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Let E, C L3" be the n-dimensional subspace which appeared in Kasin’s theorem such that
L{" = E, ® E; and the L3" and L3" norms are universally equivalent on both E, and E;-.
In this paper, we introduce and study some properties concerning extension and weak
Grothendieck’s theorem (WGT). We show that the Schatten space S, for all 0 < p < oo
does not verify the theorem of extension. We prove also that S, fails GT forall 1 < p <
oo and consequently by one result of Maurey does not satisfy WGT for 1 < p <2. We
conclude by giving a characterization for spaces verifying WGT.

Copyright © 2006 Hindawi Publishing Corporation. All rights reserved.

1. Introduction

This work was inspired by the celebrated theorem of Kasin [5]. We use his decomposition
cited in the abstract and which states that L3" (this space is of dimension 21 and which
will be defined in the sequel) can be decomposed into two orthogonal n-dimensional sub-
spaces “respecting” the inner product induced by the norm of L3" and on each the norms
of L3" and L}" are universally equivalent on these subspaces. It is interesting to observe
that the constants of equivalence are independent of n. Recently this was investigated
by Anderson [1] and Schechtman [15]. We will say that a Banach space X verifies weak
Grothendieck’s theorem if 5 (X, ) = B(X, ). Let {¢;}1<i<n be a sequence of orthogonal
random variables in L3", which generates E,,. Consider 0 < p<oo.Letu:E, — ) be alin-
ear operator and let zZ be any extension of u. In this paper we show that ||| > C./n, where
C is an absolute constant. We prove that S, fails extension theorem for all 1 < p < co. We
also show that S, does not verify GT for 1 < p < o and consequently fails WGT for all
1 < p <2 by using one result of Maurey. We end this work by giving a characterization
for operators satisfying WGT.

We start the first section by recalling some necessary notations and definitions such
as the definition of cotype g-Kasin as studied in [9] and which is inspired by the Kasin
decomposition. We introduce also the property of weak Grothendieck’s theorem.

In section two, we recall the Schatten spaces S, which are the noncommutative ana-
logues of the /,-spaces and we give some properties concerning these spaces. After this,
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2 Weak Grothendieck’s theorem

we show that the space S, fails the property of extension for all 0 < p < co and GT for all
1 < p < 0. We deduce that the space S, does not verify WGT for all p, 1 < p <2. We do
not know if S, is of cotype 2-Kasin for 1 < p < 2 like the classical cotype. We know that
the Schatten space S,, is of cotype 2 for 1 < p < 2 as the usual /,-spaces; see [16]. By an-
other method which is not adjustable to our case we have proved in [10] that L,([0,1],dx)
and [, for 0 < p <1 fail the extension property.

In Section 4, we characterize the spaces which satisfy weak Grothendieck’s theorem.

2. Notation and preliminaries

Let 0 < p < +o00. We denote by Lj the space R” (or C") equipped with the norm (and only
ap-normif0<p<1)

/p
I(a ||Ln—( zw) , o

and if p = oo, we take max|a;]|.
Recall that a p-norm on a vector space X is a functional

h-1:X— Ry,
(2.2)
x— |lxI|
such that
lx[| =0 = x=0,
IAxll = [Alllxll  VAin C, (2.3)

Up

lx+pll < (llxll?+ 11 y11?) Vx, yinX,

X is called a p-normed space if its topology can be defined by a p-norm.

L} is isometric to L;(Qn,@(ﬂy,),yn) where Q,, is the set {1,2,...,n}, P(Q,) the
o- algebra of all subsets A C Q,, and g, the uniform probability on Q, (i.e., y,(i) = 1/n
for all i in Q2,,). Hence each element in L} can be considered as a random variable which
we denote in the sequel by ¢ and we have for 0 < p < g < oo,

lplly < llgllzy < nP~V4||gl|y. (2.4)

Moreover, we will denote by ZZ(X ) for any Banach space X (resp., Ly (X)), the space X"
equipped with the norm if I < p < +o0 and the p-normif0< p < 1:

0= (i_ilux,-ni)w,

BHX) T <% i ||x,»||§> l/p)

for all (x;)1<i<n C X. If p = o0, the sums should be replaced by sup.

[l (x

(2.5)

(res 11
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We will use the following decomposition due to B. S. Kasin (see also [13] and recently
[1, 15]), which is the principal inspiration of our idea.

TueoRreM 2.1 [5]. Consider p in {1,2} and n in N. There are three constants Ap, By, and C
(C independent of p and n) and a sequence (¢;)1<i<n of orthogonal random variables in L3"
such that for all (a;)1<i<n in R, there exist

" 1/2
AP<Z|IaiII2> <
1

supl|gi

1<i=n

2 aiQ;
1

o = C(logn)"2.

n 1/2
SBP(Z |ai\2> ,
Ly 1 (2.6)

Remark 2.2. Tt is well known that if X is a finite dimensional space, then, all the norms
are equivalent. But what is most remarkable in Theorem 2.1 is that the constants are
independent of the dimension #. It is also true for all p in ]0,2]. We can and do choose
the ¢; to be orthonormal, that is what we do in the sequel.

Let E, be the subspace of L{" spanned by the functions (¢;);<;<, and let e, : E, — L}"
be the natural injection. By the above theorem, E, is isomorphic to I3, we denote by
Bn 15 — E, the isomorphism which maps e; onto ¢;, where (e;) the unit vector basis of I5.
We have by (2.6) that [|3, |l < B; and [|3; ']l < A7'.

Now we give the following definition which is introduced in [9].

Definition 2.3. Let X and Y be Banach spaces and let 1 : X — Y be a linear operator. Say
that u is of cotype g-Kasin for 2 < g < +co, if there is a positive constant K such that for
all integer » and for all finite sequence (x;)1<i<y in X, there exists

(2.7)

(izilnu(xiw)w <K

n
> gix;
i=1

L3"(X)

Denote by K;(u) the smallest constant for which this holds. X is of cotype g-Kasin if the
identity of X is of cotype g-Kasin.

For example L, (1 < p < 2) is of cotype 2-Kasin.

For being complete, we add (see [13, page 115]) that there is an orthonormal basis (¢,)
of Ly([0,1],v) (v is the Lebesgue measure) such that the L, and L, norms are equivalent
on each of the spans of {¢,,n odd} and {¢,,n even}. Let Ey be the space spanned by one
of these sequences in L, ([0, 1],v) and lete: Ey — L,([0, 1],7) be the isometric embedding.
We denote also by Ej the space spanned by the # first ;.

Given two Banach spaces X and Y, denote by X®,Y their injective tensor product,
that is, the completion of X ® Y under the cross norm:

D.Xi® i =sup{ in(‘f))/i(ﬂ)‘ éllxs < L lInlly« < 1}. (2.8)
i=1 € i=1

Let u: X — Y be a linear operator. We will say that u is absolutely p-summing, 0 < p < co
(we write u € IT, (X, Y)), if there exists a positive constant C such that for every n in N,
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the mappings

Liou:ly®: X — Ii(Y),

" (2.9)
Zei ® Xj — (u(xi))lgign
1
are uniformly bounded by C (i.e., I, ® ullpe x-1v) < C).
We define the p-summing norm of an operator u by
mp(u) = sup||I, ® u”l}’,@CXalg(Y)' (2.10)
n

The following proposition is a characterization of spaces of cotype 2-Kasin.

PropositioN 2.4. Let C be a positive constant. Then the following properties of a Banach
space X are equivalent.
(i) The space X* (X* is the Banach space dual of X) is of cotype 2-Kasin and K,(X™*) <
C.
(ii) For all integers n and for all finite sequences (x;)1<i<n in X, the operator u: E, — X
defined by u(¢;) = x; admits an extension U : L3 — X such that I/E, = u and ||| <
C(SI, lIxil12) 2.

Proof. Let n be a fixed integer. Since X* is of cotype 2-Kasin, hence for all (§;);<;j<, C X*
we have

Z §0ifi

i=1

(2.11)

(iilnaui*)msc

Let E={>", 9i&i,(&)1<i<n C X*}, which is a closed subspace of L}"(X*). We now define
the operators

L"(X*)

T:E— [1(X*),

" 2.12
Z?ifi — (Ei)lsisn' ( )
i=1

This definition is unambiguous (indeed, >\, ;& = X7 @;n; implies that & = #; for all
1 <i < n because the ¢; are orthogonal and consequently (&)1 <i<n = (i) 1<i<n)-
Observe that

Tl <C. (2.13)
By duality we have
n L¥(X)
T*: I5(X) — T
(2.14)

n
(xi) l<i<n = zxi(/’i +E,
i=1
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where E* = {Z?fnﬂ 9ix;, (X )nr1<i<2n C X} is the subspace of L#(X) which is orthogonal
to E.

Since [| Tl = [T* |l (T* is the adjoint operator of T, hence we have
" " 12
. 2
ﬁggfi 2.%ipi+R sC(ZHx,-H ) . (2.15)
i=1 1210x) i=1

If now 7 : L3 — X is an extension of u, by Riesz representation theorem then there is ¥
in L2" such that

2n
~ 1
Voel¥, i(p)= o > 0¥,
i3

(2.16)
Nl = 1]l 2
Since u(¢;) = xi, we have
n
v = ingoi-f-R. (217)
i=1
The correspondence o — ¥ is bijective and this implies that
inf ||l = inf i;xi(pi+R (2.18)
1300
This concludes the proof. O

We say now that a Banach space X is of cotype strongly 2-Kasin if there is a positive
constant C such that, for all integers n and for all finite sequences (x;)1<i<, in X, we have

m(v) <C Z(pixi , (2.19)
i=1 LI"(X)
where v : [ — X is the operator defined by v(e;) = x; forall 1 <i < n.
We denote by
K" (X) = inf {C: (2.19) holds V (x;),_,_,, n = 1}. (2.20)

CoROLLARY 2.5. Let X be a Banach space and let C be a positive constant. The following
assertions are equivalent.
(i) The space X* is of cotype strongly 2-Kasin and K, "¢(X*) < C.
(ii) For all integers n and any u : I} — X, u admits an extension o to L}" such that i/E, =
uf, b and ||ull < Cmy(u*).
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Proof. Fixed n in N, let E = {31, ¢;&;,(&)1<i<» C X*} which is a closed subspace of
L"(X*). We now define the operators

T:E— ﬂz(lg,X*),

" (2.21)
Z (Pifi —
i=1
where v: I — X* defined by v(e;) = &;.
We have
HT(Z%&> ‘ =m) = C||> ¢:i&il. (2.22)
i=1 i=1
By duality, we obtain
. L2(X)
T*lﬂz(X*,lz)—' EL N
n (2.23)
wWr— in(Pi + EL,
i=1
where w: X* — I} is a linear operator defined by w(&) = (x;,&).
Let u(e;) = x;. We have
RlélEfL ;x,q), +R < Cmy(u™). (2.24)
12(x)
We conclude directly by using (2.18). O

Remark 2.6. Let X be a Banach space. If X has Gaussian (resp., Rademacher) cotype 2,
then (2.19) holds with (g;) (resp., (r;)) and conversely. The space X is of cotype strongly
2-Kasin implies that X is of cotype 2-Kasin. We do not know if the converse is true.

Let us introduce the following definition.

Definition 2.7. Let X be a Banach space. Say that X satisfies weak Grothendieck’s theorem
if there is a positive constant C such that for all # in N and any linear operator u from X
into I, there exists

m(u) < Cllull. (2.25)

Remark 2.8. (1) X satisfies W.G.T. if and only if X** satisfies WGT.

(2) L, and Lo, verify weak Grothendieck’s theorem. The spaces S; (see below) and B(l,)
(see [8, Corollary 4.2]) fail this.

(3) The classical definition is let X be a Banach space. We will say that X satisfies
Grothendieck’s theorem if there is a constant C such that, for any linear operator u from
X into a Hilbert space H, we have

m(u) < Cllull. (2.26)
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(4) We can replace H by I3 for any integer # (i.e., there is a constant C such that for any
integer n and any u : X — 5 we have m; (1) < Cllull). Also, this is equivalent to the dual
property (i.e., there is a constant C” such that for every linear operator from X* into an
L,-space, we have m(u) < C'|lull). GT implies WGT. If X is of (classical) cotype 2, then
we have equivalence between GT and WGT because 7,(X,Y) = m(X,Y) for any Banach
space Y and for all p <2 (see [7]).

(5) The space L; verifies Grothendieck’s theorem. In [2] Bourgain proved that L,/H,
is of cotype 2 and verifies Grothendieck’s theorem (L, is the L;-space relative to the circle
group and H; the subspace of L; spanned by all functions {e™,n > 0}).

(6) Suppose that X is a subspace of C(K) and that C(K)/X is reflexive. Then every
operator with domain X and range a cotype 2 space is 2-summing [6, 11]. As corollary,
let X be a reflexive subspace of an L. Then, every operator u: L;/X — L, is 1-summing.

(7) For any Banach E of cotype 2, Pisier has constructed in [12] a Banach space X
which contains isometrically E such that, X and X* are both of cotype 2 and verify
Grothendieck’s theorem.

3.S, fails WGT forall 1 < p <2

We recall (see [14]) the noncommutative analogues of [, which is the Schatten class S,. Let
0 < p < co. We will denote by B(I,) the space of all bounded linear operators u: [, — I, and
by S, the subspace of all compact operators such that tr|u|? < co (where |u| = (uu* Y2y,
We equip it with the norm if 1 < p < oo and the p-normif 0 < p < I:

p (3.1)

lull, = (trlul?)
for which it becomes a Banach space if 1 < p < o and a quasi-Banach if 0 < p < 1. If
p = 0, Sq is the subspace of all compact operators on I, equipped with operator norm.
We have (Sp)* = S, for1 < p < c0and 1/p+1/q = 1,and also S{ = B(l,). We do not know
if the Schatten spaces S, are of the same cotype Kasin as the usual /,-spaces for 1 < p < 2.
Finally, we denote by Sy and B(l3) the finite dimensional version of S, and B(l,), re-
spectively.
Let 0 < p < g < co. We have for u € B(I}),

lullg < llully < n"P=4]ull,. (3.2)

Let R, denote the subspace of Sj consisting of all # X n matrices u such that u;,; = 0 when
i # 1 (first row matrices). Then a = uu* is the matrix with a; ; = Zglzl luy 1% = llull3 and
a;; = 0 when (i, j) # (1,1). Hence |u| is the rank one operator ||ull,e; ® e;. Its norm in
all spaces §3, 0 < p < oo is equal to ||ull. In particular R, equipped with the Sj-norm
is isometric to 5. We denote by p, the natural projection from S} into R, defined by
pn(u) = vsuch that vi; = uyj for 1 < j < n. We have ||p,|l < 1.

The proposition to be proved now is the finite dimensional version of the theorem of
extension.

ProposiTioN 3.1. Suppose that for some p > 0, there exits a constant C,, such that for every
n and every linear operator u from E, to S}, there is an extension il € B(L%”,S;’,) of u with
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llull < Cpllull. Then
Cp = C/n, (3.3)

where C is an absolute constant.

Proof. Let u, be the operator sending the n vector basis of E, to the #n vector basis of R,
(un(@i) = e1,5,1 < i < n). This operator is an isomorphism, by the above remark and (2.6).
We have ||u,|l < By and |lu,,'|| < A;. Let &1, be an extension of u, to an operator from L%”
to SZ, with [|u,] < Cplluyll. Consider now the following commutative diagram:

on n
L' ——= S}

enT Lpn (34)

Let g, = u; ! puiin. Then g, is a projection from L{" to E,. Since E, is A;B,-isomorphic
to 5 (Theorem 2.1), we get by Grothendieck’s theorem [4] that g, is 1-summing with
m1(qn) < A1KG | putin . Restricting g, to E, we obtain for the identity i, of E, the estima-
tion

\/ﬁ = ﬂz(in) < ﬂz(qn) <m (qn) < AlKG||ﬁ,,|| < AlKGCp||un|| < A1B1KGCP. (3.5)
This completes the proof. O

Let now %, be the o-algebra on [0, 1] generated by the Rademacher functions {r,...,
rn} (ra(t) = sign(sin2”mt)). The space L, ([0,1],%B,,7), where v is the Lebesgue measure
in [0,1], is isometric to L.

We denote by G (resp., G,) the closed linear subspace in L;([0,1],7) (resp., L3") of
the Rademacher functions {r,},en (resp., {r;,1 <i<n}). Let g: G — L ([0,1],v) (resp.,
gn: G, — L}") be the isometric embedding. By Khinchine’s inequalities, there are positive
constants A} and By such that for every (a,) in I, we have

Ai(2|an|2)l/zg (Lo,u

nx=1

zanrn(t)

nx>1

172
dvsB{<z|an|2> . (3.6)

nx>1

Hence G (resp., Gy) is isomorphic to L, (resp., I3). We will denote by «: [, — G (resp.,
a, : I} — G,) the isomorphism which maps e; onto r;. We have |lall < B}, [la” || < A],
and also the same for «,.

PROPOSITION 3.2. Suppose that for some p > 0, there exits a constant C, such that for every
n and every linear operator u from Gy to Sy there is an extension i € B(Lf”,S;’,) of u with
llull < Cpllull. Then

C, = C/n, (3.7)

where C is an absolute constant.
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Proof. The same proof as in Proposition 3.1. O

THEOREM 3.3. Let0< p < oo. Let u: G — S, be a compact linear operator. In general, there
is no continuous linear operator u extending u to L;([0,1],7).

Proof. Suppose that for any compact linear operator u: G — S, there is a bounded linear
operator # : Li([0,1],v) — S, extending u. It follows from the open mapping theorem
that there is an absolute constant C, such that

lull < Cyllull (3.8)
for any u. This implies by Proposition 3.2 that C, = C./n for any integer n. This is im-

possible when 7 is large enough. O

THEOREM 3.4. Let0 < p < oo, Letu: Ey — S, be a compact linear operator. In general, there
is no continuous linear operator il extending u.

Proof. Using the same proof as in Proposition 3.2 (we take Ej instead of G,,) and Theorem
3.3, we show that the extension property concerning (L,([0,1],7),Ey) fails for all 0 < p <
00, (I

The following result shows that space S, fails GT.
Tueorem 3.5. The space S, fails GT forall 1 < p < co and consequently WGT for1 < p < 2.

Proof. Consider the following diagram:
R, 83 I R,, (3.9)

where i, is the canonical injection. We have idg, = pj, o i,. Since /n < m(idg,) < m (pn)
and | p,ll < 1, hence S,, fails GT forall 1 < p < 0. As S, is of cotype 2 for 1 < p < 2 then,
by one result of Maurey, we have 7, (p,,) < Cm(p,) for some constant C. This implies the
proof. O

Remark 3.6. The space B(l,) fails weak Grothendieck’s theorem because by [8, Corollary
4.2] we have m,(B(L), 1) # B(B(L),1).

4. Characterization of spaces which satisfy WGT

We start this section by recalling some notations and facts. We denote by §(X) (resp.,
l;‘,“’ (X)) the space of all sequences (x;) (resp., (xi)1<i<x) in X with the norm

- 1/p

[l = sop (S1wd)1?) <o
X* = 1

(4.1)

n Ip
(resp el = sop (21t 17) ).

81l =1
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We know (see [3]) that [,(X) = lf,ﬁ’ (X) for some 1 < p < o0 ifand only if dim(X) is finite. If
p = oo, we have I, (X) =14 (X). We have also if 1 < p < o, l;‘,’(X) = B(l,+,X),and I?(X) =
B(co,X) isometrically (where p* is the conjugate of p, i.e., 1/p+1/p* = 1). In other
words, let v: [« — X be a linear operator such that v(e;) = x; (namely, v = >["¢; ® xj, e;
denotes the unit vector basis of /), then

vl = ||(xi)||1£;(X) = (4.2)

o0
D.ej®x;
1

Ip®eX

We prove in the following theorem that the spaces which satisfy WGT and which hap-
pen to be also of cotype strongly 2-Kasin can be characterized by an extension property.

THEOREM 4.1. The following properties of a Banach space X are equivalent:
(i) the space X* is of cotype strongly 2-Kasin and verifies WGT;
(ii) there is a positive constant C such that for every n € N and every u: E, — X, then u
admits an extension U : L3" — X such that %/E, = u and ||1i|| < C|lul|.

Proof. We prove that (ii) = (i). Let v: I§ — X be a linear operator. Consider u = vf3,! :
E, — X, then u admits an extension # : L3" — X such that

Il < Cllull < Cl|B, IVl < C/A m (vF). (4.3)

From Corollary 2.5, we obtain that X* is of cotype strongly 2-Kasin and K, *"$(X*) <
C/A,. Let now u : X* — [¥ be an operator. First, we notice that B(l5,X**) = B(l5,X)** =
B(X*,13) isometrically. Since u : X* — I is in B(l3,X)**, then by Goldstine’s theorem,
there is a net of operators u; : X* — [5 which are w*-continuous with |||l < |lu|| for all
iand {u]"} converges to u in w*-topology of B(/5,X)**. As u" is 2-summing this implies
that u is 2-summing and m,(u) = lignnz(u;" ). Indeed,

m(u) = sup { Tr(uv), v: I[f — X*** my(v) < 1}

= sup {limTr (u]v),v: I — X*** m(v) < 1}
1

4.4
= limsup { Tr (u]v),v: I — X*** m(v) < 1} (4.4)
= limm, (u}).
1
Let us consider the following commutative diagram:
Ly
e (4.5)
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by duality, we have

(4.6)
hence
o (uf) = ma (B (B, ) “u) < 15 llma ((By') “uf)
< BN Nl (ex) < (185 IHIBL Il |2 (e) (4.7)
< A7'Bi|uil|m2 (e5).
Thus
limmy (uf") < Ay Bima (e )lim|uif| < A By () lull. (4.8)
Consequently
m(u) < A7'Bimy (e llull. (4.9)

This shows that X has WGT because the numbers > (e¥) are uniformly bounded by Mau-
rey’s theorem [7].

(i) = (ii). The space X* is of cotype strongly 2-Kasin which implies by Corollary 2.5
that for any u: I — X, u admits an extension % to L such that %/E, = uf, ! and ||u] <
szong(X* Yo (u®). As X* verifies WGT, then m (u*) < C’||u|| and hence

2]l < C'K>(X*) [lull < Cllull (C = C'K> (X)) (4.10)

which gives the extension. O
We end this paper by the following remark.
Remark 4.2. We do not know if S, for 1 < p < 2 is of cotype 2-Kagin.
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