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1. Introduction and preparations

In Besov spaces and Lizorkin-Triebel spaces, this paper is concerned with proving some
embeddings of the form

F.B“=F, F-F“=F, B-B“—~B, (1.1)

where F and B, with three indices, will denote the Lizorkin-Triebel space F; , and the
Besov space Bj, , respectively. The different embeddings obtained here are under certain
restrictions on the parameters.

In this introduction, we will recall the definition of some spaces and some necessary
tools. In Sections 2 and 3, we give the first contribution of this work. The theorems of
Section 2 will treat the case F - B — F where the first theorem is a generalization of the
results of Franke [4, Section 3.2, Theorem 1, Section 3.4, Corollary 1] and Marschall [7].
The second theorem is in the sense of Johnsen’s works (see [5]). Section 3 will contain
a treatment of the embeddings of the types F - F — F and B - B — B which presents an
improvement of [3].

In the sense of [5, Theorems 6.5, 6.11], some limit cases are considered in Section 4,
which constitute the second contribution of this paper. Section 5 is an application of our
results to the continuity of pseudodifferential operators on Lizorkin-Triebel spaces.

We will work on the Euclidean space R". If f € &, the Fourier transform is defined by
the formula

FIE =@ = | fweiar (Eer) (12)
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2 Multiplication in Besov and Lizorkin spaces

and F ! f denotes the inverse Fourier transform of f; as usual & and %! are extended
from & to &".
Consider a partition of unity

WO+ Y e =1 (Fern), (1.3)

j=1

where ¢,y € C* are positive functions such that suppe € {£ € R": 1 < [&] <3} and
suppy C {& € R": || < 3}. We define the convolution operators Q; and A by the fol-
lowing:

Qif =F 'y ))xf (j=12,..),

(1.4)
Mf=F Y o2F-))*f (k=0,1,...),
and we set Qy = Ay. Thus we obtain the Littlewood-Paley decomposition f = Z;O:(, Aif
(convergence in &”).
Let us now recall the definitions of F;,q and B;,q, where the general references include
[1,9-13].

Definition 1.1. Lety >0, —00 <5< 00,0< p<co (resp.,0<p<o0),and 0<q < 0. The
space L%(Z;) (resp., E;(Lf,)) is the set of the sequences { fx}ren C S’ such that supp fi C
{€eR": |&] < y2F} and

[ fickken | Lo (€1 = TH2 fikken | Lp (€9) ] < o0,

(1.5)
(resp., ||{fk}keN | EQ(L}',)H = ||{2ksfk}k€N | eq(Lp)” < ).

Definition 1.2. (i) Let0< p< 00,0< g < 0, and —co <5< oo, then

F;"I:{fey,:H{ZkSAkf}keN | Lp(€g)]] < oo} (1.6)
(ii) Let 0 < p, g < 00, and —oo < s < 00, then
Byg = {f e [H2Mrf e | €4(Lp)] < oo} (1.7)
Remark 1.3. We introduce the maximal function
A _

A;:,a (X) = sup | kf(x )’)| (18)

yern 1+ (2K y))*

forallx e R", f € ¥, a>0,and k = 0,1,.... Then, in Definition 1.2(i) (resp., (ii)), we
can replace Axf by A,f’“f with a > (n/min(p,q)) (resp., a > n/p), (cf. see [13, Theo-
rem 2.3.2]).
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The product f - g is defined by
fg=lmQ,f-Qg (Vfged) (19)

if the limit on the right-hand side exists in " (see [10, Section 4.2]), and we have

)

A(f-g)= > Mk(Ajg-Aef) = Ty +Thix + Tk 3) (f5)s (1.10)
.0=0

where

1 (frg) = Ak (Ak f - Qeirg)s i2(fog) = Ak (Qust f - Arg),

. - (1.11)
Hk,?:(f)g) = ZAk(A]f : A]g)>
j=k

with A = Z?:i,z Ajand Ay = Z?:}(,l Aj.

In the below proofs of the different cases of type (1.1), written as G, - G, = Gs, to
see f - g belongs to Gs, (f € Gy, g € Gs), it suffices to an estimate of terms of the form
[Tk (f>8)  ken |L%(€§)|| and [[{ITx;(f,g) } ken |€§(Lf>)||, ie{l1,2,3}.

Now we recall some lemmas which are useful for us.

LEMMA 1.4. (i) Let —00 <5;< 00, 0 < p; < o0 (resp., 0 < p; < o0), and 0 < g; < oo (with
i=0,1).If

S0 > S1, Po = p1 (1.12)
or
n n
so0=51, So— —=s51—— (qo < qi for Besov space), (1.13)
Po )41
then it holds
Fpao > Fp.q  (resp., Bpygo = Bpia)- (1.14)

(ii) Let —c0 <5, ;< 00, 0< p, pi < 00, and 0 < g, g; < oo (with i =0,1) such that sy —
n/po=s—n/p=s—n/p.If

S0 >8>S, Qo< p=q, (1.15)
or
so=s=s,  qo=min(p,q),  q1=max(p,q), (1.16)
then it holds

B;)o,q()(%- F}S%q(%' Bls;bth' (1'17)
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(iii) Let —00 <s< 00, 0< p < o0 (resp.,, 0< p < ), and 0 < q < oo. If

n

s> (1.18)
or
s=%, 0<p<1(resp,0<q=1), (1.19)
then it holds
Fy &L (resp., By, < Le). (1.20)

LEmMA 1.5. Let0<y<1land 0<q < co. Let {ex}ren be a sequence of positive real num-
bers such that |[{ex}ren | €4ll = A < co. Then the sequences &y = Z?:o yk’jsj and nx =
S 2k y/ ke belong to &g, and the estimate

{0k} kew | €l + [ {mden | €qll < cA (1.21)

holds. The constant ¢ depends only on y and q.

LEMMA 1.6. Let0< p < coandy >0. Let { fj}jen C L, be a sequence of functions such that
supp fj C {§ € R": || < y27}. Then the estimate

IALf 1 Lyl < 20702 £, | L, | (k < j < o0, 0 = max <0,§ - n)) (1.22)

holds. The constant ¢ depends only on n, p, and y.

LEMMA 1.7. Let0< p < 1andy>O0. Let { f;} jen C L, be a sequence of functions such that
supp fj C {§ € R": || < y27}. Then the estimate

< {22 fi} o | () (0= 5 =) (123)

> n
> fi 1 B -
j=0 p

holds. The constant ¢ depends only on n, p, and y.
LemMMA 1.8. Let 0< p < q < oo and y >0. Then there exists a constant ¢ = c(n, p,q) >0
such that for all f € L, with supp f C {{ € R": |&| <y}, one has

1f T Lgll < cy™ P~V £ 1 Ly, (1.24)

For Lemma 1.4, we can see [11, Sections 2.3 and 2.8] and [12, Section 2.7]. Lemma 1.5
follows from Young’s inequality in £;. The proof of Lemma 1.6 is given in [4, Section 2.4,
Theorem 1(iii)] and Lemma 1.7 in [7, Lemma 3]. For the proof of Lemma 1.8, we can see
[14, Proposition 2.13], 1 < p < q < oo, it is the classical inequality of Bernstein.



D. Drihem and M. Moussai 5

2. Multiplication of mixed type

The following results give an extension of the sufficient hypotheses used in [5, Theo-
rem 6.1].

THEOREM 2.1. Let 0 < p,p1,p2 < 00,0< g, g2 < 00, —c0 < s< 00, and r >0 be such that

n n . n
—r+max(0,—+——n> <s<m1n(p—,r),

P P2 1
(2.1)
1 1 1 r 1 1 r n ( n)
—=—+—=—, —=— ==, r<— |resp,r=-—1|.
p P p2 n g p2 n p2 P2
Then it holds
r S 3 /P2
F;h,q ’ sz,qz s Fp,q (resp., Fpl’q . ( Zz:poo N Loo) C— Flsh,q)' (22)

COROLLARY 2.2. Under the hypotheses of Theorem 2.1. If r < n/p; (resp., r = n/p,) then it
holds

r n/ S
Fpiq Fpog —Fyy  (resp, Fj, ;- Fplg, &= F} g for p» < 1). (2.3)

Furthermore, in particular, if 1< py < oo and r >n/py +n/ps — n, can be taken s = 0 in (2.3).

Proof. Since F},
ever, the second embedding follows from Fgf?fz o BZ?‘Z@ N Le. O

a2 = Bp,e with t = (1/py —r/n) ™!, we obtain the first embedding. How-

Remark 2.3. In Corollary 2.2, when r < n/p; (resp., r = n/p,), we obtain [10, Theorems
4.4.3/2(21) and 4.4.4/2(16) (resp., Theorems 4.4.3/2(22) and 4.4.4/2(17))]. The particu-
lar case s = 0 presents a complement of [10, Theorem 4.4.4/4(i)].

To prove Theorem 2.1, we need the following lemma.

LEMMA 2.4. Let 0 < p < o and a > n/p. Then there exists a constant ¢ > 0 such that
1Q"g} jen I Lp (€) || < cllg | o, (24)

forany g € Fy,.
Proof. First, we define the maximal function of Q;g, of Hardy-Littelewood type, by the

formula

r>0

1
MQjg(x) = sup B JBW) |Qig(y)|dy, (2.5)

where B(x,r) is the ball centered at x of radius r and |B(x,)| denotes its measure. Next,
let t > 0 satisfy n/a < t < p. From [13, Theorem 1.3.1], we have

1/t

Q;f’“g(x) < Q;‘"/tg(x) <c(M| ng|t(x)) (Vx € R"). (2.6)
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Then we obtain

1/t

<c =cC

1/t
(suleQ;g|t> L,
JEN

1/t

t
sup Qg | Ly supM | Qjg|" | Ly
JEN JEN

(2.7)

<c

sup [ Qig|" | Ly
jeN

A proof of the last inequality may be found in [13, Theorem 2.2.2, page 89]. Now, it is
easy to see that the last member of (2.7) is bounded by

<dlg I Fp,ll. (2.8)

sup [ Qg I Ly
jeN

Inequality (2.8) follows from the equality between the local Hardy spaces h,, and Fg,z’ (cf.
see [12, Section 2.2, page 37, and Theorem 2.5.8/1]). O

Proof of Theorem 2.1
Case 1 (r <n/py). (i) Estimate of {ITx;(f,g)}ken. Since

o] -| [ oo Qe B2
< cQgWALT () (VxeR"),
where Q" and A{** are defined as in Remark 1.3, we obtain
25T (f,8) e | 4]l < csup Q@) 28R fheen | €ll, (2.10)

where a; and g, are real numbers at our disposal. We set 1/b = 1/p, — r/n. The left-hand
side of (2.10), in L,-norm, is bounded by

*,a1

cl[sup Q" g I Ls H{25A fien | Ly (€0)]] (2.11)
je

Choose a; >n/b and a; >n/min(p;,q), then both Lemma 2.4 and the embedding B g =
Fg,z yield that (2.11) is estimated as desired.
(ii) Estimate of {IIx>(f,£)}ken. Let u € R such that

1 1 . 1 1
max (0,— — 1) <= <m1n<—,— - i). (2.12)
pr n u pr p1 n
We set
1 1 1
—=—+-, og=s— 242, ﬁ:s—£+ﬁ. (2.13)
v o py u p v p1ou
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We have

(L) —~1y(e), F,,“~Bh

g wpr- (2.14)

For the first embedding of (2.14), we can see [4, Section 2.3, Theorem 3]. On the other
hand, the Holder inequality yields

k+1
2atfg) | Ll < 2 lig 11,23 28 208 f ). @1
j=0

We set 1/q, = 1/p — 1/p1. Applying, successively, the Holder inequality again in £,-norm

and Lemma 1.5, we obtain the bound ¢||g | B;zﬁz [ f | B”,ip1 Il.So (2.14) and By B;Z)qz
give

25T £ ens | Lo (€)1 = ellg | By g1 1 Epyl 2.16)

(iii) Estimate of {ITx3(f,g)}rcn- We first consider 1/p; +1/p; < 1. Let u € R such that

1 1 1 1
max(o,——f,——r—“> <t<—. (2.17)
1 nopr n u p
We use the notations v, ¢, and § from (2.13). Lemma 1.6 provides
2\ (f.g) | Ll| < 2460 S 273000 26| [&g | L1161 Ll (218)
j=k

A similar argument as above yields

12 s (£, e | € L) | = ell 27 B g | LA, | Lullh o 18]l (219)

We set 1/¢, = 1/p — 1/py. By the Hélder inequality in €,-norm, the right-hand side of

(2.19) is bounded by c||g | B;z,qz M f | Bﬁ,p1 Il. Then we conclude the desired estimate by
(2.14).
We now study case 1/p; +1/p, > 1. Let u € R such that

1 1
max(O,l——,———) < - < —. (2.20)
u p1

We employ the notations v and ¢ from (2.13). By Lemma 1.6, we obtain
2ol Ma(fig) | L]l = 2% 3 27 20| Eg I Lol f I Ll 221)
j=k

where o = s —n/p1+n/uand y = s+r —n/p; —n/p, +n >0, therefore,

129 s (o) e | € (L) ] = el 2D Big | L1185 1 Ll o &l (222)
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On the right-hand side of (2 22), we employ the Hoélder inequality in £,-norm (with
/p=1/p1+1/q,), F§ 1 - B} pi»>and By, & B;z % successively. Since ¢ >sand v < p, we
can finish the proof of this case by applying, in the left-hand side of (2.22), embeddings
(2.14).

Case 2 (r = n/p,). We only estimate {ITx;(f,g)}ken. It is sufficient to see that
25Tk (f,8) | < ellg | Lol [(25A5" f) (2.23)

with a > n/min(p1,q) and to take the Ly, (£;)-norm. O

THEOREM 2.5. Let 0 < p, p1 < 0, 0< ps, g < 00, —0c0 <5< 00, and r >0 be such that

—r+max<0,£+£—n> <s<r. (2.24)
pr D2

If either of the following assertions is satisfied:

(1) I/p=1/p1+1/p»,

(ii) max(1/p1,s/n) + max(0,1/p, —r/n) < 1/p < 1/p1+1/pa,
then it holds

FIS71 q Pz 0 > FS (2.25)

COROLLARY 2.6. Let p, p1, g, 1, s be as in Theorem 2.5 and 0 < p, < co. If (i) or (ii) of

Theorem 2.5 is satisfied, then the embedding F}, , - Fy, = F; ; holds.

The proof of Corollary 2.6 is immediate because F}, ., = B}, .
Remark 2.7. We note that Theorem 2.5(i) when p, = oo is given in [4, Section 3.2, The-

orem 1]. Also, we note that Corollary 2.6 is given in both [5, Theorem 6.1 with r = p in
formula (6.6)] and [10, Theorems 4.4.3/1(7) and 4.4.4/1(7)].

Proof of Theorem 2.5(i). Noting Remark 2.7, we only need to treat the part 0 < p, < oo.
(i) Estimate of {Ilx,;(f,g)}ken. From (2.9) and Lemma 2.4, we have

H2T1 (£} e | Lo (€11 = clig | FEIIIF 1 B3, gl (226)
By embeddings Bj, ., Bgz,min(m,z) = Fy, 5, we obtain that the last term of (2.26) is

bounded by the desired quantity.
(ii) Estimate of {IIx>( f,£)}ken. The Holder inequality provides

k+1
ITk2(f>8) | Lpl| < c<2kr D276 2”) llg I By, ol [1f 1 By, coll- (2.27)
j=0

The hypothesis s < r yields

25T (fo@) ke | Eminip (Lp) | = cllg | By, |l I1f 1 B, ]l (2.28)
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Using embeddings

Crinpug) (Lp) L3 (&), By ;<= By (2.29)

we obtain the desired result.
(iii) Estimate of {ITx3(f,g) }ken. We set o = s+r — max(0,n/p — n). Using Lemma 1.6,
we obtain

2|3 (fo8) | Lpll < 277 - 2% 3 2790 (27" [[Ajg | Ly, 1) (2711 f | Ly 1)
par’ (2.30)
<c2V|lg | By, llllf I B, «ll
(]
In this inequality, we take €iin(p,q)-norm and we conclude the desired estimate us-
ing (2.29).

Proof of Theorem 2.5(ii). (1) Estimate of {Ilx;(f,g)}ken. We set 1/u =1/p — 1/p;1. As
in (2.26), we have the bound c||g | F3,2|| IIf | F‘],qll which, by the embeddings B, ., —

n/py—n/u . . .
B pzf’,f — F},, is estimated as desired.

(2) Estimate of {Ilka2(f,g) ken. In part, for technical reasons, we prove this in three
separate cases:
Case 1 (s <0). By Lemma 1.6, the Holder inequality, and Lemma 1.8, we have

||Hk,2(f,g) | LPH < Cz(n/p1+n/pzfn/pfr—s)k|Ng ‘ Bzz,oo” ||f | B;bmH_ (2.31)

Since n/py +n/p, — n/p —r <0, we obtain an inequality of type (2.28) and finish the
proof of this case using (2.29).

Case 2 (0 <s<n/p1). We set 1/b = 1/p, + 1/p, — s/n. We continue with the following
subcases.

Subcase 2.1 (r <n/prand p <b (ors<n/p, <rand p <b)). Asin Case 1, we have

T2 (f58) | Lyl < cyk2 7™ [Ig | By, o[ 1f 1 B ol s (2.32)
where
k+2 ifp=>b,
= _ 2.33
Yk {(1—2ﬂ/b—<w>—s) " ifp<b. (2.33)

Now since {Zk(s")yk}keN € Luin(p,q)> we conclude the desired conclusion using (2.28) and
(2.29).
Subcase 2.2 (r <n/p,and p >b (ors <n/p, <rand p >b)). Let u >0 satisfy

11\ 1 1
max(O,———) <t 5 (2.34)
p u p1 n
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We employ the notations v, o, and 8 from (2.13). We have

M2 (f0) | Lull < cllg | By, Il | Bho][(275F). (2.35)

Since {27 kBtr=0)}, . € €, we can finish the proof of this case using (2.14).

Subcase 2.3 (n/p, < s <r). We have only case p < b needs to be verified. As in (2.32), we
immediately obtain the result.

Case 3 (s = n/p;). We have the following subcases.

Subcase 3.1 (p < p2). Weset 1/v = 1/p — 1/p,. Observe that

k+1
\La(f.g) | Lyl < 2| |Keg | L (zk(s-” S 20| f | L, ||)
j:O

(2.36)

k+1
r / s—r —in/v
< el Byl 1B (2460 3 20,
j=0

Then, we calculate £nin(p,q)-norm and conclude the desired estimate by the fact that

k+1
{2"“—’) > z—f'"/V} € Cmin(p.q)- (2.37)
j=0 keN
n/py

Subcase 3.2 (s > n/py and p > p). It suffices to apply both embedding Bj, ., — B, )} and
(2.29) to

M2 (f,0) | Lpll < el Bkg | Lol |Qest f | L]
(2.38)

< c2kw/prr=np)||g | B;’z,“’H”-f | BZ{{’{H.

Subcase 3.3 (s = n/py and p = p,). We choose a > 0 such that e = a—n/p+n/py+n/pr—
r <0, then it suffices to apply (2.29) to

2P T () | Lyll < 2l 1 By, WIII1f | Bpebs™l (2.39)

(3) Estimate of {I1x3(f,g)}ken. The proof of this case is obtained similarly to the proof
of Theorem 2.1 just by replacing (2.17) and (2.20) with

( 1 1 1 r+s) 1 1
max|(0,—— —,— — —— -<—,
P2 p1 n u p1
(2.40)
max(O,l—i,l—i> —<i,
prp P2 u P
respectively. O

3. Multiplication of types F - Band B - B

The next theorem presents a continuation of [3], [5, Theorem 6.1],[6], and [7, Section 5].
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THEOREM 3.1. Let 0 < p; < o (resp., 0< p; <), 1 <py<00,0<q <00, andn/p; —n<
s <min(n/p1,n/p;). Then it holds

/ %
PR (Bplw N L) F5., (resp, B, .- (Bpl% N L) & B3, ). (3.1)

Remark 3.2. 'We note that (3.1), in the F-case, was proved by Franke [4, Section 3.4,
Corollary 1] but only in the particular case

P if0<p; <2,
p2= -1 (3.2)
pi(pr—1) if2 < py < 0.

Also this case yields
n/px C S
Fi)n,q : (F,sz)w N Loc) Fqu' (3.3)

Remark 3.3. Theorem 3.1, when 1 < p; < p; < 0, was proved in [3].

Proof of Theorem 3.1. The estimates of {ITy;(f,g)}ren and {IIx3(f,£) }ken are similar to
Theorem 2.1, see also [3]. For {ITx»(f,g) }ken we take, in (2.16), r = n/py, and ¢ = g =
00, we obtain (3.1) in the F-case. In the B-case, we will employ the notations u, v, ¢, and
B from (2.12) and (2.13) with the modifications r = n/p, and ¢ = s — n/p; + n/v. One has

k+1
25| f,8) | Ll < cllg | Ba| (2"ﬁ 2278 2P| f | Lull>- (3.4)
j=0

Since f3 < 0, the last inequality, in the £,-norm, is bounded by the expression c||g | BZ?‘,DOZO I

IHf Bﬁ,q |. At the end, it suffices to use

e (L) —e(Ly,), By, =B, (3.5)
4. Some limit cases

We will prove results of independent interest concerning the limit case for the parameters
s+, see [5, Theorems 6.5 and 6.11].

THEOREM 4.1. Let 0 < p,q, pi gi < 0, (i =1,2), —c0 < s < 00, and r > 0 such that

e s1, os+r=24 T _uso. (4.1)
qa 92 P D2
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If either of the following assertions is satisfied:

(i)

and either of the following cases is satisfied:
1)s<r,qi<gq
(2) s =r, max(q1,q2) < g

then it holds

BS

r
Puqi "B

S
2,92 — BP’Q'

Remark 4.2. In Theorem 4.1(i), when r = n/p,, we have

n/p; C s
Bjjl,ql ) (BP2)42 me) Bplaq'

THEOREM 4.3. Let 0 < p, p1,p2 < 00, 0< g < 00, —00 <5< 00, and r >0 such that

n
str=—+—-n>0
pr D2
If either of the following assertions is satisfied:
(i)
1 1 1 ( >
r<—, —=-—+———, s<min{—,r),
p»p p1 p2on P
(ii)
( 1 ) ( r) 1 1 1
max| —,— | +max |0, — — — —<—+—
1 n 2 N p pr P2
then it holds
R N e

Remark 4.4. In Theorem 4.3(i), when r = n/p,, we have

n/ C S
Fls)l,q ' ( PZ,PO?’ mLDO) BP1)°°'

(4.2)

(4.3)

(4.4)

(4.5)

(4.6)

(4.7)

(4.8)

(4.9)

(4.10)
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THEOREM 4.5. Let 0 < p, p1 < 0, 0< py, 41,42 < 00, —00 < s< 0o, and r >0 such that

1 1
Gq=p, —+—=1, s<rt, s+r:max<0,£+——n>. (4.11)
a9 p

If either of the following assertions is satisfied:

(1)

T (4.12)
p P P2

(ii)

max(i,i)+max(0,i—£)<l<i+i, (4.13)
prn p2 n p P11 P2
then it holds

F;lﬂl ) B;qu — F;ﬂl' (4.14)

Proof of Theorem 4.1(i). (i) Estimate of {Ilx1(f,g)}ken. We set 1/u = 1/p, — r/n. The
Holder inequality and Lemma 2.4 give

24N (>0 1 Lol < cllg | Fooll2%/1 3k f | L, 1)) (4.15)

The embedding B
desired estimate.

(ii) Estimate of {Ilx2(f,g)}ken. Using the notations u, v, 0, and  from (2.12) and
(2.13), we have, as in (2.15),

F7, together with the £,-norm of (4.15) and £, = €. give the

r —
D292

24| [{Tka (.90 been | €= (L] < cllg | By ol 1 Bl (4.16)

and the conclusion is obtained by (3.5).
(iii) Estimate of {Ilx3(f,g)}ken. We set 1/b = 1/p; + 1/p,. By Lemma 1.6 and the
Holder inequality, we obtain

M3 (f>8) | Lol < 27560 3" (27| [Ajg | Ly, II) (2|8 | Ly, |]). (4.17)
j=k

Using €4 — ¢, (with 1/d = 1/q; + 1/q,) we employ the Hélder inequality again to conclude
that the last term of (4.17) is bounded by c||g | Bi, 4 (I £ 1 B} a4 Il. We finish the proof of

this case by applying the embedding €57 (L)) — €5, (L}). O

Proof of Theorem 4.1(ii). For {1 (f,g)}ken and {I1ka2(f,€)}ken, we can use the same
methods in Theorem 2.5, see also [10, Sections 4.4.3 and 4.4.4].
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Estimate of {I1x3(f,g)}ken. By Lemmas 1.6, 1.8 and the Holder inequality, we have
25T (f,8) | Lyl| < c2Xprn/pa=nip=n 3 (27 ||Ajg | Lp,|[) (27°]|A; f | Ly II).  (4.18)
j=k

Since n/py +n/p, — n/p —r <0, we conclude the desired estimate using €5 — ¢; (with
1/d=1/q1+1/q2). O

Proof of Theorem 4.3(i). (i) Estimate of {Il;(f,g)}ken. We set 1/u = 1/p, — r/n, (ie.,
1/p =1/p1 — 1/u). Asin (2.9), the choice of a; > n/u and a, > n/p, leads to

{25T01 (f28) b | € (Lp) |l < € 2R flen | 6o (L)

supQ;*“g | L,
jEN

<cllg I FLllIf 1B, wll-
(4.19)

We conclude the desired estimate by applying both F;, ., — FJ, and Fy oo = By oo
(ii) Estimate of {Ilx2(f,g)}ken. Using the notatlons u, v, 0, and f from (2.12) and
(2.13), we have

k+1
2k | s (fog) | <csup(2”A* “g) (2]‘522 iB 2JﬁA* “Zf)) (4.20)
j=0

Since 8 < 0, then

{2 2 (f58) }een | €l < csup QA8 @) H{27PAT™ £ e | sl (4.21)
S

We choose a; > n/p, and a, > n/u. We obtain the desired result by applying the Holder
inequality, the embeddings Lh(¢9) — Lf,(ffx,) - 05, (Lly,) and Fyq<= Fg,oo.
(iii) Estimate of {Ilx3(f,g)}ken. We set 1/u = 1/p, +1/p;1. We begin by the inequality

Y]

2 JgAf | B[

<c

(4.22)

> is(f58) | By
k=0

We can write

|Qj(Ajg-Aif)] < csup (A)"g - AT® ). (4.23)
J

We choose a; > n/p, and a; > n/min(p;,q). Then Lemma 1.7 gives the correct bound
for (4.22). O

The same method works for the proofs of Theorems 4.3(ii) and 4.5. We omit the de-
tails.
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Remark 4.6. Theorems 4.1(i) and 4.3(i), when 1 < p < oo, were proved by Johnsen in [5,
Theorems 6.11 and 6.5], respectively.

5. Application

We consider S?)O(E) (E a Banach space), the class of symbols (x,&) — a(x,¢) satisfying

[0Fa(-,&) | El| < p(1+ €))7 (vpenn), (5.1)

and we define the pseudodifferential operator by the formula

Op, f(x) = (2m) ™" jw e Ea(e, £ f(E)E (Vf e, VxeRM), (5.2)

As mentioned in the introduction, the theorems of this section present an application of
the previous results in this paper.

THEOREM 5.1. Let 1 < p, p1,p2,4,q2 < 00, —c0 <s< oo, and r > 0. Under the hypotheses of
Theorem 2.1 (with p, # oo and r < n/p,) or Theorem 2.5, the operator Op,, is bounded from

F5 toFs , foralla€ S (B,

p1,q g’ P2, liz)

The proof of Theorem 5.1 is based on the following almost-orthogonality lemma.

LEMMA 5.2. Let y > 1 and let p, p1, p2, > Q2 1> s be the same as in Theorem 2.1 (with

P2 # o and r < n/p,) or Theorem 2.5. For all sequences {m;}jcn C By, & and all sequences

{fi}jen of functions such that suppfj c{&eRr:y 12/ < [E| < y2/}, the estimate

[eY)

>.mj-fi|F

< cll{fi}jen 1 L, ()] (5.3)

holds with ¢ = ¢"sup ;.o [lm; [ By, . |I.

Proof. Observe that Arf; # 0 and Qi1 f; #0if k—N<j<k+N+2and j <k+N+2,
respectively, where N = [log, y]; (here [x] denotes the greatest integer less than or equal
to x). Then it suffices to apply Theorem 2.1 (and/or Theorem 2.5) to the following de-
composition:

) N+2 k+N+2 N+2 N
Ak(Zm;‘ f;) = > Hii(mres frwe) + >, Tio(mj, fi) + > Tes(mese, fve),
j=0 ¢=—N j=0 ¢=—N
(5.4)
where T 5(m Mg, fore) = 35 Pk Ac(Ajmijge - Aj five) (see also (2.7)). O

Proof of Theorem 5.1. We begin by writing

a(x,&) = Q2m)™ J[Rn (1+ Iu\z)f(nﬂ)/zau(x,f)du+/l(x,f), (5.5)
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where A(x,&) = 0 for |€] = 3,

[FAC8) 1By, || < co1+1ED) 7 (vpenm),
Zm]u(x (2778),
(5.6)
su mi, | B <g
jeN,uED&"” o pzqu
0u(8) = m) " (1+ u?) " TP et E),
0 is a C* function with suppf Cc {£ € R": 1 < || < 3}, and
108 | Lo|l<c (VueR", |fl<L-n-1). (5.7)
For the decomposition (5.5), we refer the reader to [2] or [8].
Now, by Lemma 5.2, we have
10pa, f | Fygll < cl{27 fujtjen | Lo (€| < I 1 B, gl (5.8)
where F(f,,;)(§) = Hu(Z‘ff)f(f) and ¢’ is independent of u. Next, we can write
Oplf(x):JR (14 1u2) "2, () £ (x+ w)du, (5.9)
where
bu(x) = (Zn)‘"J e (] = A" A(x, E)dE. (5.10)
Theorems 2.1 and 2.5 immediately give
|Opy f | Fy 4l = sup bu - fC-+u) | F} gl
(5.11)
< (isup leu | By ILF 1 Bjpgll <l 1Pyl
|
THEOREM 5.3. Let 1 < p,p1,q9,q1 < 0, v >0, and
—r+ﬁ+£—n<s<min<ﬁ,r). (5.12)
p P p

Suppose thata € S, By, 4)ifr>n/pranda € 87 0(Leo) N ST Z{po'o ifr = n/p1. Then the
operator Op,, is bounded on Fy . and Bj, .



D. Drihem and M. Moussai 17

For the proof, we apply Theorem 3.1 and proceed as in Theorem 5.1, however, we need
an almost-orthogonality estimate of the type in Lemma 5.2, that is, the following lemma.

LemMA 5.4. Let y > 1, 0< p,p1,g,q1 < o, r = n/py, and s be as in Theorem 5.3. For all

sequences of functions {fj}jen such that supp f; C {£ € R" 1 y~12) < [&| < y2/} and all
n/pi

sequences {m;}jen C Bj 4 (or {m;}jen C Bp)q, N Lo ), the estimates

< cll{fibjen 125

Z m; f] | F;,q
j=0

(5.13)
= C/”{fj}jeN | E;(L%)H,

(e}
>.mj- fi | Byg
=0

hold. The constants c and ¢" are of the form ¢”’ supjeN(IImj | Looll + llm; [ B, g 1.
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