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We study the simultaneous approximation properties of the well-known Phillips opera-
tors. We establish the rate of convergence of the Phillips operators in simultaneous ap-
proximation by means of the decomposition technique for functions of bounded varia-
tion.
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1. Introduction

Phillips operators (see, e.g., [5]) are defined as

P,(f,x)=n Z Prje(x) J: Prj—1(t) f(t)dt+e ™ f(0), neN, x € [0,0), (1.1)
k=1

where

(n)t

i (1.2)

Prk(x)=e ™

May [4] estimated some direct and inverse results for certain combinations of these
operators. Very recently Finta and Gupta [1] studied some direct and inverse results for
the second-order Ditzian-Totik modulus of smoothness. The rates of convergence in or-
dinary approximation for function of bounded variation for these operators and similar
types of operators were estimated in [2, 3, 7]. Very recently Srivastava and Gupta [6] pro-
posed a general family of linear positive operators, which include the Phillips operators as
special case, but they have estimated the rate of convergence in ordinary approximation.
In the present paper we investigate and estimate the rate of convergence of the Phillips
operators in simultaneous approximation by means of the decomposition technique for
functions of bounded variation.
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2 Simultaneous approximation for the Phillips operators

2. Auxiliary results

In this section we give the following lemmas, which will be needed to prove our main
result, given in Section 3.

LEMMA 2.1. Forallx € (0,0) and k € N U {0},

1
pﬂ,k(x) S \/m) (21)

where the constant 1/+/2e and the estimation order n=/? (for n — ) are the best possible.

Proof. Following [8], we have

Puk(x) < k=j, (2.2)

where H(j) = (j+ 1/2)7T2e=(it1/2)/j1,
Since max ;>0 H(j) = H(0) = 1/+/2e, it follows that

Puj(x) < \/Ziz—nx for each integer k > 0, (2.3)

and Lemma 2.1 is thus proved. O

Remark 2.2. The above lemma can be utilized to give better estimate over the main results
of [2, 3, 6].

LemMma 2.3. If f € L1]0,00), fTD € A-Cr1o, r €N, and f) € 1[0, ), then

=13 pask() | a1 (0 00, (2.4)
k=0 0

Proof. First by the definition,
PO(frx) = n Z P )j ks (O f (Dt — me™ £ (0). (2.5)
0
Using the identity p,(:,l(x) = n[puk-1(x) — puir(x)], k = 1, we have

z pnk lx) pnk J pnk 1 t)f dt—}’l (4 rle
k=1

= o) J: pno() ()t —ne ™ £(0)

S pui() jm [pmi(£) = it (D] f (D)t
k=1 0

_ nze’""jwe’"t FOdt+1 S pur(®) j =L oD ) f(t)dt - ne £(0)
0 k=1
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7nt

Lot

[T pto O 0de] - ne s 0)

=

—nzpnk |:f(t p"k(t
— ne 7nxJ *”tf dt+nzpnk(x J p”k(t f(l

=ny pn,k(x)J k(D) f U ()dt
k=0 0
(2.6)

Thus the result is true for r = 1. We prove the result by induction hypothesis, and for this
we suppose it is true for r = i. Then

PO(f,x) = népn,k(x) J: Prgric1 () fO(D)dt. (2.7)
Again using the identity p\) (x) = n[ ppx—1(x) = pu(x)], k = 1, it follows that
p(f é (a1 = pax()] [ " pasi (000t
+n(—ne ™) J: Puic1 (8) £ (1) dt
= 7 pua0) [ pad() OO =2 pao®) | prs-a ()£ 1

+n? Z pn,k(x)J [pn,k+i(t) - pn,k+i71(t)]f(i)(t)dt
k=1 0

(1)
_ ﬂzpn,o(x) JO ( Pui (t)>f(z) dt+n2 ank J (M)f(i)(t)dt

n
(2.8)
Integrating by parts, we obtain
PIV(f,x) =n ) puk(x) JO Pugeri(0) D (1) dt, (2.9)
k=0
which was proved and this completes the proof of Lemma 2.3. O

LemMaA 2.4. Form € N U {0}, r € N, if the mth-order moment is defined by

trmm(X) = 1S puk() jw Puser (Dt — )", (2.10)
k=0 0
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then
po@ =1, @ =5 = 2D gy
Also, there holds the following recurrence relation:
Aty a1 (%) = X[ () + 2mpty 1 ()] + (14 1) g o (X). (2.12)
Consequently, by the recurrence relation, for all x € [0, %),
e (x) = O (=101}, (2.13)
Proof. Using the identity x p;,k(x) = (k — nx) pu(x), we have
xul), (%) = nlixp;,k(x) [ prter s 0=t =m0, (210

Thus

X[‘blg,l,z,m (X) + MUrnm—1 (X)]

=n) puk(x) J:c [{(k+r—1)—nt} +n(t —x)+1—71]pupsr—1 ()t —x)"dt
k=0

=13 k()| P g (O = 07 1 (5) + (1= ()
k=0

=1 puk(x) J Prjer (Ot —x)"*dt
k=0 0

S k0 [ s (00 =50t (5)+ (1= (),
k=0
(2.15)
Integrating by parts, we get the required recurrence relation. The other consequences
easily follow from the recurrence relation. O

Remark 2.5. In particular by Lemma 2.4, for given any number A >2 and 0 < x < o, we
get forn > 2,

[/lr,n,z(x) = % (216)

Remark 2.6. We can observe from Lemmas 2.3 and 2.4 that for r = 0, the summation over
k starts from 1. For r = 0, Lemma 2.4 may be defined as in [6, Lemma 2], with ¢ = 0.
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LeEMMA 2.7. Supposex € (0,00), r € N, and K, ,(x,t) = n>. ¢ Pujc(x) pugrr—1(£). Then for
A >2 and for n = 2, there hold

Ax
J K n(x,t) n(x y)z, 0<y<x, (2.17)
* Ax
J<KWWJMts—————, x<z< 0. (2.18)
z n(z —x)?

Proof. We first prove (2.17) as follows:

y y AV
JKmmﬂﬂsJ(xt)KA%mﬁ
0

0 (x—y)?
) N (2.19)
1 Urn2(X X
< ——P,((t—x)%x) < 0 <
Goyp =5 < e s =
by using (2.16). The proof of (2.18) follows along similar lines. O

3. Rate of convergence

We denote the class B, by By o = {f : f(r‘l) € C[0, ), fi(r) (x) exist everywhere and are
bounded on every finite subinterval of [0, %) and fi(') = O(e*)(t — ), for some a >0},
r=12,.... By fi(o)(x) we mean f(x=).

Now we are ready to prove and state our main theorem.

TueEOREM 3.1. Let f €B, o, r=1,2,..., a > 0. Then for every x € (0, 0) and n = max{2,4a},

PO =3 L7+ £ 0

|2r — 1] (r) (r) X+ 20 & sk “12 12 5
< e | i) - ()| + D VIV (g k) + (nx) TV (A27) e,
\/8enx ‘ ‘ nx oAk

(3.1)

where g, is the auxiliary function defined by

O - fOx), 0st<x,
&rx(t) =70, t=x, (3.2)
O - f(x), x<t<eo,

and V2(g,.(t)) is the total variation of g.(t) on [a, b]. In particular g .(t) = g.(t) as de-
fined in [3].
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Proof. Clearly

PO~ 3 170 + 00} ]
(3.3)

(grx(t ’ ‘f+ A x)‘ . ’Pf,’)(sign(t—x),x) ‘

In order to prove the result we need the estimates for Py (grx>x) and Py (sign(t —x),x).
We first estimate PY” (sign(t —x),x) as follows:

P (sign(t — x) I K, (x, t)dt—J K, (x,t)dt )

= Ar,n (x) - B; (%), say.

It is easily verified that A, ,(x) + B;,(x) = 1. Thus Ps,r)(sign(t —x),x) =1-2A,,(x).
Using the fact that Zk+r lpn,j (x)=n fxoo DPuj+r—1(t)dt, we get

k+r—1

rn(x)_nzpnk x)J DPnk+r— 1 t)dt—ZPnk(x) Z Pn](x

S k k+r—1
=> pn,k(x)<Z Puj(x)+ > pn,j(x)) (3.5)
k=0 j=0 j=k+1
o 1
SZ nk(x)zpn](x)'f'm

k=0 j=0

Proceeding along similar lines as in [3], we get

[2r — 1|
enx

|Ar,n(x) = B u(x) | = |2Ar,n(x) -1 | = (3.6)

Next we estimate Py’ (gr.x-x), and for this, note that by Lebesgue-Stieltjes integral repre-
sentation, we have

PO (gr) = J: gD, )t = (L " L +L3 ¥ L )Ken g (01 -

=R; + R, +R3+ Ry, say,

where I} = [0,x — x//n], b = [x — x//n,x+x//n], I3 = [x +x//n,2x], and Iy = [2x, ).
Let us define 7, ,(x,t) = f(f K, . (x,u)du.

We first estimate Ry, and for this if we write y = x — x/./n and use integration by parts,
we get

y Y
R = JO gr,x(t)dt(ﬂr,n(x> t)) = gr,x(y)r]r,n(xy t) — JO r]r,n(xa t)d; (gr,x(t))' (3.8)
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By Remark 2.5, it follows that

y
|R1 | =< ij(gr,x)ﬂr,n(x’y) + JO Ur,n(xa t)dt( - Vtx(gr,x))

3 w1 (3.9)
X X 7x - —Vx
=< Vy(gr,x) n(x_y)z + n 0 (x_t)zdt( Vt (gr,x))-
Integrating by parts the last term, we get after simple computation
Ax Y Vt gr X
IRy| < n[ zf - } (3.10)
Now replacing the variable y in the last integral by x — x/+/t, we get
|Ri| <= Z x—x/k (8rx)- (3.11)
Next, we estimate R,, and for this, note that for t € [x — x//n,x + x//n], we have
| g8 = | gra(t) = g2 | < VITT V2 (g,.0). (3.12)
Also, by the fact that fah di(nrn(x,1)) < 1 for (a,b) C [0,0), we get
x x/ 1 $ X+X,
|R2 | = x+x/\\//; ; Z Vx+x;j: grx (3.13)
Now to estimate R3, write z = x + x/./n. Then
2x 2x
R3 = Kr,n(x) t)gr,x(t)dt == g‘r,x(t)dt(l - ﬂr,n(x>t))
2x
= _gr,x(zx) (1 —Nr,, (x>2x)) +gr,x(z)(1 - nr,n(xaz)) +J (1 - ﬂr,n(x) t))dtgr,x(t)-
(3.14)

Since |gx(£)| = grx(t) — grx(x)| < VE(grx), it follows by Lemma 2.7 that

2x

[Rs] = 22 LoV (g + -0 2Vilg) + [ (-0 Vi) | Ga9)

z
Again integrating by parts, we get

2x

|R;| < —{Zx’szx(grx)ﬂ-Z V;(gr,x)(t—x)’g'dt}. (3.16)

Arguing similarly as in the estimate of R;, we obtain

n

|Rs | s Z Vi (g, ) (3.17)
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Finally, we estimate Ry as follows:

IR = U Kon(x, t)gr,xmdt' <nS pn,k(x>j Prer1 (De®dt
2x k=0 2x

= ) [ pussr1 (06511~ xld
0

n
X

TMs
¥

) 172 00 1/2
1 * 2 ® 20t
= n nk+r— - d n n.k+r— d
<x(n2p,k(x>j0 Pukrra(1)(t =) t) (nkzop K0 [ puera (e t)

) (3.18)

To estimate the above first expression we will use Remark 2.5, and to evaluate the second
expression, we note that

”ZPnk I Pnk+r— 1(t) 2o tdt

k=0

k+r 1

oS g [

_nS el Tkrr) o S0 on N\
= H%Pn,k(x) (k+1’— 1)' (n—Z(x)k'H’ - (n_za),kZ;)(n_za) Pn,k(x)

n’ S mx \F1 n’
(n 2“)T e X Z (n 2a> E _ (n 2a)r e2nx(x/(n72(x) < 2re4ax for n > 4a.
k=0 : B

(3.19)
If we now combine the above estimate with Remark 2.5, we get

172

© . 12, o .
Rl <2 ("kzo () jo Pusesr1 (D)t — x%) (nkzo () jo Pretr1 (t)eza'fdt)
< (nx)—l/Z (Azr) 1/2620<x.
(3.20)

Finally, combining the estimates obtained in (3.3)—(3.20), we get the required result, and
the proof of the theorem is thus complete. O

Remark 3.2. Since the Bézier variant of the Phillips operators for § > 1 is defined by
Paplfid) = 1Y QR | puaci (01 f 0+ Q) £ 0), (3.21)
k=1

where Q (x) ]fk(x) I, k+1 (), Juk (x) = 2.2k Pni(x), the rate of convergence in simul-
taneous approx1mat10n for the above Bézier variant of Phillips operators can be obtained
along similar lines. We omit the details.
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