) | <

oo | m

Combined with (2.5) the inequality above implies that
IV (@) = E@)[] = [ly(x) (F () = F))|| < [|F () - F)l| <
Therefore

d(F,FV) <

co | m

We will show that FV(x,) € v(F). Assume that x € X and that
FY(x) < FY(xy4) = F(xy).
By (2.11), (2.5), and (2.6)

F(xx) = FY(x) = y(x)F (x4) + (1 — w(x))F(x).

| m

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

If y(x) = 1, then FV(x) = F(x). If y(x) < 1, then by (2.12) and (2.1) F(x4) > F(x) and
F(x4) = F(x) and in view of (2.5) and (2.6) FV(x) = F(x4). Therefore F(x4) € v(F).
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Forxe X andie {1,...,n} set

P(x) = fi(l)(x)+min{l,max{p(x,x*) - g,OH’ <§>,

Clearly
FPed, FOux)=FV(x) VxeX

By (2.13), and (2.7)
FP(x) = FV(x) = F(x4) Vx€ X satisfying p(x,xy) <
By (2.13) and (2.7) for each x € X satisfyingp(x,xx) € [6/2,8],

FP(x) = FV(xy) + <E> [p(x,x*) - g](l,l,...,l).

8
By (2.13)
d(F? F) < €
8
This inequality and (2.10) imply that
d(F,F®) < Z.

It is clear that the inclusion F(x,) € v(F"), (2.15), and (2.16) imply that
F(xs) € v(FD).

We will show that

NSRe7)

if x € X satisfies F'? (x) = F(xy), then p(x,x4) <

Assume that

xeX, FP(x)=F(xy).

[SHe)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

In view of (2.15) and (2.22) FV(x) < F?(x) < F(x4). Together with the inclusion
F(x«) € v(F) the inequality above implies that F(x) = F(x,) > F®(x). Combined

with (2.13) this relation implies that

N_lOo

plx,xs) <

Thus (2.21) is proved.

(2.23)
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Since F(x4) € v(FW), it follows from (2.13) that the following property holds.
(P1) For each x € X satistying p(x,x4) > 8/2 there is i € {1,...,n} such that

FV@) = £ (x) = filx) (2.24)
and that
200 = ;00 + <§>min{1,p(x,x*) —g}
Zfi(l)(x*)*'(g)min{l,p(x,x*) —g} (2.25)
= e+ (§) min{1p(or) - 5]
Choose
8 € (o,g), Ao € (0,16—6). (2.26)

Define functions ¢;,¢, : [0,00) — R as follows:

di(x)=x, x€[0,1], ¢$i(x)=1, x€&(L,2],
di(x)=x-1, x€(2,8], ¢i(x)=15—-x, x€(8,14],
d1(x) =1, x€(14,15], ¢i(x)=16—x, x€(1516], ¢i(x)=0, xe€(16,0),
(2.27)
$a(x) =—x, x€[0,2], ¢a(x)=x—-4, x€(2,8],
$(x)=12-x, x€(8,14], ¢ (x)=-16+x x€(14,16],
$2(x) =0, x€(16,00).

(2.28)
It is clear that ¢, ¢, are continuous functions and that
sup{|¢i(x)| :x€R, i=1,2} <7. (2.29)
Define a function G = (g1,...,4): X — R" as follows:
g1(x) = P (x) + Ao (16p (x,x5) 85 1), x € X; (2.30)
forie {2,...,n}
gi(x) = £ (x) +Aog2 (16p(x,%,)0;1), xEX. (2.31)

Clearly, G € . By (2.31), (2.30), (2.29), and (2.26) dN(G,F(z)) < €/2. Together with (2.19)
this implies that

~

d(G,F)<e. (2.32)
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Relations (2.30), (2.31), and (2.28) imply that for each x € X satisfying p(x,x+) = &
G(x) = FP(x). (2.33)
In view of (2.33) and (2.16) for each x € X satisfying p(x,xx) € [8y,8/2] we have
G(x) = F(xy). (2.34)

It follows from (2.33) and (2.17) that for each x € X satisfying p(x,xx) € [6/2,6]

G(x) = Fxs) + (g) [p(x,x*) - —](1,1,...,1). (2.35)

By (2.30), (2.31), (2.16), (2.27), and (2.28) for each x € X satistying p(x,xx) < 8¢/16 we
have

§1(x) = f2(x) + dop (x,x4) 85116 = fi () +dop (x,x5) 85 163 (2.36)
fori=2,...,n

gi(x) = £ (x4) = Aop (3% )85 116 = fi () — Aop (3,4 ) 85 116, (2.37)
G(x) = F(xx) +dop(x,x4) 8 '16(1, - 1,...,—1). (2.38)

Relations (2.27), (2.30), (2.31), (2.16) , and (2.28) imply that for each x € X satisfying
p(x,x5) = 80/8 we have

(%) = AP(x) +01(2) = fi (x4) +Aos (2.39)
fori=2,...,n

&%) = £ (%) +202(2) = fi(x:) = 2Ao, (2.40)

G(x) = F(x4) +A0(1,-2,-2,...,-2). (2.41)

We will show that for each x € X satisfying p(x,x4«) < & the following property holds.
(P2) There is z € X such that p(z,x+) € [0,80/16] U {§p/8} and G(z) < G(x).
Let x € X satisfy

p(x,x5) < do. (2.42)
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Clearly, if p(x,x4) < 8¢/16, then (P2) holds with z = x. We consider the following cases:

plox) €[ 2.2 ]; (2.43)
p(x,xs) € (%%] (2.44)
p(xxs) € (%,gao]; (2.45)
p(x,x0) € (250,%50]; (2.46)
p(x,x0) € (1—250,50]. (2.47)
Let (2.43) hold. Then by (2.43), (2.30), (2.31), (2.27), (2.28), and (2.16) we have
€1(x) = A7) + Aot (p(x,24) 85 116) = fi (1) + Ao (2.48)

fori=2,...,n

gi(x) = fi(Z)(x) + o2 (p(x,x*)(so_ll6) = fz(x*) - (p(x,x*)86116) Ea ﬁ(x*) - 2.
(2.49)

Together with (2.41) these relations imply that
. . 0o
G(x) = G(z) ifz € X satisfies p(z,x4) = S (2.50)

Thus property (P2) holds if (2.43) is valid.
Assume that (2.44) is true. By (2.44), (2.30), (2.31), (2.27), (2.28), and (2.16) we have

g1(%) = fi(xe) + A0 (p(2,%4) 85116 — 1) = fi(x4) + Ao (2.51)
fori=2,...,n
8i(x) = fi(xs) + Ao (p(%,%4) 85 116 — 4) = fi(xx) +Ao(—2). (2.52)
Together with (2.41) these relations imply that for each z € X satisfying p(z,x4) = 6o/8
we have G(z) < G(x). Thus property (P2) holds if (2.44) is valid.
Assume that (2.45) holds. By (2.45), (2.30), (2.31), (2.27), (2.28), and (2.16) we have
g1(x) = fi(xs) + Ao (15— p(x,%4) 85 116) = fi (x4) + Ao (2.53)

fori=2,...,n

8i(x) = fi(xs) + A0 (12 — p(x,x4) 85 116) > fi(xs) — 2Ay. (2.54)
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Together with (2.41) these relations imply that for each z € X satisfying p(z,xx) = 60/8
we have G(z) < G(x). Thus property (P2) holds if (2.45) is valid.
Assume that (2.46) holds. By (2.46), (2.30), (2.31), (2.27), (2.28) , and (2.16) we have

gi1(x) = fi(x«) +Ao; (2.55)
fori=2,...,n
8i(x) = fi(xs) + Ao (— 16+ p(x,x4) 85 116) = fi(xx) — 2A0. (2.56)

Together with (2.41) these relations imply that for each z € X satisfying p(z,xx) = 60/8
we have G(z) < G(x). Thus property (P2) holds if (2.46) is valid.
Assume that (2.47) holds. By (2.47), (2.30), (2.31), (2.27), (2.28) , and (2.16) we have

g1(x) = fi(xx) + A0 (16 — p(x,x4) 85 '16); (2.57)
fori=2,...,n
() = filx«) + A0 (p(2,%4) 87 116 — 16). (2.58)

Since the space X is connected, it follows from (2.3) and (2.47) that there is z € X such
that

)

p(z,xx) =6 — p(x,x%) € [0, E] (2.59)

In view of (2.59), (2.38), (2.57), and (2.58)

G(z) = F(xx) +dop(z,x4) 85 116(1, - 1,...,—1)
(2.60)
=F(xs) +A0(80 —p(x,x4)) 85 116(1,—1,—1,...,—1) = G(x).

Thus property (P2) holds if (2.47) is valid.

We have shown that (P2) holds in all the cases. We have also shown that the following
property holds.

(P3) For each x € X satisfing p(x,x5) < & there is z € X such that

plz,x4) € [0,%] U {%}, G(2) < G(x). (2.61)

We will show that the following property holds.

(P4) If x € X satisfies p(x,x) = §/2 and z € X satisfies p(z,x4) € {80/8} U [0,60/16],
then the inequality G(x) < G(z) does not hold.

Assume that

xeX, zeX, plxxg)>

NS

R p(z,x*)ei%}u[o,f—g]. (2.62)

By property (P1) and (2.62) there is j € {1,...,n} such that

202 ) + () minLp(ox) - 5], (269
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By (2.13) and (2.62)
200> filxy), i=1,...,n (2.64)
Together with (2.33) and (2.26) this implies that
gi(x) > filxy), i=1,...,n (2.65)
It follows from (2.62) that

G(z) € {F(xy) +Ao(1,—1,—1,...,—1)t: t € [0,1]}
(2.66)
U {F(xx) +A0(1,-2,-2,...,—2)}.

It follows from this inclusion and (2.65) that G(x) < G(z) does not hold. Therefore prop-

erty (P4) holds.
Let t € [0,1). We show that F(xx) +Aot(1,—1,—1,...,—1) € v(G). Since the space X is
connected, it follows from (2.3) that there is z € X such that
p(z,x4) = 161‘. (2.67)
By (2.67) and (2.38)
G(z) = F(xx) +dop(z,x4) 85 116(1, -1, - 1,...,—1)
(2.68)
=F(xs) +tho(1,-1,-1,...,—1) € G(X).
Assume that
xeX, Gx) =<G(z). (2.69)

We will show that G(x) = G(z). If p(x,xx) > §/2, then by (2.13), (2.33) , and (2.26) the
relation (2.65) is true and together with (2.69) this implies that G(z) > F(x4). This con-
tradicts (2.68). Therefore

plx,xy) < g (2.70)
If p(x,x%) € [80,0/2], then by (2.34), (2.69), (2.68), and (2.67)
G(x)=F(xy), t=0, z=x4 G(z)=Gx). (2.71)
Assume that
p(x,x4) < do. (2.72)

By (2.72) and property (P3) there is y € X such that

8o

G(y) <G(x), p(y.x«) € [0,%] U {g} (2.73)
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In view of (2.73), (2.69) , and (2.68)
G(y) < G(x) < G(z) = F(xx) +Aot(1,-1,—1,...,—1). (2.74)
If p(y,x4) = 80/8, then by (2.41)
G(y) = F(x4) +10(1,-2,-2,...,-2) (2.75)

and since t € [0, 1), the equality above contradicts (2.74). Therefore in view of (2.73)

p(y,xx) € [0,%]. (2.76)
By (2.76) and (2.38)
G(y) = F(x«) +dop (x,x4) 85 1 (16)(1,—1,—1,...,—1). (2.77)

Together with (2.74) this equality implies that t = p(x,x4)8; ' 16 and G(y) = G(x) = G(z).
Thus we have shown that (2.69) implies that G(x) = G(z). Therefore

F(xy) +dot(1,—1,—1,...,—1) € v(G) Vte[0,1). (2.78)
Let x € X satisfy p(x,x4) = 80/8. (Note that by (2.3) such an x exists.) In view of (2.41)
G(x) = Fxy) +Ao(1,-2,=2,...,—2) < F(xs) + do(1,—1,—1,...,—1). (2.79)
Thus
F(xs) +Ao(1,-1,—1,...,—1) € v(G). (2.80)
Together with (2.78) this implies that v(G) is not closed. Theorem 1.2 is proved.
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