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We study mixed Jacobi-like forms of several variables associated to equivariant maps of
the Poincaré upper half-plane in connection with usual Jacobi-like forms, Hilbert mod-
ular forms, and mixed automorphic forms. We also construct a lifting of a mixed auto-
morphic form to such a mixed Jacobi-like form.
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1. Introduction

Jacobi-like forms of one variable are formal power series with holomorphic coefficients
satisfying a certain transformation formula with respect to the action of a discrete sub-
group I' of SL(2,R), and they are related to modular forms for I', which of course play
a major role in number theory. Indeed, by using this transformation formula, it can be
shown that that there is a one-to-one correspondence between Jacobi-like forms whose
coefficients are holomorphic functions on the Poincaré upper half-plane and certain se-
quences of modular forms of various weights (cf. [1, 12]). More precisely, each coefficient
of such a Jacobi-like form can be expressed in terms of derivatives of a finite number of
modular forms in the corresponding sequence. Jacobi-like forms are also closely linked
to pseudodifferential operators, which are formal Laurent series for the formal inverse
07! of the differentiation operator o with respect to the given variable (see, e.g., [1]). In
addition to their natural connections with number theory and pseudodifferential oper-
ators, Jacobi-like forms have also been found to be related to conformal field theory in
mathematical physics in recent years (see [2, 10]).

The generalization of Jacobi-like forms to the case of several variables was studied in
[8] in connection with Hilbert modular forms, which are essentially modular forms of
several variables. As it is expected, Jacobi-like forms of several variables correspond to
sequences of Hilbert modular forms. Another type of generalization can be provided by
considering mixed Jacobi-like forms of one variable for a discrete subgroup I' C SL(2,R),
which are associated to a holomorphic map of the Poincaré upper half-plane that is equi-
variant with respect to a homomorphism of T into SL(2,R) (cf. [7, 9]). Mixed Jacobi-like
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2 Mixed Jacobi-like forms

forms are related to mixed automorphic forms, and examples of mixed automorphic
forms include holomorphic forms of the highest degree on the fiber product of elliptic
surfaces (see [6]).

In this paper, we study mixed Jacobi-like forms of several variables associated to equi-
variant maps of the Poincaré upper half-plane in connection with usual Jacobi-like forms,
Hilbert modular forms, and mixed automorphic forms. We also construct a lifting of a
mixed automorphic form to such a mixed Jacobi-like form.

2. Jacobi-like forms

In this section, we review Jacobi-like forms of several variables and describe some of
their properties. We also describe Hilbert modular forms, which are closely linked to
such Jacobi-like formes.

Throughout this paper, we fix a positive integer . Let (z1,...,z,) be the standard co-
ordinate system for C", and denote the associated partial differentiation operators by
0 3 0

aZI,..., n aZn.

o1 (2.1)

We will often use the multi-index notation. Thus, given « = («,...,a,) € Z" and u =
(u1y...,u,) € C", we have

=oM%, U=, (2.2)

and for = (B1,...,n) € Z", we write a < f if a; < f; for each i = 1,...,n. Furthermore,
we also write ¢ = (c,...,c) € Z" if ¢ € Z, and denote by Z, the set of nonnegative integers.
Given o € 7" and f € 7', we write ! = ;!... 3,! and

()= () ()

where for 1 < i < n, we have ("(‘)) =1and

(m) il — 1) 'ﬁ'i!(‘xi —Bi+1) (2.4)

for §; > 0.

Let # C C be the Poincaré upper half-plane. Then the usual action of SL(2,R) on #
by linear fractional transformations induces an action of SL(2,R)" on the product %" of
n copies of ¥. Thus, if y € SL(2,R)" and z = (z,...,2,) € #" with

ai b

Y= (Y1-->¥n)> yi = (Ci dl> €SL(2,R) (1<i=<n), (2.5)

then we have

aizi + by anzn+bn) e

renes 2.6
c1z21 + d1 CnZp + dn ( )

yZ = (Y1215 > YnZn) =(
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For such y and z, we set

]()/)Z) = (j(ybzl))---aj(ymzn)) S (Cn3 j()/i,Zi) = Cizi+di (2~7)

~

for 1 < i < n. We denote by J(y,z) the diagonal matrix with diagonal entries j(y;,z;) with
1 <i < n,thatis,

J(y,2) = diag (j (y1,21) 505 (Yur2n))- (2.8)

~

Then the map (y,z) — J(y,z) satisfies the cocycle condition
Tyy's2) =T(y,y DIy ,2) (2.9)

for all y,y" € SL(2,R)" and z € #". Given an element 5 = (#1,...,%,) € Z" and a map
[ — C, we set

(flay)(2) =T (y,2) " f(y2) (2.10)
forall z € #" and y € SL(2,R)". Let T be a discrete subgroup of SL(2,R)".

Definition 2.1. Given 1 = (#1,...,4n) € Z%, a Hilbert modular form of weight n for I is a
holomorphic function f : #" — C such that

flay=1f (2.11)

for all y € T, where f|,y is as in (2.10). Denote by ., (T) the space of all Hilbert modular
forms of weight # for .

Remark 2.2. The usual definition of Hilbert modular forms also includes the regularity
condition at the cusps, which is satisfied automatically for n > 1 according to Koecher’s
principle (cf. [3, 4]).

We denote by R the ring of holomorphic functions f(zi,...,z,) on #"” and by R[[X]] =
R[[X,...,X,]] the set of all formal power series in Xi,..., X, with coefficients in R. Thus,
using the multi-index notation, an element of R[[X]] can be written in the form

O(z,X) = > fal2)X® (2.12)
a=0
with z = (z1,...,2,) € #" and X* = X{"... Xy" for a = (ay,...,a,) € Z".

Let C* = C — {0} be the set of nonzero complex numbers. Given A = (A4,...,4,) €
(C*)", we denote by A = diag(As,...,A,) the associated n X n diagonal matrix, and set

CX = {XA A€ (C)"} = {iXie. s AnXn) [ Asy..dy € T, (2.13)

where X = (X,...,X,) is regarded as a row vector. Using (2.9), we see that SL(2,R)" acts
on #" x C*X by

y- (z,X)) = (yz,X]N(y,z)*ZX) (2.14)
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forallz € ", 1 € (C*)", and y € SL(2,R)", where ]N(y,z) is as in (2.8) so that

XJ(3,2) 2 = (j(y1,21) " Xnseosj(Przn) AaXar). (2.15)
We now set
Ke,y (1, (2,XX)) = J(1,2)f exp (Zcmij(yi,z,»)l)t,»xi> (2.16)
i=1

forz € #", y asin (2.5), and A € (C*)". Then it can be shown that
Ke,y (7Y’ (2X0)) = Kepy (153 - (2 X1))Ke, (¥ (2, X)) (2.17)

for all y,y" € SL(2,R)", where y’ - (z,X/T) isasin (2.14).

Definition 2.3. Given &,5 € 7", a Jacobi-like form for T of n variables of weight &, and index
7 is an element,

D(z,X) = D(z,Xy,...,X,) (2.18)
of R[[X]] satisfying

D (yz,XJ(1,2) %) = K,y (1, (2, X)) (2, X) (2.19)

forall y € I'and z € #". Denote by $¢ ,(I') the space of all Jacobi-like forms of n variables
for I' of weight & and index 7.

Remark 2.4. Jacobi-like forms of several variables in $¢,(I') with £ = 0 and n = 1 were
considered in [8], while Jacobi-like forms of one variable with index 0 were studied in
[12].

ProrosiTION 2.5. Given ¢ € 7", consider a formal power series

O(z,X) = > ¢a(2)X* € R[[X]]. (2.20)

a=e

Then the following conditions are equivalent.
(i) The power series ®(z,X) is a Jacobi-like form belonging to $¢ ,(T).
(ii) The coefficient functions ¢q : H — C satisfy

(¢¢x|2(x+fy z(sl Cy)rlz)(; ¢tx 8 (221)

forallz € H" and o = €, where y € T is as in (2.5) with ¢ = (c1,...,¢n).
(iii) There exist modular forms f, € Moy.(I') for v = € such that

0P
¢a(2) = Zﬁ'(2a+£ i e ),a fap(2) (2.22)

foralla>e.
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Proof. The proposition can be proved by slightly modifying the proofs of [8, Lemma 4.2
and Theorem 4.4]. O

IfD(z,X) = > pze Pa(2)X* € $e,(T), then (2.21) implies that

¢£|2£+EV = ¢e (2.23)

for all y € T; hence the initial coefficient ¢:(z) of the formal power series ®(z,X) is a
Hilbert modular form of weight 2¢ + & for . We set

}E,n(r)s = X‘E}E’q(r), (2.24)

which is a subspace of $¢ ,(I') consisting of the elements of the form 3., ¢a(2)X*.
Then we see that there is a linear map

S gf,n(r)s - ‘/‘/L2£+f(r) (2.25)
sending an element of $¢,(T'); to its coefficient of X°.

3. Mixed Jacobi-like forms

In this section, we discuss Jacobi-like forms of several variables associated to holomorphic
maps of the Poincaré upper half-plane € that are equivariant with respect to a discrete
subgroup of SL(2,R). Such Jacobi-like forms are related to mixed automorphic forms.

Let T be a discrete subgroup of SL(2,R), and for each k € {1,...,n}, let wy : # — K
and yx : T — SL(2,R) be a holomorphic map and a group homomorphism, respectively,
satisfying

wr(y0) = xx(y)wi({) (3.1)
forall { € ¥ and y € I'. By setting
w:(wla'-wwn)a X:(Xla'--aXn)) (32)

we obtain a holomorphic map w : # — C" and a homomorphism y : T — SL(2,R)". Given
N =(N1>...,1n) € Z", we define the map J,, : SL(2,R) x ¥ — C" by

Joy (10 = (j (x1(p),01()) 5.5 j (xn () wn())) (3.3)
forall y € SL(2,R) and { € ¥, where j: SL(2,R) X # — Cis as in (2.7).

Definition 3.1. Given & = (&,,...,&,) € 7", a mixed automorphic form of type £ associated
to T, w, and y is a holomorphic map f : 9 — C satisfying

FOO = Jox OO = 03,01 () - (P 0O £ (3.4)

for all { € 3 and y € I'. Denote by (T, w,y) the space of mixed automorphic forms of
type & associated to I, w, and y.
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Definition 3.2. Let F be the set of holomorphic functions on #, and let &[[X]] be the
space of formal power series in X = (Xj,...,X,). Given & = (&,...,8,),n = (1,...,1n) €
7", a formal power series F({,X) € F[[X]] is a mixed Jacobi-like form of weight & and
index n associated to T, w, and y if it satisfies

~ “2y _ H " CXvkl’lka )
F(y(9X]w,X(Y>() ) ]w,X(y)C) eXP (};1 ](Xk(y)awk(()) F(()X) (35)

forall { € ¥ and y € T, where ]NL,,,X(y,( ) denotes the diagonal matrix

diag (j (x1(y), 01(0)) 5.5 j (xn (), wn(0))) (3.6)

and ¢y« is the (2, 1)-entry of the matrix xx(y) € SL(2,R). Denote by $¢ ,(I',w, x) the space
of mixed Jacobi-like forms of weight & and index # associated to I, w, and y.
Given y € Z" and a function h: I — C, set

(h1"p) () = h(YO) Ty (y, ) 7* (3.7)

forall{ € # and y T.

LEMMA 3.3. A formal power series F({,X) = > =¢ fa(()X* € F[[X]] with ¢ € Z7 is an
element of $¢ (I, w, ) if and only if

) 6

(fa|21x+£y Z (% &% ()5fa 5(() (3.8)

forall y € T with ¢y = (cy15...6n) ¢ € ", and « > &, where c,,j denotes the (2,1)-entry
of the matrix yj(y) € SL(2,R) for 1 < j < n. In particular, the initial coefficient f.({) of
F({,X) is an element of Moese (T, w,)) if F({,X) € $e(T, 0, ).

Proof. Given y € T as described by (3.4) and (3.5), the formal power series F({,X) =
Daze fa(()X* is an element of $¢ , (T, w,y) if and only if

% it
D LDy (3, O) X% = ]‘[ ( s m,—,> S £

1
aze i=1 \y 0[’{1 (Xl( )w(z y>¢

(3.9)
o
z z ¢ 17 (C)X;ﬁ—v
=0 v=¢ ,u Jo X()’ (
for all { € ¥. Thus by comparing the coefficients of X%, we obtain
a—& 1 é‘ 5
fa()’()]w,)(()’) ()_Z(X—f (3.10)

& O(S']wx(ycéfa

and therefore the lemma follows. O
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For each € € 7" with € > 0, we set
Peq(Cw,x)e = XEPe (T, 0,%). (3.11)
Then by Lemma 3.3, we see that there is a linear map
Ofw,x 2 Pen(Tw,x)e — Maere (T, w,x) (3.12)

sending an element >’ .. fo({)X* of $¢, (T, w,x) to its initial coefficient f;({).
If R is the set of holomorphic functions on " as in Section 2, we define the maps

AR — F, AL :R[[X]] — F[[X]] (3.13)
associated to the map w : € — " asin (3.2) by
(A°R)({) = h(w(])), (AYF)({,X) = F(w({),X) (3.14)

forall { € #, h € R, and F € R[[X]]. Given a discrete subgroup T of SL(2,R), let IN"X bea
discrete subgroup of SL(2,R)" such that

X(D) =1 (D) X - X yu(D) € Ty, (3.15)

where y = (y1,...,Ys) is asin (3.2).
THEOREM 3.4. (1) IfAY:R — &F and A : R[[X]] — F[[X]] are as in (3.14), then

A° (Mg (Ty)) € Me(Tw,x), AL (e (Ty),) € Fen(Tow,x)e (3.16)

forall&,n € 7"
(i) If F and F, y are the linear maps in (2.25) and (3.12), respectively, then the diagram

~ 5 ~
gf)ﬂ(r)()e M2s+f(rx)
AY A© (3.17)
gw;
Fey(T0,)e ——— Maere (T, @, )

is commutative.

Proof. If f: #" — Cis an element ofJi/Lg(lN"X), then by (3.14) we have

(A°f) ) = floy0)) = f((P)@1(0)s... xa(P)wn(())

. ‘ (3.18)
=J(x(),0(0))” f(w(0)) = J (x(y), (D))" (A“£)({)
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forall { € % and y € T; hence A® f is an element of Mg(fx,w,x). On the other hand, if F
is an element of $¢ , (lN"X) by (3.5) and (3.14), we see that

(AL(F) (94 Xy (1,0 72) = FOn (1) @1 (s xn (1) 0 (O X oy (1,0 72)

B 3 & okt Xk
=J(x(y),w({))" exp (kzlj(xk(y),wk(())>F(w(O’X)
(3.19)

forall ¢ € 9 and y € T. Thus AYF is an element of $¢ (T, w,x), and AYF € $¢ (T, w,x)e
if Fe },g,q(fx)s, which proves (i). In order to verify (ii), consider an element ®({,X) =
D Pa()XY € }g,q(lN"X)s. Then we have

((A® 0o F) (D)) () = (A“Pe) (§) = pe (@i (0)s...,wn(()) (3.20)
for { € ¥. On the other hand, we have

(AR D)((,X) = D(w((),X) = @ (w1(0),...,@n (), X)

= 3 (1 (D0 D)X 20

Thus we see that
(Fay 0 AZ) (D)) (0) = ¢e (w1 (0)s...,n(0)) = ((A” 0 F)(P))(0), (3.22)
which implies (ii); hence the proof of the theorem is complete. O

4. Examples

In this section, we discuss two examples related to mixed Jacobi-like forms. The first
one involves a fiber bundle over a Riemann surface whose generic fiber is the product
of elliptic curves, and the second one is linked to solutions of linear ordinary differential
equations.

Example 4.1. Let E be an elliptic surface (cf. [5]). Thus E is a compact surface over C that
is the total space of an elliptic fibration 7 : E — X over a Riemann surface X. Let Ey be
the union of the regular fibers of 7, and let I C PSL(2,R) be the fundamental group of
Xo = n(Ep). Then the universal covering space of X, may be identified with the Poincaré
upper half-plane #, and we have X, = I'\ ¥, where I is regarded as a subgroup of SL(2,R)
and the quotient is taken with respect to the action given by linear fractional transfor-
mations. Given z € ¥, let ® be a holomorphic 1-form on E, = n7!(z), and choose an
ordered basis {a(2),a2(z)} for H,(E;,Z) which depends on the parameter z in a contin-
uous manner. If we set

wi(z) = O, wy(z) = O, (4.1)

a1(2) o (z)
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then w;/w, is a many-valued function from X, to # which can be lifted to a single-valued
function w : 7 — # on the universal cover 9 of Xy. Then it can be shown that there is
a group homomorphism y : T — SL(2,R), called the monodromy representation for the
elliptic surface E, such that

w(yz) = x(y)w(z) (4.2)

for all y € T and z € J€. Thus the maps y and w form an equivariant pair.
Let (xj,w;) be an equivariant pair associated to an elliptic surface E of the type de-
scribed above for each j € {1,..., p}, and set

%:(1,)(1,.--;)(1))’ W= (1,(4)1,...,601;). (43)

Then, given a positive integer p and an element m = (m;,...,m,) € Z7 with my,...,m, >
0, the semidirect product I' 3 (z*)™IP with lm| =m; +---+ m,, associated to X acts on
% x CImIP by

(V)el>~-->ep) ) (Z’(b-u;{p) = (yz’zl’---’zp) (4~4)

forall y €T and z € ¥, where

e] = ((H])]’,'V]J),...,(#mj,j,vmj,j)) E (Zz)mj) (4 5)
§5= Qe85 = Cjoeeenng ) € C™ ‘
for 1 < j < p with
2 Grjtwi(2)pr,j+ v,
= 2 > 4.6
& ¢y wj(2) +dy, (40
foreachr € {1,...,m;} if
_ (% by
xi(y) = o 4 )€ SL(2,R). (4.7)
Xi Xi
We denote by E(‘)mlp the associated quotient space, that is,
Eg™? =T x (22)™P\g¢ x e, (4.8)

Given ¢ € ZP*!, we set & = (2,my,...,m,) — 2¢, and let F(2,X) € $¢,(T,w,x). Then by
Lemma 3.3, we see that &, (F(z,X)) is an element of M (z,m,,.,m,) (I, @, x), and it can be
shown that the associated holomorphic form

wp(z) = Foy(F(z,X))dz Ady A= A ¢, (4.9)

on # x C'mP with z = (z,(l,...,(p) € ¥ x Cmlr is invariant under the action of T' X

(Z22)P. Hence wg(z) can be regarded as a holomorphic (lm|p + 1)-form on E(‘)m“p, and
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therefore we obtain a canonical map
Fen(Tow,p)e — QP (B (4.10)

from $¢ (T, w,x). to the space QP! (E‘m‘P) of holomorphic (|Jm|p + 1)-forms on E‘ P,
Example 4.2. Let T be a Fuchsian group of the first kind, and let K(X) be the function
field of the smooth complex algebraic curve X = T'\#€ U {cusps}. Consider a second-order
linear differential equation
2

(4 4B +800)F =0 (4.11)
for x € X and ﬁ(x), (j(x) € K(X) with regular singular points, whose singular points are
contained in I'\ {cusps} C X. Let

Af = (—+p(zi+Qz)>f 0, (4.12)

for z € ¥, be the differential equation obtained by pulling back (4.11) via the natural
projection % — I'\J C X. Let 0, and 0, be linearly independent solutions of (4.12), and
let S"(A) be the linear ordinary differential operator of order m + 1 such that the m + 1
functions

o0 oy, o000 ol (4.13)

are linearly independent solutions of the corresponding linear homogeneous equation
S™(A)f =0.Let y:T — SL(2,R) be the monodromy representation of T for the second-
order equation A f = 0. Then the period map w : # — ¥ defined by w(z) = 01(2)/02(z)
for all z € ¥ is equivariant with respect to x. Let y : % — C be a function correspond-
ing to an element of K(X) satisfying the parabolic residue condition in the sense of [11,
Definition 3.20], and let f¥ be a solution of the nonhomogeneous equation S"(A) f = y.
Then the function

dm+l (f‘V(Z) ) (4.14)

dw(z)m"t \ oy (z)™

is a mixed automorphic form of type (0,m +2) associated to I', w, and y (cf. [11, page
32]).

Given a positive integer p and m = (my,...,m,) € ZP with my,...,m, >0, we consider
a system of ordinary differential equations

S™ (A7) fi(zj) = wilzj), 1<j<p, (4.15)

of the type described above and for each j € {1,..., p}, choose a solution f]-% (zj) for the
jth equation. For 1 < j < p, let y; : T; — SL(2,R) and w; : % — 3 be the monodromy
representation and the period map, respectively, associated to the operator §"(A;), and
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set
Y= otp)s  @=(wn,..0p), T=Tin---NT, (4.16)
Then we see that the function j? : I — C defined by

f@=H@- f2) (4.17)

for all z € ¥ is a mixed automorphic form belonging to M, (T, @, ).

5. Liftings of mixed automorphic forms

Let w = (w15...,wy) and y = (x1,...,x») be as in Section 3. Thus w; : % — I is a holo-
morphic map equivariant with respect to the homomorphism y; : T — SL(2,R) for each
i€ {l,...,n}, where T is a discrete subgroup of SL(2,R). In this section, we construct
liftings of mixed automorphic forms associated to I', w, and y of certain types to mixed
Jacobi-like forms associated to I', w, and y.

We first consider discrete subgroups I'y,...,T, of SL(2,R) satisfying

X,(r) C l“i (51)

for all i € {1,...,n}. Given & = (&y,...,&,) € 2" and p = (u1,...,4n) € 71, let Moy, &(T)
denote the space of automorphic forms of one variable for I'; of weight 2u; + &;. If A is
the map in (3.14) associated to w; : # — ¥ in the case of n = 1, then we see that

A (May45(Ti) = {how; | h € My, (Ti) } (52)
for 1 < i < n. We denote the tensor product of these spaces by
n
M (T, 0,0 = Q) A“ (Mo, (T)), (5.3)
i=1

and consider an element of the form

n

hig o w;) € M3, (T, w,x) (5.4)

0 [\/_|\—>

with Cy € Cand h;x € My1¢(I;) for 1 <i<nand 1 <k < p. Then we have

P n P n
yz = Z ® ik w, yZ Z ® ik Xz(Y)w (Z)))
k= i=1 k=1 i=1

p
= > G R (G () 0il)* Fhi (u(y)wi(2))) (5.5)

k=1 i=1

- <ﬁ]’(xz( ) wi (Z))Z##&)h(z)
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forall z € % and y € I'; hence b is a mixed automorphic form belonging to A/Lz,ﬁg(l", w,y).
Thus we see that A/ngg(l" w,)) is a subspace of My, (T, w, ).

We now discuss a lifting of an element of JI/LZM +&(I>w, x) to aJacobi-like form belonging
to $ey(T,w,x)e with & = (e,...,&,) € Z7 and 5 = (1,...,1,) € Z". Given i € {1,...,n}
and k € {1,..., p}, assuming that y > ¢, we set

. e Mxh(e [41
hike = 5.6
ot (€—yz)-(f+&+ui—8i)! (5.6)
for € = p; and
he (2) = (higa (01(2)) s Bk, (@(2))) (5.7)

for all z€ ¥ and «a = (ay,...,a,) = p. We define the formal power series Oy (z,X) €
R[[X]] associated to h by

(Db(Z’X) Z Ck Z hk o ) (x’ (58)
azpy

where 1 = (1,...,1) € Z" so that

(h¢ ()" = e (€1(2)) - - B, (0n(2)) (5.9)

for a = (a1,...,0).

TuEOREM 5.1. The map ) — @y determines a lifting of an element ole/LgHJrE(F,w,X) to a
Jacobi-like form belonging to $¢ (T, w,x)u C $e.y(Lw,x)e such that

b

O —

Foy(Dy) = ] (5.10)
forallh e JI/LZIHE(I“,w,)O, where F, y is the map sending @y (z,X) to the coefficient of X* as
in (3.12).

Proof. For 1 <i < n, applying Proposition 2.5 to the case of n = 1, we see that the formal
power series

DOi(z,X:) = > pe(2)Xf (5.11)

eZS,’

in X; is a Jacobi-like form of one variable belonging to $¢,,.(I';), if and only if there is a
sequence of modular forms { f;},~o with f, € My, (I;) satisfying

. (j)
e nlf)

ge=2

j=0 ]'(2€+£l _81)'

(5.12)
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for all £ > ¢;. We now consider an element h € M2(T,w,y) given by (5.4). Given i and k,
let { f;}r>0 be the sequence of functions on ¥ defined by

hi, if1'= is
fi= { ¢ : (5.13)

0 otherwise.

Then clearly f, € My,4¢,(T;) for each r = ¢;. If <le(z Xi) = Dose, </>,kg(z)X€ is the corre-
sponding Jacobi-like form belonging to $¢,,,(I';), then by (5.12) the coefficient function

¢ike coincides with hl)k)( in (5.6). Thus for each k, we see that the product
cD?(Z,X) = q)l,k(wl(z)yxl) st (Dn’k(a)n(Z),Xn)

= > > Mg (01(2)) - - B, (@ (2)) X3+ - - X

= =iy (5.14)
= > (. (2)'x
azy

is a Jacobi-like form belonging to $¢ ,,(I', w, x)u C $e,(I', ,x)e. From this and the fact that
the formal power series in (5.8) can be written in the form

p
@y (z,X) = > Cr®(z,X), (5.15)
k=1

we see that @y (z,X) is a Jacobi-like form belonging to }g,,,(l",w,)()w On the other hand,
from (5.6) we have

~ hi

ik = Quité&i—e)! (5.16)
for 1 <i<mnand1 <k < p, which implies that
hy k(wl ) nk(wn(z))
For (DY (2,X)) =
O X0 = b e &y —20)!
(5.17)
hlk( ) “hy (wn(z )
Qu+é- s)! '
Combining this with (5.15), we obtain
p
hik(wi(2)) -+ hak(@a(2)) ) — h(2)
Fa(®y(2.X)) = Z < Qu+&—e) ) CQQuté-e)l (5.18)

where we identified the tensor product with the usual product in C; hence the proof of
the theorem is complete. O
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