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1. Introduction

Let X be a real Banach space; B a nonempty, convex subset of X; and T : B — B an operator.
Let xo € B. The following iteration is known as Krasnoselskij iteration (see [1]):

Xpi1 = (1= N)x, + ATx,,. (1.1)

The map J : X — 2X given by Jx := {f € X*: (x, f) = ||x||*, [If]| = ||x]|}, for all x € X, is
called the normalized duality mapping. It is easy to see that we have

(v,j(x)) < llxllllyll,  Yx,y € X, Yj(x) € J(x). (1.2)
Denote
Y= {¢ | ¢:[0,+0) — [0, +o0) is astrictly increasing map with ¢(0) = 0}. (1.3)

Definition 1.1. Let X be a real Banach space, and let B be a nonempty subset of X. Amap T :
B — Bis called uniformly pseudocontractive if there exists amap ¢ € ¥ and j(x-y) € J(x—-y)
such that

(Tx-Ty,j(x-y) <llx-yI>-¢(lx-yl), VxyeB. (1.4)
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A map S : X — X is called uniformly accretive if there exists a map ¢ € ¥ and j(x - y) €
J(x —y) such that

(Sx=Sy,jlx-y) 2 ¢(lx-yll), VxyeX (1.5)

Taking ¢s(a) := ¢(a) - a, for all a € [0,+c0), (¢ € ¥), reduces to the usual definitions of
¢-strongly pseudocontractive and ¢-strongly accretive. Taking ¢ (a) := y - a?, y € (0, 1), for all
a € [0,+c0), (p € ¥), we get the usual definitions of strongly pseudocontractive and strongly
accretive. Therefore, the class of strongly pseudocontractive maps is included stricly in the
class of ¢-strongly pseudocontractive maps. The example from [2] shows that this inclusion is
proper. Remark, further, that the class of g-strongly pseudocontractive maps is also included
strictly in the class of uniformly pseudocontractive maps (see also [3]).

We will give a characterization for the convergence of (1.1) when applied to uniformly
pseudocontractive operators. For this purpose, we need the following lemma similar to [4,
Lemma 1]. Next, N denotes the set of all natural numbers.

Lemma 1.2. Let {a,} be a positive bounded sequence and assume that there exists ng € N such that

@) ) s (1.6)

a1 £ (1=N)a, +rag — A
An+1

where A € (0,1), €, 20, for all n € N and lim,,_..€,, = 0. Then lim,,_,,a, = 0.

Proof. There exists an M > 0 such that a, < M, for all n € N. Denote a := liminf a,. We will
prove that a = 0. Suppose on the contrary that a > 0. Then there exists an N; € N such that

an > ’ Vn > Nl- (17)

N

From lim,,_..€, = 0, we know that there exists an N, € N such that

p(a/2)

<
S TOM

Vn > Np. (1.8)

Set Ny := max{Ny, N,}. Using the fact that —(1/M) > —(1/an+1),we get the following:

An+1 < (1 - )‘)an +Aap - A@ + A,

n+1
~ L p(a/2)  y(a/2) 1.9
<(1=Nay+Aapa - A A Vo (1.9)
w(a/2)

< (1 - —
<(A-Na,+ a1 —A M

which implies that (1 - A)a,+ < (1 -MA)a, — A((¢(a/2))/2M), or

\ g@/2) - gla/2)
1-A 2M 2M

ape < ay — (1.10)
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since —(A/(1 — 1)) < —A. Thus AM¢(a/2))/2M < a, — a+1, which implies that 3,1 < oo, in
contradiction to 3, A = co. Therefore, liminf a, = 0. Hence there exists a subsequence {a,,} C
{an} such that lim;_a,; = 0. Fix € > 0. Then there exists an 73 € N such that

ay, < Z, Yj > ns. (1.11)
Also there exists an 14 € N such that
(e/4)
£n < (PZM . Vnzm (1.12)

Define n := max{ns, ns, No}. We claim that a,.x < £/4 for each j > ny and each k > 0. Suppose
not. Then there exists an ny and a k > 0 such that

. (1.13)

W~ M

anj+k >

For this nj, let k denote the smallest positive integer for which (1.13) is true. Then a,, k-1 < £/4.

From (1.6),
Q.
Anjk < (1- )‘)anﬁk—l + )lan]-+k - AM + )Lgn1~+k—1
an,-+k
Ap(e/4)  w(e/4)
<(1- )L)anj+k_1 + .)Lanj+k - anor + A M (1.14)
p(e/4)

< (1 - A)ai’l/"i'k—l + )lanj+k -A M ’

which implies that a,,.x < (¢/4) — (A/(1 - 1))(¢(e/4)/2M). This leads to the contradiction:

€ € A w(e/4) €

- < < - - —— —

1SS I T o <1 (1.15)
Therefore, Anj+k < € /4, for all k € N, and each j > ny, hence lim,,_,,a, = 0. O

2. Main result

Theorem 2.1. Let X be a real Banach space, B a nonempty, closed, convex, bounded subset of X. Let T :
B — B be a uniformly pseudocontractive and uniformly continuous operator with F(T) # @. Then for
X0 € B, the Krasnoselskij iteration (1.1) converges to the fixed point of T if and only if limy, || xXps1 —
Xn|| = 0.

Proof. Since T is a self-map of B, which is bounded and convex, then, from (1.1), each x,, € B,
so {x,} is bounded for each n € N. Uniqueness of the fixed point follows from (1.4). If {x,}
converges to the fixed point of T, that is, lim,_,.,x, = x¥, then, obviously, lim,_,s||x/4+1 —x,|| = 0.
Conversely, we will prove that if lim, . ||Xy+1 — X4l = 0, then lim,_,,,x, = x*. Suppose that
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x, = x* for some n € N. Then from (1.1), it follows that x,, = x* for each m > n, and the
theorem is proved. Now suppose that x, # x* for each n € N. Using (1.1) and (1.2),

[ES= —x*”2
= (xna1 = X%, j (X1 — x*))
= (1 =) (xn —x*) + M(Tx — Tx*), j(2pe1 — x*))
= (1= 1) ((xn = x%), ] (2ne1 = x*)) + M(Txxp, = Tx*, j (a1 — x*))
< (1= V))|xn = x| ||xne = x| + MTxna = Tx*, j (i1 = x*) ) + MToxn = Txpia, j (001 — x¥))
< (L= ) loen = x| floemer = 2|+ | e = [P~ 2 ([l2cmer = 27 [|) + M| T = Tt [ |01 =7 |

(el - x*ll)

< ||xn+1 - x*” <(1 - )L)”xn - x*" + M|xper — ¥ = + M Tx, — Txn+1||>‘

%1 — x*||
(2.1)
Hence
Xyl — X*
| = x| < (X = 0)]|oen = x*|| + |20 = x*|| - )LM +A||Txn = T || (22)
s
Since limy,_o ||Xn+1 — X5 || = 0 and T is uniformly continuous, it follows that
lim || T2, — Txpan || = 0. (2.3)
n—oo
Set a, = ||x, — x*||, €n = ||Tx;, — Txy11]| and use Lemma 1.2 to obtain the conlcusion. O

Remark 2.2. (1) If B is not bounded, then Theorem 2.1 holds under the assumption that {x,} is
bounded.

(2) If T(B) is bounded, then {x,} is bounded.

(3) If T is strongly pseudocontractive, then automatically F(T') # @.

3. Further results

Let I denote the identity map. A map T : B — B is called pseudocontractive if there exists
j(x - y) € J(x - y) such that (Tx - Ty, j(x - y)) < [lx -y~

Remark 3.1. The operator T is a (uniformly, strongly) pseudocontractive map if and only if
(I -T) is a (uniformly, strongly) accretive map.

Remark 3.2. (1) Let T,S : X — X, and let f € X be given. A fixed point for the map Tx =
f+ (I ~-S)x, forall x € X, is a solution for Sx = f.

(2) Let f € X be a given point. If S is an accretive map, then T = f — S is a strongly
pseudocontractive map.
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Consider Krasnoselskij iteration with Tx = f + (I - S)x,
X1 = (1= A)xn + A(f + (I = S)xy). (3.1)

Remarks 3.1 and 3.2 and Theorem 2.1 lead to the following result.

Corollary 3.3. Let X be a real Banach space and let S : X — X be a uniformly accretive and uniformly
continuous operator, with (I — S)(X) bounded. Suppose that Sx = f has a solution. Then for any x, €
X, the Krasnoselskij iteration (3.1) converges to the solution of Sx = f if and only if im,_.e||Xy+1 —
Xn|| = 0.

Let S be an accretive operator. The operator Tx = f—Sx is strongly pseudocontractive for
a given f € X. A solution for Tx = x becomes a solution for x + Sx = f. Consider Krasnoselskij
iteration with Tx := f - Sx,

X1 = (1= V)xn + A(f = Sxy). (3.2)

Again, using Remarks 3.1 and 3.2 and Theorem 2.1, we obtain the following result.

Corollary 3.4. Let X be a real Banach space and let S : X — X be an accretive and uniformly contin-
uous operator, with (I — S)(X) bounded. Suppose that x + Sx = f has a solution. Then for xo € X, the
Krasnoselskij iteration (3.2) converges to the solution of x+Sx = f ifand only if lim,,_.o || Xn+1—%x|| = 0.

Remark 3.5. 1f (1.4) holds for all x € B and y := x* € F(T), then such a map is called uniformly
hemicontractive. It is trivial to see that our results hold for the uniformly hemicontractive maps.
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