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A partial algebra o = (A;( fl-A)l.E ;) consists of a set A and an indexed set ( f,»A)i6 ; of partial
operations f;* : A" —o — A. Partial operations occur in the algebraic description of partial
recursive functions and Turing machines. A pair of terms p =~ g over the partial algebra s{
is said to be a strong identity in s if the right-hand side is defined whenever the left-hand
side is defined and vice versa, and both are equal. A strong identity p = q is called a strong
hyperidentity if when the operation symbols occurring in p and g are replaced by terms
of the same arity, the identity which arises is satisfied as a strong identity. If every strong
identity in a strong variety of partial algebras is satisfied as a strong hyperidentity, the
strong variety is called solid. In this paper, we consider the other extreme, the case when
the set of all strong identities of a strong variety of partial algebras is invariant only under
the identical replacement of operation symbols by terms. This leads to the concepts of
unsolid and fluid varieties and some generalizations.

Copyright © 2006 Hindawi Publishing Corporation. All rights reserved.

1. Introduction

Let P"(A) := {f : A" —o— A} be the set of all n-ary partial operations defined on the set
A and let P(A) := U,_, P"(A) be the set of all partial operations on A. A partial algebra
A= (A; (ﬁA)iGI) of type 7 = (n;)ics is a pair consisting of a set A and an indexed set
( f,-A),-eI of partial operations where f,-A is n;-ary. Let PAlg(7) be the class of all partial
algebras of type 7. Let X,, := {x1,...,x,} be a finite alphabet and let X := {x1,...,Xs,...}
be a countable infinite alphabet. Let W;(X,,) be the set of all n-ary terms of type 7 and let
W.(X,)* be the set of all n-ary induced term operations on the partial algebra < (see,
e.g., [3]). Since in general the set W, (X,,)* is different from the set of all partial operations
generated by { £ | i € I} we need a new definition of terms over partial algebras of type .

Let {fi | i € I} be a set of operation symbols of type 7, where each f; has an arity n;
and X N {f; | i €I} = &. We need additional symbols s? ¢ X, foreveryk € N*:= N\ {0}
and 1 < j < k. The set of n-ary C-terms of type 7 over X,,, for short we will speak of n-ary
terms, is defined inductively as follows (see [1]).
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2 Unsolid and fluid strong varieties of partial algebras

(i) Every x; € X,, is an n-ary term of type 7.
(ii) If wy,...,wy are n-ary terms of type 7, then ef(wl,. ..,Wk) is an n-ary term of type
Tforall1 < j<kandallk e N,
(iii) If wy,..., w, are n-ary terms of type 7 and if f; is an n;-ary operation symbol, then
filwr,...,wy,) is an n-ary term of type 7.
Let WE(X,) be the set of all n-ary terms of type 7 defined in this way. Then W¢(X) :=
Ui WE(X,,) denotes the set of all terms of this type. Note that here the use of the super-
script C will distinguish these sets from the analogous ones in the total case. The letter C
was used since Craig [4, 5] suggested the addition of the extra constant term eﬂ?. The main
reason to introduce C-terms is connected with induced term operations which we want
to define now.

Every n-ary term w € W¢(X,,) induces an n-ary term operation w* on any partial
algebra o = (A; (ffd )ier) of type 7. For ay,...,a, € A, the value w*(ay,...,a,) is defined
in the following inductive way (see [1 ])

(i) If w = x;, then w! = x{* = ¢P*, where e/* is as usual the n-ary total projection
on the ith component.
(i) Ifw= eﬁ?(wl,. ..,Wk) and we assume that w‘f’q,. .. ,w,fi are the term operations in-

&

duced by the terms wy,..., w, and that the wfﬁ(al,. ..,a,) aredefined for 1 <i <k,
then w(ay,...,a,) is defined and w(ay,...,a,) = w]’fg(al,...,an).

(iii) Now assume that w = fj(wy,...,w,,) where f; is an n;-ary operation symbol, and

assume that the wj»ﬁ(a] ,...,0y) are defined, with values wfq(al,. .»ay) =bjforl <
j < mni. Iff,-A(bl,...,bm) is defined, then w#(ay,...,a,) is defined and w#(ay,...,
an) = fAwi(ar,...,a0),...,wikay,...,an)).

On the sets WE(X,,) we may introduce the following superposition operations. Let
Wi,...,Wn be n-ary terms and let t be an m-ary term. Then we define an n-ary term
§;"(t, W1,...,Wn) inductively by the following steps.

(i) For t = xj, 1 < j < m (m-ary variable), we define

ST(xj,wl,...,wm) = wj. (1.1)
(ii) For t = ef(sl,...,sk) we set
St Wiy W) = eﬁ?(g:l(sl,wl,...,wm),...,gnm(sk,wl,...,wm)), (1.2)

where s1,...,s; are m-ary terms, forallk e NTand 1 < j <k.
(iii) For t = fi(s1,...,5,,) we set

St Wiy W) = fi(S, " (51, W, .. ,wm),...,gf(sy,i,wl,...,wm)), (1.3)

where si,...,s,, are m-ary terms.
This defines an operation

Syt WE(Xm) X (WE(X,))" — WE(Xa), (1.4)

which describes the superposition of terms.
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The term clone of type 7 is the heterogeneous algebra

clone 7€ := (WTC (X,,);gff,e'F

]>n,m,k€N+,15jgk’ (15)

where ei? =xj€Xp, 1<j<k.
(Since in this paper we will only use C-terms, we will speak of the term clone of type 7
instead of the C-term clone of type 7.)

Superposition can be defined for partial operations on A, as it was done in [8, Section
4.5] for total operations. We define operations S : P"(A) x (P"(A))™ — P"(A) by

St(fAgh,...g8) (ar,....an) = fA(gM (a1, san)se g (1s... a0)), (1.6)

for all (ay,...,a,) for which gf*,...,g4 are defined and for which the values b, = g{(ay,...,
an)s... bm = gi(as,...,a,) form an m-tuple (by,...,b,,) belonging to the domain of f4.
Any subalgebra of the heterogeneous algebra

n .om A
<P (A))Sn ’ei )n,m€N+,1Si£n (17)
is called a partial clone on A.
We note that only the use of C-terms guarantees that the set of all term operations
over the partial algebra sl = (A; (f#)cs) is equal to the partial clone generated by the set
{ f,-A li € I} of fundamental operations of .

2. Regular hypersubstitutions and M-solid strong varieties

In this section we recall some basis facts about regular hypersubstitutions, strong hyperi-
dentities and solid varieties of partial algebras. For more details see [3, 6, 7].

Definition 2.1 (see [11]). Let {f; | i € I} be a set of operation symbols of type 7 and let
WE(X) be the set of all terms of this type. A mapping o : {f; | i € I} — WS(X) which
maps each n;-ary fundamental operation f; to a term of arity #; is called a hypersubstitu-
tion of type 7. (Again one speaks of hypersubstitution of type 7 instead of C-hypersubsti-
tution of type 7.)

Any hypersubstitution ¢ of type T can be extended to a map 6 : W¢(X) — WE(X)
defined for all terms, in the following way:
(i) 0[x;] = x; for every x; € Xy,
(ii) Gef (s1,...,5)] = §f,(sf(x1,...,xk),ﬁ[sl],...,fr[sk]), where s1,...,sx € WE(X,),
(iii) O[ fi(trs... tn)] = Sy (0(fi),0[t1],...,0[ts]), where ty,..., 1, € WE(X,).
As Welke proved in [11], a necessary condition for o[s] ~ d[t] to be a strong identity in a
partial algebra & whenever s ~ ¢ is a strong identity in & is that ¢ is regular.
So to define strong hyperidentities we will consider only regular hypersubstitutions.
Let Var(¢) be the set of all variables occurring in the term ¢.

Definition 2.2 (see [9]). The hypersubstitution o is called regular if Var(o(f;)) = {x1,...,
Xn,}, forallie I.
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Let Hyp$(7) be the set of all regular hypersubstitutions of type 7.

LeMMma 2.3 (see [11]). Let 01,0, € Hypg(‘r). Then (0, o 01) = 0, © 01, where o is the usual
composition of functions.

Now we define a product of hypersubstitutions in the usual way by 01 o}, 02 := 61 © 03
and obtain the following.

THEOREM 2.4 (see [11]). The algebra (Hypg(r);oh,md) with 0iq(fi) = fi(x1,...,%n,) s
a monoid.

Let A = (A; (fl-“ﬁ),'el) be a partial algebra oftype T= ( ,),el, and let o € Hpr( 7). We
want to consider the derived algebra o(od) = f, )ier), where o( f; (f)** is the term
operation induced by the term o( f;) on the algebra A.

LemMma 2.5 (see [11]). Let o be a regular hypersubstitution of type T and let o(A) =
(A; (0(f)Y)icr). For a term t € WE(X), denote by t°“Y the term operation induced by t
in the algebra o(sl), and by 6(t]** the term operation induced by 6(t] in the algebra .
Then for every term t € WE(X),

ot = ot (2.1)

LEMMA 2.6. Let 01,0, € Hypg(‘r) and A € PAlg(t). Then 01(02(A)) = (02 0y 01)(A).
Proof. We have

ar(oa(s) = (45 (") )
= (4 (o (ﬁ)"Z(“))id) by Lemma 2.5
= (45 (®[a1(£)]") ) byLemma2s (2.2)
- (8 (@),
— (0 0n.01) (sd)

O

(Remark that for the fundamental operations of the derived algebra o(s4) we have
ﬁ D g (f)**. For 01 (02(4)) this gives f,”l(“2 D= g, (f)?D=5,[01(f;)]* by Lemma 2.5.)

Definition 2.7 (see [10]). A pair t; ~ t, € WE(X)? is called a strong identity in a partial
algebra o (in symbols o |=, t; = ;) if and only if ts* is defined whenever #5 is defined
and conversely and £{' = ;' on the common domain, that is, the induced partial term
operations ' and 5 are equal.

Let K < P Alg(7) be a class of partial algebras of type 7 and ¥ € W¢(X)?. Consider the
connection between P Alg(t) and W¢(X)? given by the following two operators:

Id°: P (PAlg(1)) — P(WE(X)?), Mod’: P (WE(X)?) — P(PAlg(r)) (2.3)
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with

Id°K := SLs ~te WEX)P | VA € K(&ﬁ s~ t)}
’ (2.4)
Mod's = {ga € PAlg(r) | Vs~ 1€ Z(&d Esa t)}

Clearly, the pair (Mod’,1d") is a Galois connection between P Alg(7) and WE(X)?. We
have two closure operators Mod®1d* and Id°* Mod"® and their sets of fixed points.

Definition 2.8. Let V < PAlg(t) be a class of partial algebras of type 7. The class V is
called a strong variety of partial algebras if V = Mod'1d° V

Definition 2.9. Let sl be a partial algebra of type 7 and let M be a submonoid of the
monoid Hyp§ (7). Then, define
A E . C(y)2 C(x)2
Xor: P(PAIg(7)) — P(PAIg(7)),  py:P(Wr(X)?) —P(Wr(X)*) (2.5
by

() :={o(sd) | o0 € M},

2.6
Wals~t]:= {6ls] ~611] | 0 € M} (2.6)

For K < PAlg(t) a class of partial algebras of type 7 and for £ € W (X)? we define
X (K) := Usger X (o) and x§ (2] := Useres xia[s = .
ProposITION 2.10. Let A € PAlg(t) and s ~t € WE(X)?. Then

() Es~t iffdl=ykls =t 2.7)
Proof. We have

Wi(st) s~ t = Vo e M(o() = s~t)

— VoeM(@G[s]" =5[] (2.8)

= Vo e M(s" = 7(D)
(0
= VoeM(sdo

= A= yyls ~tl.
O

Definition 2.11. Let V be a strong variety of partial algebras of type 7. Then V is said to
be M-solid if)(j?/,(V) =V.

IfM= Hypg('r), then V is called solid.
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3. V-proper hypersubstitutions

Now we consider regular hypersubstitutions which preserve all strong identities of a
strong variety of partial algebras.

Definition 3.1. Let V be a strong variety of partial algebras of type 7. A regular hypersub-
stitution o € Hyp$(7) is called a V-proper hypersubstitution if for every s ~ t € Id°V one
gets o[s] = o[t] e Id° V.

We use P(V) for the set of all V-proper hypersubstitutions of type .
PropositioN 3.2. The algebra (P(V);op,0i4) is a submonoid of(Hypg(T); °h, 0id)-

Proof. Clearly, giq € P(V). If 61,05 € P(V), then for every s ~ t € Id’ V we have 0,[s] ~
0,[t] € Id°V and 01[02[s]] = 01[0>2[t]] € Id°V. This means that (0, o 65)[s] =
(01 00,)[t] €1d°V and we get that (01 o, 02) [s] = (01 04 02)[t] € 1d° V. Therefore a7 oy,
0, € P(V), and we have that P(V) is a submonoid of #y p%(7). O

Definition 3.3. Let V be a strong variety of partial algebras of type 7. Two regular hyper-
substitutions 0,0, € Hypg(r) are called V-equivalent ifand only if 0, (f;) = 02(f;) € 1d°V
for all i € I. In this case we write 01 ~v 03.

THEOREM 3.4. Let V be a strong variety of partial algebras of type 1, and let 01,0, €
Hyp$ (7). Then the following are equivalent:
(i) 01 ~v 025
(i) for allt € WE(X) the equation 6,(t] ~ 6, (t] is an identity from 1d° V;
(iii) for all d € V, 01(A) = 02(A).

Proof. (i)=(ii). We will give a proof by induction on the complexity of the term t.

(1) Ift = x; € X, then 01[x;] = xi = x; = 02 [x;] € Id° V.

Q) Ift= sj?(tl,...,tk) and if we assume that 0, [t;] = 65[t;] € Id°V forall 1 <i <k (ie,,
o1[t:1% b = 62[t]|p for all sd € V where D is the intersection of all domains of ; [#;]%
and 6,[t;]%; 1 <i < k), then

ok (tent)] |

= (S a1 (0] [])o Sh i [0 ] ir [6) ]
=k @ln ). alu)?] =aly]"l,
= a[6]" [ p = & (@ln),...0l6)) |,
k(Sk(y = S o 0 N
= & (Sh (x1,2 [t oo Ba[ ) Sh (a1 B[ 1)) |
=gl:l(8?()61,...,)6](),82[1’1],...,3’2[tk]>&q‘DZaz[ef(tlw--)tk)]&q‘D~
(3.1)

(3) If t = fi(f1,...,ts,) and if we assume that 6,[t;] =~ 6,[tj] € Id'V forall 1 < j <n;
(ie., 01[t;]"|p = 62(t;]|p for all # € V where D is the intersection of all domains of
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01(tj]" and 6> [t;]*; 1 < j < n;), then

If o, [tj]‘ﬂ |p is not in the domain of oy ( f,-)‘?q, then both sides are not defined.

(ii)=>(iii). We consider the term ¢ = fi(x1,...,%xy,) for i € I. Then o1 fi(x1,...,xn,)] =
02 fi(x1,...,xn,)] € Id° A forall f € V by (ii) and we get 71 [ fi(x1,...,%n,)] = Ga[ fi(x1s. ..,
xn,)]* foralli € I and all 4 € V. Thus 01(A) = 02 (A).

(iii)= (i). Here we have 61 [ fi(x1,...,%s,) 1 = G2 [ fi(x1,...,%n,) ] foralli € Iand all of €
V. Therefore 01(f;) = 02(f;) € 1d° A forall f € V. So, 01 ~v 0,. [l

ProposiTION 3.5. Let V be a strong variety of partial algebras of type t. Then the relation
~v is a right congruence on Hyp$% ().

Proof. Letoy ~y oy and o € Hypg(‘r). By Theorem 3.4(ii) we have

(01000) (fi) = ailo(fi)] = a2[a(fi)] = (0200 0) (fi) €1 V. (3.3)

So, 01 0}, 0 ~v 0, o, 0. This shows that ~v is a right congruence. O
In general, ~y is not a left congruence. But if V is solid, then it is a congruence.

PrOPOSITION 3.6. Let V be a strong variety of partial algebras of type . If 01 ~v 02 and
61[s] = 01[t] € Id°V, then 6,[s] ~ 6, [t] € 1d° V when 0,,0, € Hyp% (1) and s,t € WE(X).

Proof. Assume that 0] ~v 0, and 01 [s] ~ 0[] € Id° V. By Theorem 3.4, we have 0 [s] ~
0,[s] €1d°V and 0, [t] = 6,[t] € 1d° V. Thus 6,[s] = 6,[t] € Id° V. O

As a corollary we get the following.
COROLLARY 3.7. The set P(V) is a union of equivalence classes with respect to ~v.

Now we consider the equivalence class of the identity hypersubstitution.
Definition 3.8. A regular hypersubstitution o € Hyp (1) is called an inner hypersubstitu-
tion of a strong variety V of partial algebras of type 7 if for every i € I,

ol fi(xtseosxm) | = fi(x1,..s%,) €1d° V. (3.4)

Let Py(V) be the set of all inner hypersubstitutions of V.
By definition, Py(V) is the equivalence class [0id]~, -
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PROPOSITION 3.9. Ifo € Py(V), thenG[t] ~ t €1d°V fort € WE(X).

Proof. We will give a proof by induction on the complexity of the term ¢.

) Ift=x;€X,theno[t]=x;~x;=tcld'V

(ii) If £ = €§(f1,..., 1) and if we assume that (5] ~ ; € Id°V for all 1 <i <k (i,
o[t;1*|p = t*|p for all s € V where D is the intersection of all domains of 5(t;]* and t';
1 <i<k),then

T ) R LIPS I IR O P

D D

= & (Sh (x0T ], 61t S (06T ), 610])) |
- gf((?[tl],...,&[tk])&d Ip= 3[%‘]&4 b =1

s
=ef(ti,...t)" |p =" p.

D

(3.5)

(iii) Ift— f(tl, sty,) and if we assume that o[t;] ~ t; € Id'V forall 1 < j < n; (i.e,,
8[t]~]“ﬂ'| | p for all & € V where D is the intersection of all domains of a[tj] and
t}ﬂ; l<j< n,), then

oLfi(tr,enta)]” | p =S (o ,...,a[tn,.]“)\

ot

= §m (a 1 poeerdlta ] 1)
ol
(f

= 5 (o () 6| e 1 |D) (3.6)
= S (A4 st ) by o €Py(V)
=Sl (AL ED | =f,-(t1,...,tn,.)&“ | o-

If6[#;]°|p is not in the domain of o(f;)*, then both sides are not defined. |

ProrosITION 3.10. The algebra (Po(V);o,0i4) is a submonoid of (P(V);op,0id).

Proof. Clearly, oig € Po(V'). Assume that g1,0, € Py(V). Then

(01 °h 02)A[ﬁ(x1)--~1xni)] = a1 [82 [fi(xl’n-axn[)]]
~ 0] fi(x1,...,x4,)] by Proposition 3.9
(3.7)
~ fi(x1,...,xn,) by Proposition 3.9

cld’V.
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Therefore gy o, 02 € Py(V). Thus Py(V) is a monoid. By Proposition 3.9, we have
Py(V) € P(V). So, the algebra (Py(V); 04,0iq) is a submonoid of (P(V); op,0i4)- O

Now we show that the compatibility condition from the definition of a closed homo-
morphism for partial algebras (see [2]) transfers from fundamental operations to arbi-
trary term operations.

Lemma 3.11. Let s € PAlg(t) and let t** be the n-ary term operation on A induced by the
n-ary term t € WE(X). If B € PAlg(z) and if ¢ : b — B is a surjective closed homomor-
phism, then for all ay,...,a, € A,

ot (ar,...,an)) = t2(p(ar),...,p(an)). (3.8)

Proof. We will give a proof by induction on the complexity of the term ¢.
(i) If t = x; € X,, then 51 = x = ¢ and t? = x? = &, We get domt* = A" and
domt® = B". Since ¢ is a surjective, we have

(a1,...,a,) € domt? = (¢(ay),...,9(a,)) € domt®,

n,A

QD(t&d(alau-’an)) =g(e" (ar,...,a,)) = ¢(ai)

,B
=¢;

(3.9)
(p(ar),....9(an))

=% (¢p(ar),...,p(an)).
(i) If t = ef(tl,...,tk) and if we assume that
(a1,...,a,) € domt? = (¢(ay),...,¢(a,)) € domt? (3.10)
and ¢(tf1(a1,...,an)) = t?s(go(al),...,(an)) forall 1 <i<k, then
(ay,...,a,) € domt* = (ay,...,a,) € domsf(tl,...,tk)&g

= (ai,...,a,) € domt]’ﬂ

= (p(a1),....p(an)) € domt?&

= (¢(a1),...,p(an)) € dome;?(tl,...,tk)%

= (p(ar),...,(a,)) € dom¢t?, (3.11)

o(t™(ay,...,a,)) = (p(&?(tl,...,tk)&ﬁ(al,...,an)>
= ga(tfd(al,...,an)) = t?s((p(al),...,(p(a,,))

= s?(tb---)tk)%((P(al)’-'-’(P(an)) = t%((P(al)"--)(P(an))-
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(iii) If t = fi(t1,...,t,,) and if we assume that (ay,...,a,) € domt‘jﬂ if and only if
((ar),...,p(an)) € domt? and (£ (ay,...,an)) = 7 (@(ar),..., (ay)) forall 1 < j < n;,
then

(ay,...,a,) € domt* <= (ay,...,a,) ﬂdomt

12
tMaty...ran) =b; (i=1,...,m), (3:12)

(bi,...,by) € dom fA

and we get t*(ay,...,a,) = fA(b,...,by,)
By assumption, (a,...,a,) €N, domt* ifand onlyif (¢(a;);...,¢(a,)) €N, dom
and ¢(t(ay,...,a,)) = @(b;) = t7 (p(ar1),...,9(an)); i = 1,...,m;.

Since ¢ is a closed homomorphism, we get
(by,...,by,) € dom fA <= (¢(b1),...,9(b,,)) € dom fE. (3.13)

From (¢(a1),...,¢(a,)) € N 1doml‘973 and t%( (a1)...,9(an)) = @(bi) (i=1,...,n;) and
(@(b1),...,9(by,)) € dom £ we get (¢p(ay),...,¢(a,)) € dom fi(t1,...,t,,)".
Therefore,
(a1...,a,) € domt* = (¢(a1),...,¢(a,)) € domt™,
o(t"(ar,....an)) = (f(b1,....by))
:ﬁB(QD(bl),---,QD(bni))
= t%(¢(al))--->¢(an))'

(3.14)

O

LemMaA 3.12. Let s, B € PAlg(t) and o € Hypi(1). If h: 94 — B is a surjective closed
homomorphism, then h: o() — o(M) is a closed homomorphism.

Proof. From Lemma 3.11, for the term o( f;) we have h(ﬁa(‘%)(al,...,an)) = h(o(f)*(ai,
an) = o(f)B(h(ar),....h(an) = 7P (h(ay),...,h(a,)). This shows that h : () —
a(%M) is a closed homomorphism. O

LemMA 3.13. Let 0,9 € PAlg(t) and o € Hyp$ (7). If f : 94 — B is an isomorphism, then
f is also an isomorphism from () to o(R).

Proof. Since f : A — %R is bijective, the mapping f : 6(sd) — o(%) is also bijective because
partial algebras and their derived algebras have the same universes and by Lemma 3.12,
we have o(A) = o(B). O
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Definition 3.14. Let V be a strong variety of partial algebras of type T and 01,0, € Hyp§ (7).
Then, define

01 ~v_iso 02 iff01(A) = 0r(A) VA € V. (3.15)

Clearly, ~y S~y _is. If V= PAlg(1), then, use ~js, instead of ~p alg(r)-iso-

ProrosriTioN 3.15. Let V be a strong variety of partial algebras of type t. Then
(i) the relation ~v _is, is a right congruence on Hypg(r);
(ii) if V is a solid variety, then ~y _is, is a congruence on Hyp% (7).

Proof. (i) Let 0 ~v_iso 02 and ¢ € Hypg(r). Then 01(A) = 0,(A) and o(01(A)) =
0(02(A)) for all 4 € V by Lemma 3.13. We have
(01040)(A) = a(01(A)) = 0(02(A)) = (02 0 0) (A). (3.16)

S0, 01 0, 0 ~v_iso 02 o, 0. This shows that ~y _js, is a right congruence.
(ii) Assume that V is solid. Then o(#) € V forall 0 € Hypg(r) ford € V. oy ~v_iso
0, implies that 01(0(A)) = 02(0(A)) for all A € V. We have

(cono1)(A) =01(0(A)) = 02(0(A)) = (0 0,02)(A). (3.17)

S0, 0 0 01 ~v_iso 0 ©j, 0. This shows that ~y_j, is a left congruence and (i) shows that it
is a congruence. ]

PROPOSITION 3.16. If V = PAlg(7), then ~is, is a congruence on Hyp§ (7).

Proof. Since V = P Alg(7) is a solid variety, the claim follows from Proposition 3.15(ii).
O

PROPOSITION 3.17. The equivalence class Py *°(V) = [0i]~,_., is the submonoid of
(Hyp$(7); 04, 0id)-
Proof. Clearly, 0iq € PY78°(V). Next, we will show that Py *°(V) is closed under the
operation op. Let 01,02, € Py B0V, Then 01 ~v_iso 0ia and 02 ~v_iso 0id implies that
o(A)=dand or(A) = A forall A € V.

We have

(010002)(A) = 02(01(A)) by Lemma 2.6
=0y(dd) byo; € P) (V) (3.18)
=gl byo, e Py (V).

Then (07 o, 02) ~v_iso 0id. Therefore o1 o, 07 € Pg”iso(V). So, P(Y’iso(V) is a submonoid
of #Hyp% (7). O

ProposITION 3.18. Let V be a strong variety of partial algebras of type 7, s ~t € Id'V
for s,t € WE(X,,) and let 01,0, € Hypg(‘r). If 01 ~v_iso 02 and 01[s] = 01[t] € 1d°V, then
82[5] ~ 82[1’] eld'v.
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Proof. Assume that 01 ~v_is, 02 and 61[s] =~ 01[t] € Id° V. Then 01(HA) = 05(A) for all
A € V. We get that there is an isomorphism ¢ from () to 02(sd). Let by,..., b, € A.
Then there are elements ay,...,a, € A such that ¢(a,) = by,...,¢(a,) = b,.

We have

dom(d,[s]*) = {(by...,bn) | B2[s]* (bys..., by) 3}
{(b1,...,b,) | 32[s] (@ (@), 9(an)) 3}
= {(b1,....bn) | 9(31[5]" (ar,...,an)) 3}
since ¢ is an isomorphism from 1 (4) to 0, (4)
= {(br,....ba) [ (@1 [1]* (ar,....a,)) 3}
since 6 [s] ~ 6 [t] eld'A Vsl eV
= {(b1,,b0) | B[ (9(a1),... 0(an)) 3}
= {(by,...,bn) | G2[t]* (bys...,b,) 3} = dom (G5 [t]),

32[s] (b1 ba) = B2[s)" (9(@1),....9(an)) = 9(G1[s]™ (ar,...,a0))
= p(61[t1" (a1,....a4)) = 22[1]" (9(a1),....p(an))
=6 [t1" (by,...,by).
(3.19)
Then 6,[s] = 0»[t] €1d°A forall A € V. So, 6,[s] = 0»[t] € Id° V. O
As a corollary we get the following.

COROLLARY 3.19. The set P(V) is a union of equivalence classes with respect to ~v _iso.

Remark 3.20. Py(V) < PJ~°(V) < P(V).

4. Unsolid and fluid strong varieties

For a solid strong variety every strong identity is closed under all hypersubstitutions. At
the other extreme is the case where the strong identities are closed only under the identity
hypersubstitution.

Definition 4.1. A strong variety V of partial algebras of type 7 is said to be unsolid if
P(V) =Py(V)and V is said to be completely unsolid if P(V') = Py(V) = {0iq}.

Definition 4.2. A strong variety V' of partial algebras of type 7 is said to be iso-unsolid if
P(V) =P/ (V) and V is said to be completely iso-unsolid if P(V') = PY78°(V) = {ow4}.

ProrosITION 4.3. Let V be a strong variety of partial algebras of type T. Then
(1) if V is unsolid, then V is iso-unsolid;
(i) V is completely unsolid if and only if V is completely iso-unsolid.
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Proof. (i) The claim follows from the definitions and Remark 3.20.

(ii) If V is completely unsolid, then V is completely iso-unsolid by Remark 3.20. Con-
versely, assume that V is completely iso-unsolid. Then P(V) = (‘)/ ’iSO(V) = {0yq}. Since
Py(V) = P(V)and P(V) # &, we get Po(V) = {gia}. So, V is completely unsolid. O

Definition 4.4. A strong variety V of partial algebras of type 7 is said to be fluid if, for every
partial algebra s € V and every regular hypersubstitution o € Hyp$ (1), there holds

o(d)eV =o0(A)=4A. (4.1)

We denote by (V) the class of all algebras o(sd) with s € V. As an easy consequence
of the definition we have the following result.

ProposiTION 4.5. If a strong variety V of partial algebras of type 7 is fluid, then for every
regular hypersubstitution ¢ € Hyp% (), there holds

o(V)cV=VdecV(iod)=d). (4.2)

ProposITION 4.6. Let V be a strong variety of partial algebras of type t. Then for all 0 €
Hypg(‘r), o(V) c Vifandonlyifo € P(V).

Proof. Assume that (V) < V. Lets~ t € 1d°V. Then Id'V < Id*0(V) and we have s ~
teld’o(V).So,d[s] ~ o[t] € 1d° V by Proposition 2.10. Therefore o € P(V). Conversely,
we assume that 0 € P(V). Let A € 0(V) and s ~ t € Id" V. Then 6[s] ~ 6[t] € Id°V by
o0 € P(V)ands~t €1d'o(V) by Proposition 2.10. Since & € ¢(V) we have s ~ t € Id* A
and A € V.So,0(V)<c V. O

This shows that if a strong variety V of partial algebras of type 7 is fluid, then for every
regular hypersubstitution o € Hyp$ (1), there holds

o €P(V) = V€ V(o(sd) = oA). (4.3)

ProrosITION 4.7. Let V be a fluid strong variety of partial algebras of type . Then P(V) =
[Gld] ~V-iso*

Proof. Let 0 € P(V). Then o[s] ~ o[t] € Id'V for all s ~ t € Id*V implies that o[s] ~
o[t] € 1d° s for all 4 € V. By Proposition 2.10, we have s ~ ¢ € Id* o(sA). So, o(A) € V
forallsd € Vandforallo € Hypg(r). Since V is fluid, we have o(s4) = o and this implies
that ¢ ~v_iso 0iq. Therefore o € [Gig]~, - Thus P(V) < [6id]~, ., but[0id]~, . S P(V).
S0, P(V) = [0id] ~y - O

ProprosITION 4.8. Let V be solid variety of partial algebras of type t. Then V is fluid if and
only if P(V) = [0id]~y_i-

Proof. By Proposition 4.7, we have that if V is fluid, then P(V) = [6i4]~, .- Conversely,
we assume that P(V) = [0id]~, .- Let 0 € Hypg(‘r). Since V is solid, we get o(A) € V
for all f € V. Next, we will show that 0 € P(V). Suppose that ¢ ¢ P(V). Then there is
an identity s ~ t € Id"V such that 6[s] ~ o[t] ¢ Id'V and this implies that there exists
A € V such that 6[s] ~ o[t] ¢ 1d° . By Proposition 2.10, we get s ~ t ¢ Id () and
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o(s) ¢ V which is a contradiction. So, 0 € P(V) = [6id]~,_,, and 0 ~v_iso 0iq. Therefore
o(d) = oA forall 4 € V. Then V is fluid. |

Let V be a fluid strong variety of partial algebras of type 7 and assume W is a subvariety
of V. Clearly, W is also fluid since, forallsd € W < Vand o € Hypg(r), we have

o(d)eW = o(d) = 4. (4.4)

Therefore, we have the following.

PrOPOSITION 4.9. Every subvariety of a fluid strong variety of partial algebras of type T is
fluid.

Definition 4.10. A strong variety V of partial algebras of type 7 is strongly fluid if, for
every partial algebra & € V and every hypersubstitution ¢ € Hyp$ (), there holds

0(A)eV = o0(d)=9. (4.5)

Remark 4.11. If V is strongly fluid, then V is fluid.

ProrosITION 4.12. Let V be a strong variety of partial algebras of type 7.
(1) If V is strongly fluid, then for all 4 € V, and for allo € P(V), 0(A) = .
(ii) If V is strongly fluid, then V is unsolid.

Proof. (i) Assume that V is strongly fluid. Let s € V and ¢ € P(V). By Proposition 4.6,
we get 0(sd) € o(V) < V. Since V is strongly fluid, we get o(sd) = .

(ii) Assume that V is strongly fluid. By (i), for all & € V and for all 0 € P(V') we have
o(A) = A = 0ig(A) (i.e., 0 ~v og and o(f;) = fi(x1,...,%,,) € 1A'V for all i € I). This
shows that P(V) € Py(V). But Po(V) < P(V) and then P(V) = Py(V). So, V is unsolid.

U

ProrosiTiON 4.13. If V is a fluid strong variety of partial algebras of type T and [0iq]~, =
[Gid]~y > then V is unsolid.

Proof. Assume that V is fluid and [0iq]~, = [6id]~, .- Let 0 € P(V). Since V is fluid,
we get 0(A) = oA for all d € V (i.e., 0 ~y_iso 6id). Therefore o € [0id]~, ., = [0id]~y
(i.e., 0 ~y 0yq) and we have 0 € Py(V). So P(V) € Py(V), but since Py(V) < P(V), then
P(V) = Py(V). Therefore V is unsolid. O

ProrosITION 4.14. Let V be a strong variety of partial algebras of type t. Then ~y |peyy is
a congruence relation on the algebra (P(V ); op, 0id)-

Proof. Let 01,0, € P(V) such that 01 ~v |pv)0, and let 0 € P(V). Then o(s4) € V forall
deV.

We show that ~v |p(vy is a right congruence.

01 ~v |pv)o, implies that 01(A) = 02(A) for all A € V and we get that o(01(A)) =
0(02(sA)) since o is a function. So, 01 o, 0 ~y 03 o, 0 but 07 04, 0,05 o, 0 € P(V) because
P(V) is a monoid. Therefore 0y o, 0 ~v |p(v)02 o1 0.

We show that ~y |p(y) is a left congruence.
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o(sd) € V and a1 ~v |pv)0, imply that 01(0(HA)) = 02(0(A)). So, 0 o 01 ~y 0 0} 02
but o oy 01,0 o, 02 € P(V) because P(V) is a monoid. Therefore o o 01 ~v |pev)0 op 02.
So, ~v |p(v) is a congruence relation. O

ProrosITION 4.15. Let V be a strong variety of partial algebras of type 1. Then ~v _iso | p(v)
is a congruence relation on the algebra (P(V);op,0i4).

Proof. Let 01,0, € P(V) such that 01 ~v_iso |p(v)02 andlet 0 € P(V). Then o(sA) € V for
allsd e V.

We show that ~v_is, | p(v) is a right congruence.

01 ~v_iso | p(v)02 implies that 01 () = 02(sd) for all d € V and by Lemma 3.13, we get
that 0(01(A)) = 0(02(A)). So, 01 0, 0 ~y_iso 02 o, 0 but 01 °j, 0,07 oy, 0 € P(V) because
P(V) is a monoid. Therefore 0y o, 0 ~v_iso | p(v)02 o4 0.

We show that ~v_iso |p(v) is a left congruence.

Since 0(A) = o(HA) and o(A) € V, then 01(c(A)) = 02(0(A)). So, 0 0}, 01 ~v_iso 0 °p
o, buto oy 01,0 o 0, € P(V) because P(V') isa monoid. Therefore 0 o, 01 ~v_iso |p(v)0 on
03.

So, ~v_iso |p(v) 1s @ congruence relation. O

5. n-fluid and n-unsolid strong varieties

The concepts of fluid and unsolid strong varieties of partial algebras can be generalized
in the following way.

Definition 5.1. Let 1 < n € N. A strong variety V of partial algebras of type 7 is called
n-fluid, if there are 01,...,0, € P(V) with 0; %y _js, 0j for 1 <i# j < n such that for all
s € V and for all ¢ € Hyp$ () the following implication holds:

(x)if o(Ad) € V, then thereisa k € {1,...,n} with a(A) = ox(A).

ProrosITION 5.2. Let V' be an n-fluid strong variety of partial algebras of type t. Then
|P(V)/~V7iso|P(V)| =

Proof. Since V is n-fluid, there are 01,...,0, € P(V) with 0; &y _jso 0j forall 1 <i# j<n
such that condition () is satisfied. Since [0;]~, |5y, € P(V) foralli € {1,...,n} we have
[GI]NV—isolP(V) U---u [O'n]NV—iso‘P(V) < P(V) and |P(V)/NV7iso|P(V)| = n. 0

Definition 5.3. A strong variety V of partial algebras of type 7 is called n-unsolid if and
only if |[P(V)/y o, | = 1.

By this definition, we have that if V' is n-unsolid, then P(V') = [01]~y|py, U - - - U
~vloy - Where 0 by oj for all 1 <i# j <n. But [0i]~y|py, S [0i]~y iolpy, € P(V) for
all i € {1,...,n}. So P(V) = [01]~yiolpiy Y =+ * U [Oul~yiolpy - We have that if V is n-
unsolid, then P(V) = [01 ]~y pyy U === U [0l ey loy = [0y iy YU = = = U L0n] oy oo -

The following concept generalizes that of an #-fluid variety.

ProrosITION 5.4. Let 1 < n € N and let V be a strong variety of partial algebras of type T
with ~v |prv)y =~v_iso |p(v). If V is n-fluid, then V is k-unsolid for k = n.
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Proof. Assume that V is n-fluid. Then we have [P(V)/<, sy, | = n. Since ~v [pv) =
~v_iso |p(v) we get [IP(V)/ oy oloery | = IP(V)/ oy lpy | = k, that is, V' is k-unsolid. O
6. Examples

Let B be the strong regular variety
B =Mod’ {x; (x2x3) = (x1%2)x3, %2 = x1}, (6.1)

that is, the class of all partial algebras of type (2) which satisfy the associative and the
idempotent law as strong identities. Both equations are regular (i.e., the both sides of the
equation have the same variables occurring). We denote by o; € Hyp§(2) the regular hy-
persubstitution which maps the binary operation symbol f to the term ¢ € W(cz) ({x1,%2}).
Instead of f(x1,x,) we write simply x;x,. The set Hypg(2)/~3 consists precisely of the fol-
lowing classes of hypersubstitutions: [0y, x,) ] ~ps [0 (2 x0) I ~ps [0 T [0 T
~p> [Onx0 15 We will be particularly interested in the following strong regular subva-
rieties of the strong regular variety B:

TR = Mod’ {e} (x1,%:) ~ & (x1,%2) },
LZ = Mod’ {x1x, ~ &} (x1,%2) },
RZ = Mod' {x1x; ~ &5 (x1,%2) },
SL = Mod’ {x; (x2x3) =~ (xle)x3>x12 R X1,X1X R XX ),
RB = Mod* {x; (x,x3) = (x122)x3 ~ €] (x1,%2) x3,%1> = x1},
NB = Mod”® {x; (x2x3) = (x1%2) 3,1 = X1, X1X2X3X4 = X1X3X2X4 )
RegB = Mod’ {x (x2x3) = (x122)X3,%1% & X1, X1%0X1 %31 & X120%3%1},  (6.2)
LN = Mod’ {x1 (x2x3) = (x1%2)x3,X1% = X1, X1%2X3 = X1X3%2 },
RN = Mod’ {x; (x2x3) = (x1%2)x3,X1% = X1, X1%X3 = X2X1%3},
LReg = Mod’ {x; (x2x3) = (x122)x3,X%1% = X1,X1%2 = X1X2X1 }
RReg = Mod” {x1 (x2x3) = (x1x2)x3,%1% & X1, %1% = X2X1%,
LQN = Mod’ {x (x2%3) = (x1%2) X3,X1° = X1,X1%2X3 = X1 X2X1X3 )

RQN = Mod’ {x; (x2%3) = (x1%2)X3,%1% = X1,X1X2X3 = X1X3X2X3 }.

All these varieties are strong regular varieties of partial algebras.

These varieties are given in Figure 6.1.

This is not the lattice of all strong subvarieties of B since we consider strong regular
ones.

A strong variety V of partial algebras of type (2) is called dual solid if from s ~ t € Id* V
there follows Oy, y, [s] & Ox,x, [t] € Id° V. Then we have the following results.
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RegB

LReg

Figure 6.1

THEOREM 6.1. (1) TR, LZ, RZ, SL are unsolid.

(2) LN, RN, LReg, RReg are 2-unsolid.

(3) B, RB, LQN, RQN are 4-unsolid.

(4) NB and RegB are 6-unsolid.

(5) All dual solid varieties different from TR, SL, NB, and RegB are 4-unsolid.

(6) Any variety other than LZ, RZ, LN, RN, LReg, RReg, LQN, RQN which is not dual-
solid is 3-unsolid.

Proof. (1) It is easy to see that TR, LZ, RZ are unsolid. Further, Hyp (2) = (02 (xy ) I s U
(02 (x1,x0) I ~sr Y [0, ] gy » Where 0y, x, € P(SL). The application of 02y, ) to x1%2 = x2%1 €
Id°SL provides x; ~ x, ¢ Id°SL and the application of O (x,) 1O X1X2 = x2X1 provides
x; =~ x; ¢ Id°SL. This shows that 0c(x1,%)> O (,v) & P(SL). Consequently, |P(SL)|
[[0x,x, ]~ | = 1, that is, SL is unsolid.

(2) It is easy to see that Hyp$(2) = (02 (0 Jmin Y 10203, ) Lo Y [0 ]
~o Where 02, ), 0x,x, € P(LN). If we apply 355(x1 xy) t0 X122X3 = X1X3X2, we obtain x;3
x, which is not satisfied in LN and applying 6, to X1xx3 & X1X3X) GIVeS X3X2X] =~ X2X3X]
which is also not satisfied. Therefore P(LN)/,ypun) = 1[0e2(x,x0) I vins [Ox1 Iy §5 that s,
LN is 2-unsolid. Similarly we can show that RN is 2-unsolid. For LReg and RReg we show
in a similar way that these strong varieties are 2-unsolid.

(3) Itis easy to check that Hypg(Z) = (0221, 0) ]~ Y [0 51 0) T U [0 T U [0y, T U
[Oxixox I~y U [Oxy 0, Iy Where 02y, 1), 02 (4, x0)> Oxixas O, € P(B). The application of
Ox,x,x, t0 the associative law provides x;x,x1x3%1%%1 = X1X%x3%,%1 & Id° B and the appli-
cation of 0y,,», to the associative law provides x3x,x1%%3 = x3%x3x1%3%2%3 ¢ 1d° B. This
shows that oy, x,x,» Ox,x,x, & P(B). Consequently, |[P(B)/~; 5 | =11{ [Us%(xl )l ~ps [aeg(xm) Tmss
~ps [Oxpxy J~p } | = 4, that is, B is 4-unsolid. Further we have Hypg(Z) = [0 0) | s Y
(02 (x100) Jors Y [0 ] g U [0y I, WheTe 024, 1), 02 (4, x0)> Oy 220 O, € P(RB) and

C

Q
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|P(RB)/~B\P(RB)| = |{[Usf(x1,x2)]~1us’ [08%(X1,Xz)]~RB’ [GX1X2]~RB’ [szxl ]~RB}| = 4, that is, RB is
4-unsolid. In a similar way one proves that LQN as well as RQN are 4-unsolid.

(4) It is easy to check that Hypg(Z) = [0, 00) Jons Y 10200 ] mons Y [0y, Loy U
~ons Y [0x 031 Jons Y [Onyxx 1o - All these hypersubstitutions are NB-proper, that is, NB
is solid. This gives |[P(NB)/., | = 6, that is, NB is 6-unsolid. In a similar way one proves
that RegB is 6-unsolid.

(5) Let now V be a dual solid variety different from TR, SL, RB, NB, and RegB. Then we
have Hyplc{(z) = [O'Sf(xl,xz)]'vv U [Usﬁ(xl,xZ)]Nv U [O-XIXZ]NV U [szxl]NV U [lexle ]Nv U
~vy- Since V is dual solid, the hypersubstitutions oy,x, and ay,x, are V-proper. As a con-
sequence of V' # TR,SL and since V' is dual solid we have 0,2y, +,)> 0 (x, x,) € P(V). The
application of 0y, x,x, to the associative law provides x1x:X3X%2%1 = x1X2X1X3X1 %21 . From
this equation we derive x;x,x3X1 &~ x1x,x1x3x) in the following way:

X1X2X3X1 = X1X2X3X3X2X3X1
= X1X2X3X1X3X1X2X3X1
= X1X2X3X1X3X1X2X1X3X]
R X1X2X1X3X1X3X1 X2 X1 X3 X1 (6.3)
X X1 X2X1X3X1X2X1X3X1
= X1X2X1X3X1X1X2X1X3X

= X1X2X1X3X1.

This shows V < RegB. But TR, SL, RB, NB, and RegB are the only dual solid sub-
varieties of RegB. Since V is different from these varieties, we have 0y, x,x, € P(V). The
same argument shows 0y,xx, € P(V). Since RB < V, the set Id° V of all strong identi-
ties satisfied in V' consists only of outermost identities and this shows [P(V)/<, ., | =
{10 (000 ] ~vs [0 00y I ovs [0y I oy s [0y ]~y 3 | = 4, that is, V' is 4-unsolid.

(6) Finally if V is not a dual solid variety different from LZ, RZ, LN, RN, LReg,
RReg, LQN, RQN, then Hyp§(2) = [02(x, 0~y U [02(01 ) v U [0 Iy U [0, Iy U
[Ox, 3001 v U [Oxyxin oy We can prove that oy, , Oy xpx,> Oxoxix, € P(V). Then |[P(V)/
~vipn | = 1020 00 I ovs [0 (2 ) [ ~vs [0y I~y } | = 3, that is, V is 3-unsolid. O
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