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1. Introduction

Let Q be a bounded domain in RN and T > 0. We denote by Q the cylinder Q x (0, T) and
T =9Q.
Let

A(u) = —div (alx, t,u, Vu)) (1.1)

be a Leray-Lions operator acting on L?(0, T} Wé’p(Q)), 1 < p < o0, into its dual L (0,T;

WP (Q))(1/p+1/p’ = 1). Consider the following parabolic problem:

ued ={velr(0,T;W,*(Q) :v(t) €K ae.},

Jj <%,u - v>dt+ JQa(x,t,u,Vu)(Vu — Vv)dxdt < JOT(f,u —v)dt, (P)

Yvedn {v e LP(0,T; W&’p(Q)) : % e LP (0, T; WP (Q)); v(0) = 0},

where K is a given convex in WS‘P(Q) and f € L0, T; WL (Q)).
It is well known that (P) admits at least one solution via a classical penalty method (see
Lions [5] for p > 2 and Landes-Mustonen [4] for 1 < p < 2). Recently in [6], the authors
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2 Parabolic inequalities in L!

approximated (P) by the following sequence of parabolic equations:

duy,

5 +A(un) + (6w | (o u) | GOttty Vi) | = f in Q,

un(x,6) =0 on oQ, (Pn)
u,(x,0)=0 1inQ,

where h and G are two Carathéodory functions satisfying some natural growth condi-
tions. The obtained convex K depends on two obstacles constructed from h.

In the L! case, that is, f € L'(Qx]0, T[), the formulations (P) and (P,) are not ap-
propriate. So, we introduce the renormalized problem (R,) associated to (P,) (see the
definition below). The study of the asymptotic behavior of (R,) as n — o leads to some
bilateral parabolic problem. Our approach allows us also to prove the existence of solu-
tions for general parabolic inequalities of type

Tr(u) e XK,

0

T
J <g1t/’ Tk(u - V)>dt+{ a(x,t,u,vu)VTk(u _ V)dxdt
Q

+J Hx, t,, Vi) Ty (1t — v)dxedt < J FTou—v)dxdt, Vve¥knDnL Q)
Q Q
(1.2)

where D = {v € L?(0, T; W, (Q)), av/dt € L” (0, T, W, " (Q)) + L'(Q), v(0) = 0} and
where H is a given Carathéodory function satisfying some natural growth assumption.

For some recent and classical results for some parabolic inequalities problems, the
reader can refer to [2, 7, 9, 10].
2. Main result

Let Q be an open bounded subset of RN N>2and 1< p < +oo.

We denote by Q the cylinder Q x (0,T) and I' = 0Q.

Let A(u) = —div(a(x,t,Vu)) be a Leray-Lions operator defined on L?(0, T’ W&’p(Q))
into its dual L?' (0, T; W~ (Q)), where a: O X R x RN — RN isa Carathéodory function
satisfying for a.e. x € Q, for all t € R and for all {,{" € RV, ({ # () the following hold:

la(x,t,0)| < B(k(x,t)+[{1P7Y),
(a(x,t,¢) —a(x,t,{))(( =) >0, (2.1)
a(x,1,0){ = «|(|?,

with @ >0, 8 >0, k € L (Q).
Furthermore, let 1 : QO X R — R be a Carathéodory function such that

h(x,0) =0, h(x,s) is nondecreasing with respect to s. (2.2)
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G is a Carathéodory function satisfying the following assumptions:

|G, t,5,8) | <b(Is]) (c(x,t) +1EIP),  G(x,t,5,0) =0, (2.3)
{veLP(0,T; Wé’p(Q)) : G(x,t,v,Vv) =0 a.e. in Q}
(2.4)
c{veLr(0,T; WP (Q)) : |h(x,v)| < 1ae.in Q}.
Let us suppose
for almost x € O\ QF there exists € = €(x) >0 such that
h(x,s) >1, Vse€|q:(x),q+(x)+€],
2.5
for almost x € Q \ Q% there exists € = €(x) > 0 such that (2.5)
h(x,s)< -1, Vse€|g-(x)—¢€,q-(x)[,
where b is a continuous nondecreasing function and ¢(x,t) € L'(Q), ¢ > 0, and
q+(x) =inf {s >0, h(x,s) > 1},
q-(x) =sup{s>0, h(x,s) < -1},
(2.6)
QA = {x € Q:q4(x) = +oo},
O ={xeQ:gq-(x) = —o}.
We define for all s and k in R, k > 0, Tk (s) = max(—k,min(k,s)).
We will say that u, is a renormalized solution of (P,) if
Ti(u,) € LP (0, T; W, F(Q)),  Vk >0,
lim a(x,t, Vu,) Vu,dxdt = 0,
h—co J (h<|u,|<h+1}
u,, satisfies in the distributional sense
(A(un)), —div (a(x,t, Vi) A () +a(x,t, Vi) ViiyA” (14,) (Rn)

B ) | () | GOttty Vi) | A (1) = FA (),
VA e CY(R), A,A" € L*(Q), A hasa compact support and u,, satisfies
the initial condition in the sense that A(u,) € C([0,T],L'(Q)).

Thanks to [8, Theorem 3.2, page 164], there exists at least one solution u, of (R,).

THEOREM 2.1. Under the hypotheses (2.1)—(2.5), f € L'(Q), the problem (P,) has at least
one renormalized solution (u,) such that

Tk (un) — Ti(u)  strongly in LP (0, T; W&’p(Q)), (2.7)
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where u is a solution of the following obstacle problem:
q-(x) <u(x,t) < gi(x) ae (x,t)€Q,
Te(w) € LP (0, T3 Wy " (),

T
L <%aTk(u—V)>dt+JQa(x,t,Vu)VTk(u_v)dxdt (R)

SJ FTe(u—v)dxdt, VveXnDnL Q)
Q
where

D- {VELP(O T WOP(Q)) & e (0,1 W () +11Q), (0) = }
(2.8)

W= {velP(0,T; W (Q), v €K}, K={ve WP(Q), g <v<q.}.
Moreover, if q_,q+ € L*(Q), then u € L (0, T; Wé’p(Q)) NL*(Q).

Remark 2.2. The same result can be obtained when dealing with general operator of
Leray-Lions type depending also on u, that is, A(u) = —div(a(x,t,u, Vu)).

Proof of Theorem 2.1.
Step 1. Let A(t) = Hp(t), Hu(t) = fo (s)ds, where

1 if |s| < m,
hy,(s) =1affine ifm<|s|<m+1, (2.9)
0 ifm+1<|s|.

Taking now Ty (H,,(uy)) as test function in (R,), we obtain
T
J <M,Tk(Hm(un))>dt+J a(x,t,Vu,) Vu,h? (u,)dxdt
0 ot [ Hp (un) 1<k
J | (o, un) |" h(xun) | G(xy bty Vi) | B () Te (Hp () ) dx dt

+JQ 0 (oot Vitn) Vitnh, () T (H (u,,))dxdt:Jthm(un)Tk(Hm(un))dxdt.
(2.10)

Since

T
J; (2D 1 ) e

H,(uy(x,T)) Hy (1 (x,0))
- J (J Tk(s)ds> dx— J (J Tk(s)ds) dx
Q 0 Q 0

(2.11)
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and by using the fact that [, (], @) (6)ds) > 0, we obtain

a(x,t,Vu,) Vuyh? (u,)dxdt < Ck +J a(x,t,Vu,) Vu,dxdt,

{m<|u,|<m+1}

J’{‘Hm(un)|<k}

JQ |h(x)un) |n71h(x>un) | G(x)t:”m vun) |hm(un)Tk (Hm(un))dxdt

< Ck+I a(x,t, Vu,) Vudxdt.
{m<uy| <m+1} 2.12)
We have H,,(s) (resp., hn(s)) tends to s (resp., to 1) as m goes to +oo.
Using Fatou’s lemma and the definition of the renormalized solution leads to
JQ | VT () | P dxdt < Ck, (2.13)
JQ | h(x,u,) |n_1h(x,u,,) | G(x,t,un, Vuy) | Tx (u,)dxdt < Ck, (2.14)
which gives
JQ |h(x,un) |" | G, ty 14, Viay) | dedt <G, (2.15)
and as k — 0 we obtain
JQ |h(x,un) || G, by t4, Vi) | dxdt < C. (2.16)

Choosing now a C? function p, such that pi(s) = s for |s| < k and 2ksign(s) for |s| > 2k,
we get

(pr(un)), —div(a(x,t, Vi) pr (un)) +alx,t, Vi) Vuupe' (1)
(2.17)
+ |h(x’un) |n_1h(x>“n) |G(x’t’umvun) |Pl,<(un) = ka(”n)~

We deduce that (px(u,)); is bounded in L'(Q) + L?' (0, T; W' (Q2)).
Now thanks to the following result.

LemMa 2.3 [11]. Let p > 1. If (u,) is a bounded sequence of LF (0, T; W&’P(Q)) such that
Ou,/ot is bounded in L' + LP" (0, T; W1 (Q)), then u,, is relatively compact in LP(Q).
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We deduce that pi(u,) is relatively compact in LP(Q) and so there exists a measurable
function u such that u, — u a.e. in Q.

Finally, we deduce from (2.13) that T (u,) — Ti(u) weakly in LP(0, T} W&’P(Q)), and
strongly in L?(Q).

Step 2. We are dealing now with the almost convergence of the gradient.

We have to prove that, for 0 < 6 < 1,

lim | ([a(x,t, VTx(u,)) —a(x,t, VTe(w) ][V Tk () — VTk(u)])gdxdt =0. (2.18)

n—o Jo

Let w € LP(0, T WO ?(Q)), we define for any y >0, w, the time regularization of w,

(X, 1) ‘uJ @(x,s)exp (u(s—1t))ds, (2.19)

where @ is the zero extension of w for s > T. Furthermore, w, satisfies the following prop-
erties (see [3]):

w, — w strongly in L? (0, T; Wyt (Q)),

- (2.20)
it - in the distributional sense
5 p(w—w,) inthedis :
Letting # > 0, we obtain
J, (a9 (1)) = st VL) [V Telwr) = T T’
< Cmeas {| Tk (un) — Te(w)u| = ’I}H9
(2.21)

+c(J [a(x,, V Te (16,))
{1 Tk (un) = T ()1 <1}

0
— a6t VTew) [V Tila) — VTw)] )
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On the other hand, we have

J [a(x,t, VT (un)) — alx,t, V Ti(u)) ][V Tk (un) — V Ti(u) | dx dt
{1 Tk (un) = Tie (u) 1 <1}

<

j [a(x, 8,V T (un))
U Tk (tn) = Tr(w)u 1<}

—a(x,t, VTi(u)y) ][V Tk () — V Ti(1), ] dx dt

+J a(x,t, VT (tn)) (VTi(1)y — VTi(u))dxdt
{1 T (n) = Tie (W)l <1}

(2.22)

+

J [a(x,t, VTi(u),) — alx,t, VTr(u)) |V Tx (u,)dxdt
Tk () =T ()l <n}

- j a6,V T(10),) V Ti()ddxd
UTk(un) = Ti(w)ul<n}

+J a(x,t, VI(u))VTy(u)dxdt
1Tk (un) =T ()l <n}

S11+12+13+I4+I5.

Take T, (H;,(uy) — Ti(u),) as test function in (R,) with A(t) = H,,(t). We obtain

LT <8H,g§bln) Ty (Ho () — Tk(u)ﬂ)>dt

+J a(x,t, V) Vuhl, (up) = V Tie(w) yho (1) dx dt
{1 Hp (un) = T (1) 1<y}

J (s an) | " B t00) | Gyt V1) | o () Ty (s (1) — Ti(w),) et
+J a(x,t, V) Vuyh, () Ty (Hp (1) — Ti(),) dx dt

Q

= JthM(”n)Tq(Hm(un) — Ti(u),)dxdt.

(2.23)
We have
T 1 9H, (uy,
L < agu )’Tn(Hm(un) —Tk(u)y)>dt
T 1 0H,, T
:.[0< L ;t )y , Tk (H (un)_Tk(u)ﬂ)>dt (2.24)

+J0 <aTg(tu)# T (Hp (un) —Tk(u)y)>dt
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Using the fact that

LT <8Hm(un) — Tr(1),

ot >T11(Hm(”n) _Tk(u),u)>dt20,

T /0Tk(u)
[ (5 it ) = Tty Yl (2.25)

- uJQ (Te(s) — Te(u)) Ty (o (1) — Te(w),)dxdlt,

consequently,
H,, (1) .
limsup hmsup 5 s Ty (Hn () — Ti(u),) )dt
n—o0 m— oo (226)
> thQ (Ti(w) — Ti(u)) T, (1 — Tie(w),) dedt = €(mym) = 0.
This implies that
I a(x,t, V) Vuhl (un) = V Te(w) yh (u,) dx dt
{1Hpm (t4y)— ‘<"]}
J |h(x,un) |7 h(xun) | G, by, Vidg) [ B () Ty (Hp (un) — Ti(u),) dx dt
+J (%, V10) Yty (1) Ty (Fln () — T (1)) et
Q
< [ ) Ty (B () = Ti0)) i+ €m,m)
Q
(2.27)
which gives by using the fact that
I | h(x, un) h(x,un) | Gt 1, Vidy) | B (i) Ty (H () — Tie(u) ) dxdt < Cny,
I a(x,t, Vi) Vunhy, () — V T () yhm (uy) dx dt
U Hp ()= Tie(w) | <n}
<Cn+e(mmn)+ny a(x,t,Vu,) Vu,dxdt,
{m<lu,|<m+1}
(2.28)
which gives as m — o,
I a(x,t, V) Vi, = VTi(u)dxdt < Cn+€(n). (2.29)
Uty =Ty (u)y <y}
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Finally from (2.22),

|1 | qu+e(n)—J a(x,t, VT (w),) (VT (up) — VTr(uw)).  (2.30)
{1 T (n) = Tie ()| <1}

Since a(x,t, V Ti (1) )X 11 Tu(u) - Tt 1<y — @06 15V T (1) W)X 01T (w)~ T (), 1<y 0 LP(Q) and
Ti(un) — Te(u) weakly in LP(0, T; Wy ? (€2)), then

—J a(x,t, VT (w)y) (V Tk () — VTi(u))dxdt
{1 Tk () = Tie () | <17}

_ _J a(x,t, V Te(w),) (V Te(u) — VT () dxdt + €(n). 20
Tk ()= Tr(w)yl<n}
So
|| <Cn+en). (2.32)
For what concerns the term I», one has
L = e(np), (2.33)

since
a(x,t, V Tk (n) ) X01Te(u) - Ty 1<t — @66V Te()) X011 - Tl <y in (L (Q)N,

(VTi(t)y = V T () X 11T () - Tl <y — (V Tr(t) e = V Tie(4)) X1 T ) Tyl <)
(2.34)

In the same way, we show that
I = e(n,p), Iy = e(n,p), Is = e(n,p). (2.35)

Combining the above estimates, we get

lim | ([a(x,t,VTx(u,)) —a(x,t, VTe(w) ][V Tk () — VTk(u)])gdxdt =0. (2.36)

n—oo Q
Then there exists a subsequence also denoted by (u,) such that
Vu, — Vu a..in Q. (2.37)

Step 3. From (2.16), we deduce that
J |h(x,un) |"| Gyt 1, Vi) | dxdt < C, (2.38)
Q
which gives for every 3 > 0,

|Gt T (), V T (un)) | ddt < & (2.39)

J\h(x,T,;(u,,))bk - kn’



10  Parabolic inequalities in L!

where k > 1. Letting n — +oco for k fixed, we deduce by using Fatou’s lemma

I | G(x,t, Tg(u), VTp(u)) | dxdt = 0,
(o, T ()| >k

and so, by (2.4)
|h(x,Tg(u))| <1 ae. inQ.
So
g-(x) < Tg(u(x)) <g+(x) ae.inQ.
Letting now 3 — +oco0, we deduce also that
q-(x) <u(x) <g(x) ae inQ.

Step 4. Strong convergence of the truncations.

We will prove that

lim | [a(xt,VTi(un)) —a(e,t, VI(w) [V Tk (un) — VTi(u)]dxdt = 0.

n— o Q

(2.40)

(2.41)

(2.42)

(2.43)

(2.44)

Fix k >0 and let (s) = exp(8s?), § > 0. Let I > k and define the function Ry(s) = [, pi(t)dt.
Let us consider wy = Tk(Hn(u),), where v, is the mollification with respect to time v.
Letting vt = P1(Hp (1)) (T (Hp (1)) — w;") as test function in the problem (R,), we

get

0

] 0 ) T 1)1 (o (1) ) (T (B 1)) = o)l

+_[Qa(x,t,Vu,,)(VTk(Hm(”n)) B V(U'Ln)

X o (1) p1 (Hin (un) ) 9" (Tic (Him () ) — i) dx dt

] 9 10) Vit ) (L0 T 1)) = ) el

+J | h(x, un) |n71h(x,un) | G(x,t, tun, Vuy) |
Q
X hm(“n)Pl(Hm(”n))¢(Tk (Hp (1n)) = a)‘;”)dxdt

- j PV (1)t
Q

We deal now with the estimate of each term of the last equalities.

(2.45)
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Since H,,(u,) € L?(0,T; Wol’p(Q)) and 0H,,(u,)/0t € LY (0, T; W12 (Q)) + L}(Q),
there exists a smooth function H,,(u,), such that as o — 0,

H,,(un), — Hp(u,) strongly in L? (0, T WS’P(Q)),

aHm n n tron y ]‘[]1 ' ] ,
I I'S il‘l‘lplies that

T u
I= L <aHrg§ n),Pl(Hm(un))(P(Tk(Hm(un)) —w;")>dt

= }ij}){ 0 (Hm(“n)g),Pl(Hm(”n)g)q’(Tk(Hm(“n)g) - a)/T)dxdt

= }1}51 Q [Rl(Hm(”n)g)],q)(Tk(Hm(”n)g) - w;f)dxdt

= }1_'1‘51 Q [Rl(Hm(un)g) - Tk(Hm(un)g)],(P(Tk(Hm(un)o) - wL")dxdf

[T ) ) 9 (TiEn (),) — )l
Q

= tim | [ TR 2),) = Tl (), ) (T (),) ~ )|

o—0*

- IQ [Ri(Hpm(un),) — Tk(Hm(”n)a)],(Pl(Tk(Hm(un)g) - w/:,n) (Tx (Hm (un) )

— ) dede | [Te(Hn(),)] 9(Te(Hu(w),) - ) dedr

= lim {1(0) + 1»(0) + I5(0)}.
(2.47)

Observe that for |s| < k we have R;(s) = Ti(s) = s and for |s| > k we have |R;(s)| = | Tx(s)|
and, since both R;(s) and Tk(s) have the same sign of s, we deduce that sign(s)(R;(s) —
Tk (s)) = 0. Consequently,

1) = | (R (Hon(140) ) = T (Hon (1)) 9 (Ti(Fln (1)) = @) ]y e = 0.
{Ho (g 1>k} (2.48)
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We have, since (R;(s) — Tx(s))(Tx(s))" = 0, for all s,

B - | (R (1)) = Te(H (10,9 (Te (1),
{1 Hp (un)o| >k}
- wm)](w;”),dxdt

U

[Rl(Hm(un)g) =Tk (Hm (”n)g)q), (Tk (Hm(”n)g)

‘u J{‘Hm(”n)nl>k}

= ) (T (H(),) — @) dxdl,
by using the fact that ¢’ > 0 and that

(Ri(H (t4n) ;) = Tic(Hyn (t4n) ) ) (Tic (Hin (t4) ) = @37 X11E1 (), 15k} = O
the last integral is of the form €(m, n). We deduce that

}1}(1){ suply(0) = €(m,n).
For I3(0), one has
10) = || I (0),)) 9Tl (w),) —
- jQ [T (i (1)) = 0] @(Te (i (1)) — 0l At

+JQ (@) @ (Te(Hon (1) ) = wpt) et

Let @(s) = [y ¢(t)dt. Remark that (Tx(Hp(tn)o) — w;?)(p(Tk(Hm(un)g) - w;”) > 0.

(2.49)

(2.50)

(2.51)

(2.52)

Integrating by parts, using the fact that ® > 0, and following the same way as above,

we have
lir{)l suplz(o) = €(m,n).
o—0*

Combining these estimates, we conclude that

T
[, (Pmten) b ) () — )Y 2 ).

(2.53)

(2.54)
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We set

Tatm) = | 1o " ) (L (0 ) Ti (1)) = ) [ Gty Tt

(2.55)
so we have
limsupI,(m) > I} + 12, (2.56)
im0
where
I} = J
[t | <k, 0=t < Ty (), }
X | h(x,uy) |n_1h(x,un)go(Tk(un) — Ti(w)u) pi(un) | G(x, 8,1, V) | dxdt,
i-|
{1t | <k, Ty () <11y <0}

X |h(x)”n) |n_1h(x’”n)¢(Tk(un) - Tk(”),u)/)l(“n) |G(x’ta“m V”n) |dxdt'
(2.57)

Since q— < Ty(u), < g+ (recall that g < Ti(u) < g+) and 0 < p(u,) < 1, one easily has

L < LW » c(x, 1) [ (T () — Ti(1),) |

bk) : )
=, Llunkk} | Vitn | " @(Tic(un) = Tic(w)y) | .
< @ JQ [a(x,t,VTi(un)) — a(x,t, VTi(1)y) [V Tk () — V Ti(14)]

X | @(Ti(un) — Te(w)y,) | dxdt + €(n,p),

and also we have the same estimation of I7.
Then

14121 =22 [ aot, VTi(un) - ale VT VT () - DTy

a JaQ

X | (T (un) — Te(w)y,) | dxdt + €(n,p).
(2.59)
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By denoting by J; the third term of (2.45), one can write

= | @bt V) (VT (H () = VT (Ho(0),)
Q “
X hm(un)Pl(Hm(”n))(P,(Tk(Hm(un)) - Tk(Hm(u))H)dxdt
= ] 8008V T 1)) (VT (o () = DT () V(1)
Xpl(Hm(un))(P’(Tk(Hm(un)) - Tk(Hm(u))H)dxdt
(2.60)
e At V) (VT (1)) = VT (1) o ()

X Pl(Hm (un))(P, (Tk (Hm (un)) =Ty (Hm(u))#)dxdt’

Ji = JQQ(X,t,VTk(Un))(ka(un) — VTe()u) pi(un) @' (Tic(un) — Te(w)y) dx dt
B LI |>k} pi(un)a(x,t, Vi) (VTi(u)y) @ (Ti (un) — T(u),) dxdt + €(m).

Since a(x,t, Vu,)pi(uy) is bounded in L? (Q), we deduce that

a(x,t,Vuy)pr(un) a(x,t,Vu)pi(u) weaklyin LP'(Q) , (2.61)

and so

Ji= j (., V T (1)) — axot, VT ())) (VT (1) — ¥ Ti(w),)
Q (2.62)

X @' (T (un) — Tr(u),)dxdt + €(m,n,p).

Concerning the second term of (2.45), one easily has

| @0t V) V2 1) (L (0) (T (1)) = )
< (2.63)
< ¢(2k) a(x,t,Vu,) Vu,dxdt,

{I<|uy|<l+1}

and since

J a(x,t,Vu,,)VundxdtsJ
(1= lup | <I+1}

[un |

| fldxdt, (2.64)
>
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we deduce that

|| a5t 90) Tt ) () (T (o 1)) — ) s
¢ (2.65)
< o(2K) | fldxdt = €(n,]).

[un|>1

The same result can be obtained for the fourth term of (2.45).
Combining (2.45)—(2.65), using the fact that ¢' — 2(b(k)/a)l¢| > 1/2 for § >
(b(k)/a)?, we deduce that

lim . [a(x,t, VTi(un)) — a(x,t, V() ][V Tk (tn) — VT (w)y]dxdt = 0. (2.66)
On the other hand, we have
jQ [a(,t, VTe (16)) — (s VT () | [V Te (14) — V T (1) | de dt
- JQ [a(x,t, VTi(un)) — a(x,t, VTi()) ][V Ti (1) — V Tic(w), ] dx dt
- JQa(x, 6V Te (1)) (VT (), — V Ti()) dxedt (2.67)
- JQa(x,t,VTk(u))(VTk(un) C VT (w))dxdt
+JQa(x,t,VTk(u),,) (VT () — VTe()) dxdt = €(mp).
Consequently by [1, Lemma 5], we obtain
Te (un) — Ti(u)  strongly in L? (0, T; Wy F (Q)) for every k > 0. (2.68)

Step 5 (passage to the limit). Lettingv € DN K N L®(Q), and using Tx(H,(u,) — 6v) as
test function in the problem (R, ), we obtain

jT (Obn) s ()~ 09) et + [ (o, D) 9T ) — ) e
0 t Q

+j a(x, 1, Vity) Vit Ty (Hon (1) — Ov) B (1) dxdt
Q

+J B tt) | B 1) | G s Vi) | Fon () T (Ele (18) — Ov) it
Q

< J F Tk (Hp (4n) — ) By () dx dt.
¢ (2.69)
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We have

IQ \h(x)”n) |n_1h(x)”n) |G(x)t’“n) v”n) |hm(”n)Tk(Hm(”n) - ev)dxdt

>

J |h(x>”n)|n71
{0<H,,(u,)<0v}

X 1(%, tn) | G, £y, Vit ) | o (1) T (Hi (1) — Ov) dx dt (2.70)

+f (o)™
{6v<H,,(u,)=<0}

X h(x,un) | G(x,t, ty, Vug) | B (tin) Tk (Hy (un) — 0v) dx dt.

Now we deal with the estimation of the last two terms in the right-hand side of the last
inequality which we denote, respectively, by J; (m,n) and J;(m,n). Let us define

S1(x,t) = sup h(x,s), (2.71)

0<s<6v

then we get 0 < §;(x,#) <1 a.e.in Q.
We have

limsup |J;(m,n)| <k (806, 1)" (cx,t) + | Vuun |F)

m—oo {0<u,<6v}

(2.72)
= LW il }(5(X»f))"(6(x,t)+ | V| ?),

and by using the strong convergence of T}, (#,) in LP(0, T} Wol’p (Q)), we deduce that

limsup limsup |J; (m,n)| =0, (2.73)

n—oo m— oo

with the same technique (taking 8,(x,t) = infg,<s<0 h(x,s)), we can see that
liglf;lp |;(n,m)| — 0 asn— +o. (2.74)
On the other hand,
IQa(x,t,Vun)VTk(Hm(un) — Ov)hy (1) dxedt
= JQa(x, t, Vtn) V (Hy (t4n) = OV) X11H, (4~ 0v1 <k} o (1) dx dt

= J (a(x,t, Vuy) —a(x,t,0Vv))V (Hp (4n) — 0V) X1y () —0v] <k} Pom () dx dt
Q

+J a(x,t,0V V)V (Hp (t4n) — 0V) X11H, () —6v) <k} i (1) dx dit.
Q
(2.75)
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Since a(x,t,0v) belongs to (L? (Q))N, using Fatou’s lemma in the first term of the last side
gives

T T
liminf [ (Auy, T (Hop (1) — 0v) ) dt > f (Aw,Te(w) — Ov)dr.  (2.76)
0

n,m—-+oo 0

Go back to (2.69) and pass to the limit as m,n — oo to obtain

T
J <0%,Tk(u—6Vv)>dt+J a(x,t,Vu)VTk(u—Bv)dxdtsj FTe(u— Ov)dxdt.
0 Q Q

(2.77)

Letting now 6 tend to 1, we get

LT <% Te(u— 9v)>dt+ JQa(x, 6V U)V Ty (4 — v)dxdt < JQka(u —v)dxdt,
(2.78)

which completes the proof. O
Remark 2.4. The same technique allows us to prove an existence result for solutions of
the following parabolic inequalities:

q-(x) <u(x,t) <g(x) ae inQ,

Tie(u) € LP (0, T; Wy P (Q)),

T
j <%,Tk(u—v)>dt+J a(x,t,Vu)VTk(u—v)dxdt+J Hxt,u, Vi) Te(u — v)dxdt
0 Q Q

< JQka(u “v)dxdt, Vve¥nDNL¥(Q),
(2.79)

where H is a given Carathéodory function satisfying, for all (s,{) € R x RN and a.e.
(x,t) € Q, the following conditions:

|H(x,t,5,0)| <A(Is]) (8(x, 1)+ I1P),

(2.80)
H(x,t,5,{)s >0,

with A : RT — R* is a continuous increasing function and §(x,t) is a given positive func-
tion in L'(Q).
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