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We define Riemann-Liouville transform R, and its dual ‘R, associated with two singu-
lar partial differential operators. We establish some results of harmonic analysis for the
Fourier transform connected with R ,. Next, we prove inversion formulas for the opera-
tors R, ‘R, and a Plancherel theorem for ‘R,,.
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1. Introduction

The mean operator is defined for a continuous function f on R?, even with respect to the
first variable by

2
Ro(f)(r,x) = % f(rsinf,x+rcos0)do, (1.1)
0
which means that 2y(f)(r,x) is the mean value of f on the circle centered at (0,x) and
radius r. The dual of the mean operator 'Ry is defined by

Ro(N) = | (P + = y)dy, (1.2)

The mean operator Ry and its dual Ry play an important role and have many applica-
tions, for example, in image processing of the so-called synthetic aperture radar (SAR)
data [11, 12] or in the linearized inverse scattering problem in acoustics [6].

Our purpose in this work is to define and study integral transforms which general-
ize the operators 2R and "Ry. More precisely, we consider the following singular partial
differential operators:

(1.3)
02 2a+190 9?
= 52 “r 5 9 (r,x) €]0,+00[XR, a > 0.
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2 Inversion formulas for Riemann-Liouville transform

We associate to A; and A, the Riemann-Liouville transform R, defined on 6. (R?) (the
space of continuous functions on R?, even with respect to the first variable) by

’% JJ: f(rsm,x+ rt)

Ra(N)rx) =1 x(1-2)(1-)dtds, ifa>0, (1.4)

1 (! dt .
‘;Llf<rvl—t2,x+rt)\/1—_7t2, ifa=0.

The dual operator ‘R, is defined on the space & (R?) (the space of infinitely differen-
tiable functions on R?, rapidly decreasing together with all their derivatives, even with
respect to the first variable) by

20 (T ViZ=r? .
;J J flu,x+v) (> —v* —r*)" ududv, ifa>0,
r —Vur—r?

L (R a0

Ra(f)(r,x) =

(1.5)

For more general fractional integrals and fractional differential equations, we can see the
works of Debnath [3, 4] and Debnath with Bhatta [5].

We establish for the operators R, and ‘9, the same results given by Helgason, Ludwig,
and Solmon for the classical Radon transform on R? [10, 14, 17] and we find the results
given in [15] for the spherical mean operator. Especially

(i) we give some harmonic analysis results related to the Fourier transform associ-
ated with the Riemann-Liouville transform Rg;
(ii) we define and characterize some spaces of the functions on which R, and "R,
are isomorphisms;
(iii) we give the following inversion formulas for R, and *R,:

f=RaKy'Ra(f),  f=Ki'RaRalf)s

f="RaKiRa(f),  f =K R Ral(f),

(1.6)

where K/} and K? are integro-differential operators;
(iv) we establish a Plancherel theorem for *Ry;
(v) we show that R, and 'R, are transmutation operators.
This paper is organized as follows. In Section 2, we show that for (u,A) € C?, the dif-
ferential system

Au(r,x) = —idu(r,x),

Agu(r,x) = —p*u(r,x), (1.7)

u(0,0) =1, %(O,x) =0, VxeR,
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admits a unique solution ¢, given by

Pup(r,x) = ja<r\/‘u2 +Az> exp(—ilx), (1.8)
where j, is the modified Bessel function defined by
jal(s) =2"‘I‘(oc+1)]“$¥, (1.9)

and J, is the Bessel function of first kind and index a. Next, we prove a Mehler integral
representation of ¢,y and give some properties of .

In Section 3, we define the Fourier transform §, connected with RR,, and we establish
some harmonic analysis results (inversion formula, Plancherel theorem, Paley-Wiener
theorem) which lead to new properties of the operator R, and its dual R,.

In Section 4, we characterize some subspaces of ¥,(R?) on which R, and ‘R, are
isomorphisms, and we prove the inversion formulas cited below where the operators K}
and K2 are given in terms of Fourier transforms. Next, we introduce fractional powers of
the Bessel operator,

? 2a+19
€a—ﬁ+T§, (1.10)
and the Laplacian operator,
? 0

A= 52 o (1.11)

that we use to simplify K} and K2.

Finally, we prove the following Plancherel theorem for QR,:
+00 too
J J | F(r,x) | 2P dr dx = J J K2 (‘Ra 1) (o) | drd, (1.12)
R Jo R Jo

where K is an integro-differential operator.
In Section 5, we show that R, and 'R, satisty the following relations of permutation:

2
Reldof) = S Rlf)y Falbrf) = AR
(1.13)
2
MR =9(3), A = maaug).

or?
2. Riemann-Liouville transform and its dual associated with the operators A, and A,

In this section, we define the Riemann-Liouville transform R, and its dual !R,, and we
give some properties of these operators. It is well known [21] that for every A € C, the
system

Lv(r) = —A*v(r);
(2.1)
v(0) = 1; v'(0) =0,
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where ¢, is the Bessel operator, admits a unique solution, that is, the modified Bessel
function r — j4(rA). Thus, for all (4,A) € C x C, the system

Au(r,x) = —idu(r,x),
Aou(r,x) = —p*u(r,x), (2.2)
ou
u(0,0) =1, —(0,x) =0, VxeR,
or
admits the unique solution given by

9ur (1) = ju (12 +12) exp(—ikx). (2.3)

The modified Bessel function j, has the Mehler integral representation, (we refer to
[13, 21])

jals) = % _11 (1= £2)* " exp(—ist)dt. (2.4)
In particular,
VkeN, VseR, |jP(s)] <1 (2.5)
On the other hand,
sup | ju(rd)| =1 iffA eR. (2.6)
reR
This involves that
sup |@ua(r,x)| =1 iff (uA) €T, (2.7)
(rx)eR?
where I' is the set defined by
I =R*U {(igp,1); (u,A) € R?, |ul < [A}. (2.8)

Proposition 2.1. The eigenfunction @, given by (2.3) has the following Mehler integral
representation:

1
%J] cos ([,trsvl - t2) exp(—il(x+rt)) (1 - tz)“71/2(1 - sz)afldtds,
-1

QD”,,\(T,X) _ 1'f¢x >0,

% J: cos (ryﬂ) exp (—iA(x+rt)) \/%, ifa=0.
(2.9)
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Proof. From the following expansion of the function j,:

o Juls) o (=DF s\

o9 = 2T EE = Ter ) S s (5) e
we deduce that

; (r [ 2+,12) :r((x+1)+§i<ﬂ)2k' (r\) (2.11)

Ja\TVH SkT(ktatD\2) T '

and from the equality (2.4), we obtain

Jel b ) = s [ e (TR expt-ink 1 ) e
(2.12)

Then, the results follow by using again the relation (2.4) for « > 0, and from the fact that

j-1/2(s) = coss, fora=0. (2.13)
U

Definition 2.2. The Riemann-Liouville transform R, associated with the operators A,
and A, is the mapping defined on 6 (R?) by the following. For all (r,x) € R?,

1
%H f(rsx/l—tz,x+rt)
-1
RN =1  x(1=2)TP(1-)deds, ifa>0,  (214)
‘;Llf<r l—t,x+rt)m, ifa=0.

Remark 2.3. (i) From Proposition 2.1 and Definition 2.2, we have

@ur(r,x) = R (cos(p.) exp(—id.)) (r,x). (2.15)

(i) We can easily see, as in [2], that the transform R, is continuous and injective from
€«(R?) (the space of infinitely differentiable functions on R?, even with respect to the
first variable) into itself.
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LEMMA 2.4. For f € €4(R?), f bounded, and g € ¥, (R?),

J JW%a(f)(r,x)g(r,x)rz“”drdx=J rm F(rx) Ra(@)(rx)drdx,  (2.16)
RJO RJO

where 'R, is the dual transform defined by

=] g(JrrG=yry)ay fa=0.

(2.17)

sy (o (VT -

= (x+v) (> —v* =) ududv, ifa>0,
t m =t
Ra(g)(r,x) = T
& 1

To obtain this lemma, we use Fubini’s theorem and an adequate change of variables.
Remark 2.5. By a simple change of variables, we have
1 2n
Ro(f)(r,x) = e f(rsinf,x +rcos0)do. (2.18)
0
3. Fourier transform associated with Riemann-Liouville operator

In this section, we define the Fourier transform associated with the operator fR,, and we
give some results of harmonic analysis that we use in the next sections.
We denote by
(i) dv(r,x) the measure defined on [0,+00o[XR by

1

Dx) = Tt 1)

r?*dr © dx, (3.1)

(ii) L'(dv) the space of measurable functions f on [0,+00[XR satisfying

£l = fR L " F(rx) | dv(r,x) <+, (3.2)

Definition 3.1. (i) The translation operator associated with Riemann-Liouville transform
is defined on L!(dv) by the following. For all (r,x), (s, y) € [0,+%[XR,

T'(a+1) J" . 2
g S L7 Jr2+ 2
T f(s ) Jal(a+1/2) Jo f( ri+s +2rsc036,x+y> sin“* 6d6. (3.3)

(ii) The convolution product associated with the Riemann-Liouville transform of f,
g € L'(dv) is defined by the following. For all (r,x) € [0,+00[ xR,

Fig(r,x) = JR L T oo 5 )8(5 9)dV ), (3.4)

where f(s,y) = f(s,—y).
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We have the following properties.
(i) Since

Vr,s >0, ja(rd)ju(sh) = \/—Foix;ill/ZJ ja(AVr2 + 52+ 2rscos0) sin** 0dO,  (3.5)

(we refer to [21]) we deduce that the eigenfunction ¢, defined by the relation (2.3)
satisfies the product formula

T rPur(5Y) = Qua(r,x)9ua(s, y). (3.6)

(ii) If f € L'(dv), then for all (r,x) € [0,+0[XR, T () f belongs to L!(dv), and we
have

||0j(r,x)f||1,1, < Sl (3.7)

(iii) For f,g € L'(dv), f#g belongs to L!(dv), and the convolution product is commu-
tative and associative.
(iv) For f,g € L'(dv),

I f#glly < S lllglhy. (3.8)

Definition 3.2. The Fourier transform associated with the Riemann-Liouville operator is
defined by

V) ET, FalHwA) = jR L T (%) gu(rx)dv(r), (3.9)

where I' is the set defined by the relation (2.8).

We have the following properties.
(i) Let f be in L'(dv). For all (r,x) € [0,+00[XR, we have

V) €T FalTi0f) (A) = 9ur(rx)Fal(f)(:A). (3.10)
(i) For f,g € L'(dv), we have
V(pA) €T, Su(f#2)(wA) = Tu( ) A)Ta(g) (1) (3.11)
(iii) For f € L'(dv), we have
V() €T, Falf)wA) = Bo Falf)(A), (3.12)

where

V) €R Fa(f)(wh) :j jm F(rx)jalru) exp(—idx)dy(r, x),
R0 (3.13)

V(A €T, Bf(wh) = f(yu? +A%1).
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3.1. Inversion formula and Plancherel theorem for §,. We denote by (see [15])

(i) ¥+ (R?) the space of infinitely differentiable functions on R? rapidly decreasing
together with all their derivatives, even with respect to the first variable;

(ii) ¥« (T) the space of functions f : I' — C infinitely differentiable, even with respect
to the first variable and rapidly decreasing together with all their derivatives, that is, for
all kl,kz,k3 eN,

a kz a k3
sup (14 2+ A0 ' (—) (—) ( ,/1)‘ < oo, (3.14)
M};r( w ) o) (a1 Sy
where
0 .
of 5 (f(r,4), ifu=reR,
a(#,)L) - s (3.15)
——(f(zt A), ifu=it, [t]| <|AlL
Each of these spaces is equipped with its usual topology:
(i) L2(dv) the space of measurable functions on [0, +00[ xR such that
+00 5 1/2
1= ([ | 170 Pdri) < e (3.16)
(ii) dy(u,A) the measure defined on T by
[J £ mdyen
_ ;” J”"f( D2 +22) ud d)L+J Jmf(i DO — ) ud d)t}.
= aneT(a+1) Uz o A\ pap 2 Jo # yw) uaparc;
(3.17)
(iii) LP(dy), p = 1, p = 2, the space of measurable functions on T satisfying
1/p
1y =[] 17 @D Pdyu)) < oo (3.18)

Remark 3.3. Itis clear that a function f belongs to L' (dv) if, and only if, the function B f
belongs to L!(dy), and we have

Jny, Ydy(u,A) JJ f(r,x)dv(r,x). (3.19)

ProposITION 3.4 (inversion formula for §,). Let f € L'(dv) such that Fo(f) belongs to
L(dy), then for almost every (r,x) € [0,+[XR,

£ = || Sl Eg Dy ) (3.20)
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Proof. From [9, 19], one can see that if f € L!(dv) is such that %a(f) € L'(dv), then for
almost every (r,x) € [0,+00[XR,

Flrx) = JR L R (F) @) u () exp(ide)dv(as ). (3.21)

Then, the result follows from the relation (3.12) and Remark 3.3. O

THEOREM 3.5. (i) The Fourier transform o is an isomorphism from & . (R?) onto &, (T).
(ii) (Plancherel formula) for f € &4 (R?),

BNy = 11125 (3.22)
(iii) (Plancherel theorem) the transform o can be extended to an isometric isomorphism
from L*(dv) onto L*(dy).

Proof. This theorem follows from the relation (3.12), Remark 3.3, and the fact that %a is
an isomorphism from & (R?) onto itself, satisfying that for all f € ¥ (R?),

18P0y = 1L 2. (3.23)
O

LEMMA 3.6. For [ € ¥4 (R?),
V() €R?, FalH)A) = Ay o 'Ra(f) (1), (3.24)

where "Ry is the dual transform of the Riemann-Liouville operator, and A, is a constant
multiple of the classical Fourier transform on R? defined by

+00
Ao(f) (M) :J J f(r,x)cos(ru) exp(—idx)dm(r,x), (3.25)
R Jo
where dm(r,x) is the measure defined on [0,+co[XR by

1
dm(r,x) = md? ® dx. (326)

This lemma follows from the relation (2.15) and Lemma 2.4.

Using the relation (3.12) and the fact that the mapping B is continuous from ¥ (R?)
into itself, we deduce that the Fourier transform §, is continuous from & (R?) into itself.
On the other hand, A, is an isomorphism from ¥, (R?) onto itself. Then, Lemma 3.6
implies that the dual transform 9}, maps continuously &, (R?) into itself.

PROPOSITION 3.7. (i) R, is not injective when applied to & (R?).
(ii) "Ra(F«(R?)) = L4 (R?).
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Proof. (i) Let g € ¥« (R?) such that suppg C {(r,x) € R?, |r| < [x]}, g #0.

Since %a is an isomorphism from ¥, (R?) onto itself, there exists f € ¥« (R?) such
that %u(f) = g. From the relation (3.12) and Lemma 3.6, we deduce that ‘R, (f) = 0.

(ii) We obtain the result by the same way as in [1]. O

3.2. Paley-Wiener theorem. We denote by

(i) D4« (R?) the space of infinitely differentiable functions on R?, even with respect to
the first variable, and with compact support;

(ii) H4(C?) the space of entire functions f : C*2 — C, even with respect to the first
variable rapidly decreasing of exponential type, that is, there exists a positive constant M,
such that forall k € N,

sup (1+ |2+ A1) | F(wd) | exp (= M(ITmpl + | TmA])) < +o0; (3.27)
(pA)eC?

(iii) H4,0(C?) the subspace of H4(C?), consisting of functions f : C* — C, such that
forallk € N,

sup (1—y2+2/12)k|f(iy,/\)| < +o00; (3.28)
(pA)ER?
<Al

(iv) €/, (R?) the space of distributions on R?, even with respect to the first variable,
and with compact support;

(v) #4(C?) the space of entire functions f : C?2 — C, even with respect to the first
variable, slowly increasing of exponential type, that is, there exist a positive constant M
and an integer k, such that

sup (1+|ul*+ I)le)fk | f(uA) | exp (= M(|Imu| + | ImA])) < +o0; (3.29)
(uM)eC?

(vi) 4,0(C?) the subspace of #(C?), consisting of functions f : C* — C, such that
there exists an integer k, satisfying

sup (1—p2+242) 7| fim)) | < +oo. (3.30)
(w1 ER?
[l <IA

Each of these spaces is equipped with its usual topology.

Definition 3.8. The Fourier transform associated with the Riemann-Liouville operator is
defined on €, (R?) by

V(‘Lt,/l) € ((:2) 3tx(T)(.u:/1) = <T)(Py,)t>' (331)
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PrOPOSITION 3.9. For every T € €/, (R2),
V(ud) € C, Ful(T)(d) = BoFa(T) (1)), (3.32)
where
V() € C, FulT)(A) = (T, ju(p.) exp(—id.)), (3.33)

and B is the transform defined by the relation (3.12).

Using [7, Lemma 2] (see also [15]) and the fact that %a is an isomorphism from
D4 (R?) (resp., €. (R?)) onto H,(C?) (resp., #«(C?)), we deduce the following theorem.

THEOREM 3.10 (of Paley-Wiener). The Fourier transform § is an isomorphism
(i) from D4 (R?) onto Hyo(C?);
(i) from €. (R?) onto Ho(C?).

From Lemma 3.6, Theorem 3.10, and the fact that A, is an isomorphism from %, (R?)
onto H (C?), we have the following corollary.

CoroLLARY 3.11. (i) "R, maps injectively D, (R?) into itself.
(ii) "Ra(D« (R?)) # Dy (R?).

4, Inversion formulas for 9}, and ‘R, and Plancherel theorem for '},

In this section, we will define some subspaces of ¥, (R?) on which R, and 'R, are
isomorphisms, and we give their inverse transforms in terms of integro-differential oper-
ators. Next, we establish Plancherel theorem for *R,.

We denote by

(i) N the subspace of ¥ (R?), consisting of functions f satisfying

b k
vken, vieR, (o) f(0.0-0 (4.1)
where
3 19
" ror (42)

(ii) F+,0(R?) the subspace of ¥ (R?), consisting of functions f, such that
+0o0
VkEN, VxeR, J Flrxrkdr = 0; (4.3)
0

(iii) ¥9 (R?) the subspace of ¥ (R?), consisting of functions f, such that

supp3a(f) C {(wA) € R ul = (A} (4.4)
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LemmMa 4.1. (i) The mapping Ay is an isomorphism from &, o(R?) onto N.
(ii) The subspace N can be written as

a 2k
N= {f € F4(RY); Vk €N, Vx € R; (5) F(0,x) = 0}. (4.5)

Proof. Let f € Py o(R?).
(i) For » > —1, we have

) k
(a?) (o (rw)) = %( =) frrlra), (4.6)

thus, from the expression of A4, given in Lemma 3.6, and the fact that j_;/(s) = coss, we
obtain

(a)k(A (O = 31 Jmf(r )k exp(—ikx)dm(r,x)
quz) P IVON =5y TV ) )y TinEree wr
(4.7)
which gives the result.
(ii) The proof of (ii) is immediate. O
TaEOREM 4.2. (i) For all real numbers y, the mappings
@) f= P+ f
(i) f = IrP’f
are isomorphisms from N onto itself.
(ii) For f € N, the function g defined by
) F(VP=22x) iflrl = Ixl, 48
r,x) = .
& 0 otherwise,
belongs to &, (R?).
Proof. (i) Let f € N, by Leibnitz formula, we have
AR AR
(5) (55) 102 +2)Flenn)
ki ko j ‘ , . aklﬁ‘kz*i*j (49)
:%;CkICkZPj(r)Pi(x)(r +Xx ) Wf(r,x),

where P; and P; are real polynomials.
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Let n € N such that y — k; — k; + n > 0. By Taylor formula and the fact that f € N, we
have

(%)hQfmwﬁ=@J?DLEU—ﬂM1(%)hﬁhgﬂﬁwwt

(4.10)

rzn oo . b ky—j+2n
:‘WL (1- 1) 1(5) (F)(rt,x)dt,

(4.11)
The relations (4.9) and (4.11) imply that the function
(%) — (2 +x)" f(r,x) (4.12)
belongs to N and that the mapping
fr= P+ f (4.13)
is continuous from N onto itself. The inverse mapping is given by
f—(rF+x) 7S (4.14)
By the same way, we show that the mapping
f—1rl¥f (4.15)
is an isomorphism from N onto itself.
(ii) Let f € N, and
o[ e
we have
(2)(2) @ - jkzlopj(r) (p:zz_on,q(x) (2)' ()" pee- x%x)) ,
(4.17)

where P; and Q,,, are real polynomials. This equality, together with the fact that f be-
longs to N, implies that g belongs to & (R?). O
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THEOREM 4.3. The Fourier transform §, associated with Riemann-Liouville transform is
an isomorphism from 9 (R?) onto N.

Proof. Let f € ¥9(R?). From the relation (3.12), we get

(a‘zz)ksa( £(0,1) = (aiz)k(B o 3ol £))(0,1)
- B((a%)k% f))(o,m (4.18)
- (aiyz)k&( AL =0,

because supp%a(f) c{ (uA) € R%, |ul > |Al}, this shows that F, maps injectively
FY (R?) into N. On the other hand, let & € N and

h(Vr2—x2,x) ifr
glr,x) = )

From Theorem 4.2(ii), g belongs to ¥.(R?), so there exists f € ¥,(R?) satisfying
3«(f) = g Consequently, f € $2(R?) and Fo(f) = h. O

From Lemmas 3.6, 4.1, and Theorem 4.3, we deduce the following result.

(4.19)

COROLLARY 4.4. The dual transform 'R, is an isomorphism from 9 (R?) onto F o(R?).

4.1. Inversion formula for 0}, and 'R,

THuEOREM 4.5. (i) The operator K} defined by

K (f)(r,x) = A (m(#z +A2)Q|H|Aa(f)> (r,x) (4.20)
is an isomorphism from &, o(R?) onto itself.
(ii) The operator K2 defined by
K@) =5 (Smrpagayy 8 1) WE@) (ne) @2)

is an isomorphism from 9 (R?) onto itself.
This theorem follows from Lemma 4.1, Theorems 4.2 and 4.3.

THEOREM 4.6. (i) For f € ¥4 0(R?) and g € F%(R?), there exists the inversion formula for
Ra:

g =K.} "Ru(g), f =K} "RRa(f). (4.22)
(ii) For f € F40(R?) and g € F(R?), there exists the inversion formula for 'Ry:

f="RKRa(f), g = KR Ralg): (4.23)
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Proof. (i) Let g € % (R?). From the relation (2.15), Proposition 3.4, Lemma 3.6, and
Theorem 4.3, we have

gt = | T (1 +22) i 0 Ra(@) (0 )R cOs() exp(ik.)) () dm(p, )
(] | T (12 +22) A o 'Ra(g) (1r1) cos(in) exp(id.)dmiu, 1)) (1)

= o4, (mw )%l Ag 0 Pal@)) ) ()

=R.K! "Ru(g)(r,x).
(4.24)

This relation, together with Corollary 4.4 and Theorem 4.5(i), implies that R, is an iso-
morphism from ¥ o(R?) onto $9(R?), and that K}!R, is its inverse; in particular for
f € Py o(R?), we have

Ki'RaRa(f) = f- (4.25)
(ii) Let f € 4 0(R?). From (i), we have
Ky RaRa(f) = f. (4.26)
Let us put ¢ = R4(f), then g € F(R?), and we have
N, '(g) = Ky'Ralg), (4.27)

and from Lemma 3.6, it follows that

(@) = 0 Sz (1) WISe(@) ), .
RN ) = 2 ey (1) WIS@)) = K@) o

which gives
f = "RaK2R( ). 429

4.2. The expressions of the operators K! and K2. In the previous subsection, we have
defined the operators K} and K2 in terms of Fourier transforms A, and §,. Here, we
will give nice expressions of these operators using fractional powers of partial differential
operators. For this, we need the following inevitable notations.

(1) €« (R) is the space of even infinitely differentiable functions on R.

(ii) L% (R) is the subspace of €« (R), consisting of functions rapidly decreasing to-
gether with all their derivatives.

(iii) ¥, (R) is the space of even tempered distributions on R.
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(iv) ¥ (R?) is the space of tempered distributions on R?, even with respect to the first
variable.

Each of these spaces is equipped with its usual topology.

(i) Fora € R, a > —1/2, dw,(r) is the measure defined on [0,+[ by

1

= 2a+]
= 2“I“(a+1)r dr. (4.30)

dw,(r)

(ii) £, is the Bessel operator defined on ]0,+oo[ by

d> 2a+1d 1
=— — >, .
L, T g 425 (4.31)

(iii) For an even measurable function f on R, T}"“ is the element of ¥, (R), defined by

( T}‘)“,(p) = L oof(r)(p(r)dwa(r), ¢ € F«(R). (4.32)

(iv) For a measurable function g on R2, even with respect to the first variable, Tg (resp.,
Ty") is the element of &, (R?), defined by

(Tg,9) = LR ng(r,x)go(r,x)dw,x),
(4.33)

(respo (1790 = [ [ stroiptr,0dm(r0), g€ . (®2),

where dv and dm are the measures defined by the relations (3.1) and (3.26).

Definition 4.7. (i) The translation operator 77, r € R, associated with Bessel operator ¢,
is defined on ¥ (R) by the following. For all s € R,

MJ” ST 3rec050) sin L1
JAT(a+1/2) 0f< r2+s +2rsc050>sm 0do ifa> >

0 f(s) = (4.34)
flr+s)+ f(lr—sl)
2

(ii) The convolution product of f € ¥4 (R) and T € ¥, (R) is defined by

1
ifa=—-.
1ra 2

VreR, T, f(r)=(T,72f). (4.35)
(iii) The Fourier Bessel transform is defined on &, (R) by
+00
VueR F()@ = [ f0)trmdan, (4.36)
and on ¥, (R) by

VoeF«(R), (FiuT),¢)=(T,Fi(¢)). (4.37)
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We have the following properties (we refer to [19]).
(i) F, is an isomorphism from &4 (R) (resp., % (R)) onto itself, and we have

F;!' =F. (4.38)
(ii) For f € ¥4(R), and r € R, 77 f belongs to ¥« (R), and we have
Fo(7 f) (W) = jalru)Fa(f)(p). (4.39)

(iii) For f € ¥4(R) and T € ¥, (R), the function T *, f belongs to € (R), and is
slowly increasing, moreover

Fo(Tfs, ;) = Fal f)Fa(T). (4.40)

In the following, we will define the fractional powers of Bessel operator and the Lapla-
cian operator defined on R? by

0?7
A= —+—-— 4.41
or?  ox? (441)
that we use to give simple expressions of K} and K2.
In [16], the author has proved that the mappings
z— Tk z— T(cgg+“+1r(z/2+a+1)/l"(—z/2))|r|*2*2“*2’ (4.42)

defined initially for —2(a+ 1) < Re(z) < 0, can be extended to a valued functions on
I (R), analytic on C\{—2(k +a),k € N*}, and we have

Wy Wy
T, =Fa <T(22+a+1r(z/2+a+1)/r(—z/2))|r|+2H>~ (4.43)

Definition 4.8. For z € C\{—(k +a), k € N*}, the fractional power of Bessel operator ¢,
is defined on ¥ (R) by

( - ea)zf(r) = (T(a;az“mr(z+a+1)/r(_z))‘S‘—Zz—zlzfz> *q f(r) (444)

From the relations (4.40) and (4.43), we deduce that for f € ¥4 (R) andz € C\ {—(k+
a), k € N*}, we have

Fo(T¢ ) = Fa( )Tt (4.45)

On the other hand, from [8, 10], we deduce that the mappings

m

m
z— Tgopey T\/Z/_n(Zzz*“”F(z+1)I‘(oc+1)/F(—z))(r2+x2)*Z*1’ (4.46)

defined initially for —1 < Re(z) < 0, can be extended to a valued functions in ¥/ (R?),
analytic on C\{—k, k € N*}, and we have

T(n:zﬂcz)z = A“(Tf/nz/in(Zzz“f"‘*lF(z+1)F(tx+1)/I‘(—z))(r2+x2)*1*1 )’ (4'47)



18 Inversion formulas for Riemann-Liouville transform
where A, is defined on ¥, (R?) by
(A(T),0) = (T, Aa(9)), ¢ € Fi(R?), (4.48)

and Ay(¢) is given in Lemma 3.6.

Definition 4.9. For z € C\{—k, k € N*}, the fractional power of the Laplacian operator
A is defined on ¥, (R?) by

(*A)Zf(r,X) = (T(nf/ﬂ)(ZZz+lF(Z+1)/r(_z))(52+y2)—z—l*f) (r,X), (449)

where
(i) * is the usual convolution product defined by

T f(r,x) = (Tyouxf)s TEFL(RY), fePy(R); (4.50)
(ii)
O f(s)) = %[f(rﬂ,y—x)+f(r—s,y—x)], fed(RY). (4.51)

It is well known that for f € ¥4 (R?) and T € ¥, (R?), the function T * f belongs to
€+ (R?) and is slowly increasing, and we have

Aa(TTy f) = Na(f)Aa(T), (4.52)

thus from the relations (4.47) and (4.52), we deduce that for f € ¥,(R?) and z € C\
{_k) k € N*}>

As (T\%zar(qul)(fA)Zf) - A“(f)T(n:“rxz)Z' (4.53)

THEOREM 4.10. The operator K, defined in Theorem 4.5 can be written as

aZ 1/2
K= i (~a) A (454
where
2\ 1/2
< N %) Frx) = (= 2) *(FC0) (). (4.55)

Proof. Let f € $4(R?). Using Fubini’s theorem, we get for every ¢ € ¥+ (R?) the fol-
lowing:

(AT ) 0)

1 e .
T 222 (q+ 1) Ju« Jo (T P12 (9(57)) ) X exp(—ixy)dxdy
(4.56)
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and by the relation (4.45), we obtain

(Ma(T 202001 )9)

22a+2[‘2(“+1)J J Foip(f(o5x) )Tf‘iﬁ“,go(-,y» x exp(—ixy)dxdy,

(4.57)
which involves that
<A <T( 2/or?) VZf J J ()T p)e(r, y)dm(r, y), (4.58)
this shows that
(7 garoyng) = Thiaucs- (4.59)
Now, from Lemma 4.1, we deduce that the function
(wA) — [l Aa(f) (1) (4.60)

belongs to the subspace N. Then, from the relation (4.59), it follows that the function
(—0%/0r?)2f belongs to the subspace ¥ o(R?), and we have

V() € R, Aa((—iiz>uff>ugl)=|yLAanA) (4.61)

By the same way, and using the relation (4.53), we deduce that for every f € &4 o(R?), the
function (—A)% f belongs to the subspace ¥ (R?), and we have that for all (4,1) € R?,

A (V22T (a+ 1) (—=A)*F) (usA) = (1® +A2) Ao f) (). (4.62)
Hence, the theorem follows from the relations (4.61) and (4.62). O

Definition 4.11. Leta,be R, b>a> —1/2.
(i) The Sonine transform is the mapping defined on €. (R) by the following. For all
reR,

1
S (f)( ) %‘L (1—t2)b—a—1f(rt)t2a+1dt ifb>a,
b,a r)=

f(r) ifb=a.

(4.63)

(ii) The dual transform Sy, is the mapping defined on ¥4 (R) by the following. For
allr e R,

2T(b+1) T a\bea-l .
Sy (1) = (b atarn ), o) o it

f(r) ifb=a.

(4.64)
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Then, we have the following.
(i) The Sonine transform is an isomorphism from €. (R) onto itself.
(ii) The dual Sonine transform is an isomorphism from & . (R) onto itself.

(iii) For f € €4(R), f bounded, and g € ¥« (R), we have

JO . Sp.a(f)(r)g(r)r?t*dr = J oof(r)’sb,a(g)(r)rZaHd,_
(iv) jb = Sb,a(ja)-
(v)

T(a+1)

Fo= ot 1

F,0'Sp,.

For more details, we refer to [18, 20, 21].
We denote the following.
(i) For T € ¥, (R?), ¢ € F+(R?),

{Sao(T),0) = (T, y),

with y(r,x) = 'Sao(e(-,x))(r).
(ii) For all (r,x) € R?,

T#Qo(r»x) = <T) g(r,—x)¢>>

where T, ) is the translation operator given by Definition 3.1.
(iii) 34 is the mapping defined on ¥ (R?) by

V§0€E70*(R2)) (%a(T):(P) = (T)§tx(¢)>'

(iv) Ly is the operator defined on & (R?) by

2a

Locf(r’x) = (_goc) (f(-,x))(r),

where (—#£,)? is the fractional power of Bessel given by Definition 4.8.
THEOREM 4.12. The operator K2, defined in Theorem 4.5, is given by

T

msa,o(ﬂ#( - Az)La(f)(r,—x), feFL(R?Y),

K3 (f)(r,x) =

where
(1) T is the distribution defined by

(T,p) = JR ¢(y,y)dy;

(ii) A, is the operator defined in Section 2.

(4.65)

(4.66)

(4.67)

(4.68)

(4.69)

(4.70)

(4.71)

(4.72)
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Proof. By the definition of K2, and the relation (3.12), we have that for f € ¥9(R?),
K3 (f)(r,x)

zgwp(m)JJ (12 4+ 22) % Fa () (2 +22,1) ja(rfp2 + %) exp(idx)dud].

(4.73)
By a change of variables, and using Fubini’s theorem, we get
+ 00
2 12 exp(ilx) .
K2(f)(r,x) = zmﬂp(m 5 J J (7 = 2)3a o) TEE (o,
(4.74)

On the other hand, for f € ¥9(R?), the function L, f belongs to €. (R?), and is slowly
increasing. Moreover, we have

Su(17 ) = Tz (4.75)

But, for f € $%(R?), the function %a( f) belongs to the subspace N; according to
Theorem 4.2, we deduce that the function L, f belongs to ¥ (R?), and we have

V() € R:, FalLaf) (@A) = [l *Falf) (M) (4.76)

This involves that

K2(f)(rx) = mj J V= 22)3a(Laf) 5:1) f;(&lﬁja rvvdyd)
oo A
23a+1\{‘731(7a+1) J Fe((= M) Lof) (M) e)L(l x)ja(rv)vdvd)t.
(4.77)
Since for every f € ¥ (R?), we have that
Y (1,5), (1)) € R, Fa(T (10 ) (1,A) = julrv) exp(id) Fal ) (15), (4.78)
we get
oo dvd)
KRN0 = s [ [ Bal T (- )L 0P @79)

Using the expression of %a, we obtain

KRN0 = smars b L G106

X ju(sv) exp(—idy)s***'ds dy] \/%vdv.
(4.80)
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From the fact that

v

exp(—idy) . .
o AT

and using Fubini’s theorem, we deduce that

(4.81)

KZ(f)(r,x)
24tx+21"4 a+1) JR{H (T (= B2)La f) (5, 9) juls7) X jo(vy)s Z“Hdsvdv}d
23¢x+2r3 a+1) JR{J (T (= A2)Laf) (5 ) (9) ]o(V}’)VdV}dy,

and from the relation (4.66), we have

Kz (f)(r,x)
- gy o Ly P S0 (=8 Lef) )
_240¢+2I‘4(‘x+1) g Lo 0 ,0 (r,x) o

and the relation (4.38) implies that

K200 = Sty ). Soo(FT (= 8 Laf) () O

4.3. Plancherel theorem for R,

ProPOSITION 4.13. The operator K defined by

1/4
82 ) (_A)a/Zf

K3f)_”( ar?

is an isomorphism from &, o(R?) onto itself, where

2 1/4
(‘%ﬁ Frx) = (=€) " (f(20) (7).

(4.82)

) X ]O(vy)vdv}dy,

(4.83)

(4.84)

(4.85)

(4.86)

Proof. Let f € $40(R?). From the relations (4.45) and (4.53), we deduce that for all (4,1)

€ R?,

lul (4 +1%)

a2 az 1/4
A ) = (fﬁWaﬂ( ) em“ﬁwm,

(4.87)
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which implies that for all (4,1) € R?,

MK D) =[5 gl 2+ D). (@89)

Then, the result follows from Lemma 4.1 and Theorem 4.2. O

PROPOSITION 4.14. For g € ¥9(R?), there exists the Plancherel formula

" g(rx) |2dv(r,x) |K2('Ra(g)) (1,x) | *dm(r, x). (4.89)
JIRJO JJ

Proof. Letg € 9% (R?), from Theorem 3.5 (Plancherel formula), we have

+o00
|, Tstrn vt = || 13at@)0) Paytanb). (490)
From the relation (3.12), Lemma 3.6, and the fact that
supp3a(g) € {(wA) € R¥/|ul = 1AL}, (4.91)

we get

JR Lw |g(r,x)|2dv(r,x)=JR Lw| VG2 2N, 0 'Re(g) (o) | dm(u ).
(4.92)

We complete the proof by using the formula (4.88), and the fact that for every f €
y>I<(|R2)a

+00 ) - 4o ,
IR IO |Aa(f)(.”)l)| dﬂ’I(#)A) = m J[R JO |f([u,/1) | dm([,l,l) (4.93)
(]

We denote by
(i) L3(dv) the subspace of L?(dv) consisting of functions g such that

suppJa(g) C {(wA) € R¥/lul > 1A} (4.94)

(ii) L*(dm) the space of square integrable functions on [0,+o[ xR with respect to the
measure dm(r,x).

THEOREM 4.15. The operator K o 'R, can be extended to an isometric isomorphism from
L3(dv) onto L*(dm).
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Proof. The theorem follows from Propositions 4.13, 4.14, and the density of ¥, (R?)
(resp., % (R?)) in L2(dm) (resp., L3 (dv)). O

5. Transmutation operators

ProrosiTioN 5.1. The Riemann-Liouville transform and its dual satisfy the following per-

mutation properties.
(i) Forall f € $4(R?),

2
Peldof) = 3 Bulf), PRaldif) = A B, G.1)
(ii) For all f € €, (R?),
2
A= (21), A =R, 5.2

Proof. (i) We know that the operators Ay, A,, 9*/dr?, and 'R, are continuous mappings
from ¥, (R?) into itself. Then, by applying the usual Fourier transform A,, we have

2
Ael T8 ) (1) = 2o Rl D) = A3 Pl 1)) (1),
(5.3)

Atx(Altmtxf) (‘M,A) = IAAa(tma(f))(#’A) = Au(tma(Alf))([’l)A)-

Consequently, (i) follows from the fact that A, is an isomorphism from ¥, (R?) onto
itself.

(i) We obtain the result from (i), Lemma 2.4, and the fact that for f € €.(R?), and
g S gb* (IRZ))

J J " o f(r,x)g(r,x)dv(r, %) =J J " () Mg (r,x)dv(r, ). (5.4)
R JO R JO |:|

TuEOREM 5.2. (i) The Riemann-Liouville transform R, is a transmutation operator of

2

ﬁ,Al into Ay, A} (5.5)

from

Fe0(R?)  onto F9 (R?). (5.6)
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(ii) The dual transform "R, is a transmutation operator of

.0
Ay, A into 52 A (5.7)
from
FU(R?)  onto Py (R?). (5.8)

This theorem follows from Proposition 5.1 and the fact that 2R, is an isomorphism
from ¥ o(R?) onto $9(R?) and R, is an isomorphism from F9(R?) onto ¥ o(R?).
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