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Let G = (V,E) be a simple graph. A set S C V is a dominating set of G, if every vertex in V\S is
adjacent to at least one vertex in S. Let P}, be the family of all dominating sets of a path P, with

cardinality i, and let d(P,, j) = |ﬁﬂ|. In this paper, we construct £, and obtain a recursive formula
for d(P,, ). Using this recursive formula, we consider the polynomial D(P,, x) = > (/31 d(Py,,i)x',
which we call domination polynomial of paths and obtain some properties of this polynomial.
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1. Introduction

Let G = (V,E) be a simple graph of order |V| = n. For any vertex v € V, the open
neighborhood of v is the set N(v) = {u € V | uv € E} and the closed neighborhood of v is
the set N[v] = N(v) U {v}. For a set S C V, the open neighborhood of S is N(S) = Uyes N (v)
and the closed neighborhood of S is N[S] = N(S)US. A set S C V is a dominating set
of G, if N[S] = V, or equivalently, every vertex in V\S is adjacent to at least one vertex
in S. The domination number y(G) is the minimum cardinality of a dominating set in G. A
dominating set with cardinality y(G) is called a y-set, and the family of y-sets is denoted by
I'(G). For a detailed treatment of this parameter, the reader is referred to [1]. It is well known
and generally accepted that the problem of determining the dominating sets of an arbitrary
graph is a difficult one (see [2]). A path is a connected graph in which two vertices have
degree 1 and the remaining vertices have degree 2. Let P, be the path with n vertices. Let
Pi, be the family of dominating sets of a path P, with cardinality i and let d(Py,,i) = |D.|.
We call the polynomial D(P,, x) = 3L, /3d(Pn, i)x', the domination polynomial of the path
P,. For a detailed treatment of the domination polynomial of a graph, the reader is referred
to [3].
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In the next section we construct the families of the dominating sets of paths by
a recursive method. In Section 3, we use the results obtained in Section 2 to study the
domination polynomial of paths.

As usual we use [x], for the smallest integer greater than or equal to x. In this article
we denote the set {1,2,...,n} simply by [n].

2. Dominating sets of paths

Let Di be the family of dominating sets of P, with cardinality i. We will investigate
dominating sets of path. We need the following lemmas to prove our main results in this
article.

Lemma 2.1 (see [4, page 371]). y(P,) = [n/3].
By Lemma 2.1 and the definition of domination number, one has the following lemma.
Lemma 2.2. 0; = &, if and only if i > jori < [j/3].

A simple path is a path in which all its internal vertices have degree two. The following
lemma follows from observation.

Lemma 2.3. If a graph G contains a simple path of length 3k — 1, then every dominating set of G
must contain at least k vertices of the path.

To find a dominating set of P, with cardinality i, we do not need to consider
dominating sets of P,_4 with cardinality i — 1. We show this in Lemma 2.4. Therefore, we only
need to consider /9;‘_11, /3;112, and /3;113. The families of these dominating sets can be empty
or otherwise. Thus, we have eight combinations of whether these three families are empty
or not. Two of these combinations are not possible (see Lemma 2.5(i) and (ii)). Also, the
combination that /3;111 = ;‘_12 = ;’_13 = @ does not need to be considered because it implies
P, = & (see Lemma 2.5(iii)). Thus we only need to consider five combinations or cases. We
consider these cases in Theorem 2.7.

Lemma 2.4. If Y € P}, and there exists x € [n] such that Y U {x} € D%, then Y € ',
Proof. Suppose that Y ¢ pi"L. Since Y € P Y contains at least one vertex labeled n — 5 or
n-4.Ifn-4e€Y,thenY € /.7;;1 , a contradiction. Hence, n — 5 € Y, but then in this case,

Y U {x} ¢ pi, for any x € [n], also a contradiction. O

Lemma 2.5. (i) Ifﬁil__l1 = ;__13 = &, then DL_—lz =9
(ii) If DL # @ and P # @, then P, # 01
(i) If 0,7 = 05 = P75 = @, then D, = 2.

Proof. (i) Since PiY = Pt = @, by Lemma2.2,i-1>n-1ori-1 < [(n-23)/3]. In either
case we have P} = &.

(ii) Suppose that /_');‘_12 = @,soby Lemma 22, wehavei-1>n-2ori-1< [(n-2)/3].
Ifi-1>n-2,theni—1 > n-3,and hence, /.7;‘_13 = @, a contradiction. Hence i—1 < [(n—2)/3].
Soi—-1<[(n-1)/3], and hence, ﬁf;ll = &, also a contradiction.

(iii) Suppose that D}, #@. Let Y € D;. Then at least one vertex labeled n or n — 1 is in
Y. If n € Y, then by Lemma 2.3, at least one vertex labeled n -1, n -2 orn -3 isin Y. If
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n-l1eYorn-2€Y,thenY — {n} € Di;ll, a contradiction. If n -3 €Y, then Y — {n} € /9;:12,
a contradiction. Now suppose that 7 -1 € Y. Then by Lemma 2.3, at least one vertex labeled
n-2,n-3orn-4isinY. Ifn-2€Yorn-3 €Y, thenY - {n-1} € P}, a contradiction. If

n-4€Y,thenY — {n-1} € P}, a contradiction. Therefore pi, = . O

n-3/

Lemma 2.6. If[?; + O, then

(i) pY = pi-l = @,and P} # @ if and only if n = 3k and i = k for some k € N;
(ii) ;:_12 = ;:_13 =@ and ,‘;11 #@if and only if i = n;

(iii) P = @, P, #@ and P # @ if and only if n = 3k + 2 and i = [(3k +2)/3] for
some k € N;

(v) Pl #o, Pl #oand Pl =oifand onlyifi=n-1;

W) P #o, pi,#oand Pl #oifand only if [(n-1)/3] +1<i<n-2.

Proof. (i) (=) Since iz_}l =Pl =o,bylemma22,i-1>n-lori-1< [(n-2)/3].If
i-1>n-1,theni>n, and by Lemma 2.2, pPi = @, a contradiction. Soi < [(n-2)/3] +1,and
since Pi, # @, together [n/3] <i < [(n—-2)/3] + 1, which give us n = 3k and i = k for some
k eN.

() If n = 3k and i = k for some k € N, then by Lemma 2.2, p'"}, = pi"}, = &, and

D # 9.

(i) (=) Since Pi, = Py = @, by Lemma22,i-1>n-2ori-1< [(n-3)/3]. 1f
i-1<[(n-3)/3],theni-1< [(n-1)/3], and hence D;:ll = @, a contradiction. So
i>n-1. Also since ;:11 #23,i—1<n-1.Therefore i = n.

(&) Ifi=n, thenby Lemma 2.2, P} = pi = gand P # 2.

(iii) (=) Since /3;’_11 =@,byLemma2.2,i-1>n-1ori-1< [(n-1)/3].Ifi-1 > n-1, then
i-1>n-2and by Lemma 2.2, '}, = pi"} = &, a contradiction. Soi < [(n—-1)/3]+1,
buti—1> [(n-2)/3] because ', # @. Hence, [(n-2)/3] +1<i< [(n-1)/3] + 1.

Therefore n =3k +2and i =k + 1= [(8k + 2) /3] for some k € N.

(=) Ifn=3k+2andi = [(3k +2)/3] for some k € N, then by Lemma 2.2, [9;:11 =
p§k+1 =0, 0, 5#9,and D, 5 # 2.

(iv) (=) Since P}, = @, by Lemma 2.2,i-1>n-3ori-1< [(n-3)/3].Since P\, # &,
by Lemma 2.2, [(n—-2)/3]+1 < i < n-1. Therefore i—1 < [(n—-3)/3] is not possible.
Hencei—-1>n-3.Thusi=n-1 orrl,bu’c1'7érlbecause/.')il‘_l3 =@.S0i=n-1.

(&) Ifi=n-1, then by Lemma 2.2, /D;‘}l +0, ;:_12 # @, and /9;:13 = .

(v) (=) Since piL #2, Pl #2, and P} #o, then by applying Lemma 2.2, [(n —
1)/3] <i-1<n-1,[(n-2)/3] <i-1<n-2and [(n-3)/3] <i-1<n-3.50
[(n-1)/3] <i-1<n-3andhence [(n—-1)/3]+1<i<n-2.

(&) If [(n-1)/3] +1 <i < n-2then the result follows from Lemma 2.2. O

By Lemma 2.4, for the construction of P}, it’s sufficient to consider pil ﬁi;lz, and

i n-1’
pi%.. By Lemma 2.5, we need only to consider the following five cases.
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Theorem 2.7. Foreveryn >4 andi > [n/3].

() ¥t =p-l =zand P #2, then P = {{2,5,...,n—4,n-1}}.
(ii) If i = pi-t = @, and P # @, then i, = {[n]}.
(iii) f P = o, P, # @ and P # @, then

pi =1{{2,5...,n-3,n}}u{Xufn-1}| XepiL}. (2.1)

(v) Epit =2, Pl #@and P # @, then P, = {[n] - {x} | x € [n]}.
W) I Pl #@, Pl # @ and DY # @, then

D= {{n)uXy, (n-1JUX, | X € PiY, X, € pirt )
U{{n-1}uX | Xeph\pt) (2.2)
ul{ntuX | Xepinpit).

Proof. (i) p*Y = P}, = @, and P, # @. By Lemma 2.6(i), n = 3k and i = k for some k € N.

Therefore P& = p2/3 = {{2,5,...,n —4,n—1}}.

(ii) /3;112 = [7;‘}3 =, and /)il‘_l1 # . By Lemma 2.6(ii), we havei = n.So P}, = P = {[n]}.
(iii) p=% = @, P-Y # @ and P} # @. By Lemma 2.6(iii), n = 3k+2 and i = [(3k+2)/3] =
k +1 for some k € N. Since X = {2,5,...,3k -1} € P&, XU {3k +2} € P&l . Also, if

Xe p;‘k_l, then XU {3k +1} € ﬁé‘;ﬁz. Therefore we have

{{2,5,...,3k - 1,3k +2}} U{X U {3k +1} | X € P§,_,} C D5IL,. (2.3)

Now letY € p§,§2. Then 3k+2 or 3k+1isin Y.If 3k+2 € Y, then by Lemma 3, at least
one vertex labeled 3k+1,3k or 3k—1isin Y.If 3k+1 or3kisin Y, then Y — {3k +2} €
D;‘kﬂ, a contradiction because D;‘kﬂ =@.Hence,3k—-1€Y, 3k¢Y,and 3k +1¢Y.
Therefore Y = XU{3k+2} for some X € /.')é‘k, thatisY = {2,5,...,3k-1,3k+2}. Now
suppose that 3k + 1 € Y and 3k + 2¢ Y. By Lemma 2.3, at least one vertex labeled
3k,3k —1,0r3k-2isin Y. If 3k € Y, then Y — {3k + 1} el)g‘k ={{2,5,...,3k-1}},a
contradiction because 3k ¢ X for all X € Défk. Therefore 3k — 1 or 3k —2isin Y, but
3k¢Y.Thus Y = X U {3k + 1} for some X € D%, . So

ol < {{2,5,...,3k- 1,3k +2}JU {{3k+ 1} UX | X € P, }. (2.4)

(iv) ;’_13 =0, D;’_ll # @, and [9::_12 #@. By Lemma 2.6(iv), i = n—1. Therefore pi=prt=

{[n] - {x} | x € [n]}.
(V) /3;‘_11 +0, /Jf;lz # o, and /3;113 20. Let X; € /3;‘_11, so at least one vertex labeled n — 1

orn-2isin X;. If n—1orn-2 € Xj, then X; U {n} € pi.
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Let X, € P 2,thenn 2orn-3isin Xp. lf n-2o0orn-3 € X,, then X, U {n—1} € pPi.
Now let X5 € P} thenn -3 or n —4is in X3. If n — 3 € X, then X3 U {x} € D}, for
xef{nn-1}.lftn-4¢ X3, then X3 U {n — 1} € P.. Therefore we have

{{ }ler{n 1}UX2|X1€pn 11X2€pi:12}
U{{n-1}uX|Xepii\pl) (2.5)
U{{njuX | X ep LN b} C D,

Now, letY € pi,thenn € Yorn-1€ Y.If n € Y, then by Lemma 2.3, at least one vertex
labeled n—1, n-2,0orn-3isinY.If n-1€Yorn-2€ Y, thenY = XU{ } for some X € P
Ifn-3€Y,n-2¢Y,andn-1¢Y,then Y = XU {n} for some X € D'} ﬂ/)” 3 Nowsuppose
thatn—1 €Y and n¢Y, then by Lemma 3, at least one vertex labeledn 2,n-3orn-4isin
Y.Ifn-2€Yorn-3€Y,thenY =XU{n- 1}forsomeX€lJ fn-4€Y,n-3¢Y and
n-2¢Y,thenY = XU {n -1} for some X € P, \ i~} 'So

piC{{njuXy, {n-1}UX, | X1 € P, Xy € PiL)
U{(n-1)UX | X € i\ i) (2.6)

u{{ntuX|Xeptinpiil .

Example 2.8. Consider Ps with V(Ps) = [6]. We use Theorem 2.7 to construct Dé for2<i<e.
Since P} = P; = @ and P} = {{2}}, by Theorem 2.7, P = {{2,5}}.

Since Dg = {[5]},/32 = ¢, and Dg =&, we get [72 ={[6]}.

Since P2 = {{1,2,3,4},{1,2,3,5},{1,3,4,5},{2,3,4,5},{1,2,4,5}}, p; = {[4]}, and
[9§ = @, then by Theorem 2.7,

Pe = {l6] - {x} | x € [6]}

2.7
=1{(1,2,3,4,6},{1,2,3,5,6},{1,3,4,5,6},{2,3,4,5,6},{1,2,4,5,6},{1,2,3,4,5} }, 27)

and, for the construction of /)g, by Theorem 2.7,

= {{1,3,5},{1,3,6},{2,3,6},{2,3,5},{1,4,6},{1,4,5},{2,5,6}, {2,4,6},{2,4,5},{1,2,5}}.
(2.8)

Finally, since P2 = {{1,3,5},(1,2,4}, (2,4, 5} (2,3,4},12,3,5},{1,4,5},{1,3,4},{1,2,5}},
p3=({1,2,3},{1,2,4},{2,3,4},{1,3,4}},and p3 = ([3]}, then

De={X1U{6}, XU {5} | Xs € P, X € Pj}U{XU(6}|Xep3}
={{1,2,3,5},{1,2,3,6},11,2,4,6},{1,3,5,6},{1,3,4,6},{1,3,4,5},{1,2,5,6},  (29)
{1,2,4,5},{2,3,4,6},{1,4,5,6},{2,3,4,5},{2,4,5,6},{2,3,5,6} }.
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Table 1: d(P,, j), the number of dominating set of P, with cardinality j.

j 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
n

1 1

2 2 1

3 1 3 1

4 0 4 4 1

5 0 3 8 5 1

6 0 1 10 13 1

7 0 0 8 22 19 7 1

8§ 0 O 4 26 40 26 8 1

9 0 O 1 22 6l 65 34 9 1

10 0 0 0 13 70 120 98 43 10 1

1 0 0 0 5 61 171 211 140 53 11 1

12 0 0 0 1 40 192 356 343 192 64 12 1

13 0 0 0 0 19 171 483 665 526 255 76 13 1

14 0 0 0 0 120 534 1050 1148 771 330 89 14 1

15 0 0 0 0 1 65 483 1373 2058 1866 1090 418 103 15 1

3. Domination Polynomial of a path

Let D(P,, x) = Z?:[n /3]d(Pn, i)x' be the domination polynomial of a path P,. In this section
we study this polynomial.

Theorem 3.1. (i) If D}, is the family of dominating set with cardinality i of P,, then
DL = DL+ DL+ 10 (3.1)
(ii) For every n > 4,
D(P,,x) = x[D(Py-1, x) + D(Py-2,x) + D(P,_3,x)], (3.2)

with the initial values D(P;, x) = x, D(P5, x) = x> + 2x, and D(P3, x) = x° + 3x? + x.

Proof. (i) It follows from Theorem 2.7.
(ii) It follows from Part (i) and the definition of the domination polynomial. O

Using Theorem 3.1, we obtain d(P,,j) for 1 < n < 15 as shown in Table 1. There are
interesting relationships between numbers in this table. In the following theorem, we obtain
some properties of d(P,, j).

Theorem 3.2. The following properties hold for the coefficients of D(P,, x):

(i) d(Psp, n) =1, for every n € N.
(ii

(ii

)
) Ad(Pspso,n+1) =n+2, forevery n € N.

) A(Psps1,n+1) = ((n+2)(n+3))/2 -2, for every n € N.
(iv) d(Psy,n+1) =n(n+1)(n+8)/6, for every n € N.
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(v) d(Py,n) =1, for every n € N.
(vi) d(Py,n—1) = n, for every n > 2.
(vid) d(Py,n~2) = (%) ~2 = (n(n—1)/2) -2, for every n > 3.
(viii) d(Py,n—3) =(3)-(Bn—-8) =(n—-4)(n—-3)(n+4)/6, for every n > 4.
(ix) d(Py,n—4) = (n—>5)(n® - n? — 42n + 96) /24, for every n > 5.
(x) 1 =d(Py,n) < d(Pys1,n) < d(Pyia,n) < - < d(Pyq,n) < d(Pon,n) > d(Paps1,n) >
o> d(Pay-1,n) > d(Psy,m) = 1.
(xi) SV, d(P, j) =357 % d(P,j - 1),

(xii) If sy = Z;‘:[n/:ﬂd(Pn,j), then for every n > 4, s, = Sp—1 + Sp—p + Sy—3 with initial values
s1=1,8p =3and s3 = 5.

(xiii) Foreveryn € N,and k =0,1,2,...,2n -1, d(Pay—k, 1) = d(Pansk, ).
(xiv) Forevery j > [n/3], d(Ppi1,j+1) —d(Py,j+1) = d(Py, j) — d(Py-3, j).

Proof. (i) Since P}, = {{2,5,...,3n—1}}, we have d(Ps,,n) = 1.

(ii) Proof by induction on 7. Since P2 = {{1,4}, {2,4},{2,5}}, so d(DPs,2) = 3. Therefore
the result is true for n = 1. Now suppose that the result is true for all natural numbers less
than 7, and we prove it for n. By part (i), Theorem 3.1, and the induction hypothesis we have
d(Pspi2,n +1) = d(Pspi1, 1) + d(Psp, n) + d(P3n-1)42,1) =1+ 2.

(iii) Proof by induction on n. The result is true for n = 2, because d(P;,3) = 8 =4 + 4.
Now suppose that the result is true for all natural numbers less than n, and we prove it for n.
By part (i), (ii), Theorem 3.1, and the induction hypothesis we have

d(P3n+1,Tl + 1) = d(P3n, Tl) + d(P3n_1,Tl) + d(P3n_2, Tl)

=1+ d(Pspn-1y+2, 1) + d(Ps(n-1)+1,1)
(n+1)(n+2)
2

2.

5 (3.3)

=1l+(n+1)+
_ (n+2)(n+3)

2

(iv) Proof by induction on n. Since d(Ps,2) = 3, the result is true for n = 1. Now
suppose that the result is true for all natural numbers less than n, and we prove it for n. By
Theorem 3.1, parts (ii), (iii), and the induction hypothesis we have

d(Pg,n,Tl + 1) = d(P3n_1,11) + d(P3n_2, 1’1) + d(P3n_3, 1’1)

:n+1+(n+1)2(n+2)_2+n(n—16)(n+7) 54)

_n(n+1)(n+8)
==

(v) Since P! = {[n]}, we have the result.
(vi) Since P71 = {[n] - {x} | x € [n]}, we have d(P,,n—1) = n.
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(vii) By induction on n. The result is true for n = 3, because d (P, 1) = 1. Now suppose

that the result is true for all numbers less that n, and we prove it for n. By Theorem 3.1,
induction hypothesis, part (v) and part (vi) we have

d(Py,n-2) =d(Py1,n-3) +d(Pyo,n-3)+d(P,3,n—-3)

- —(”_1)2(n_2) +n-3 (3.5)
_n(n-1)
=3 Z

(viii) By induction on n. The result is true for n = 4, since d(P4,1) = 0. Now suppose
that the result is true for all natural numbers less than or equal n and we prove it for n+1. By
Theorem 3.1, induction hypothesis, parts (vii) and (vi) we have

APy, n—2) =d(Py,n—-3) +d(Py1,n—3) +d(Pyp,n-3)

_(n-4)(n-3)(n+4) N (n-1)(n-2)
B 6 2
_(n=3)(n-2)(n+5)

= z .

-24+n-2 (3.6)

(ix) By induction on n. Since d(P5, 1) = 0, the result is true for n = 5. Now suppose that
the result is true for all natural numbers less than 7, and we prove it for n. By Theorem 3.1,
induction hypothesis, parts (viii) and (vii), we have

d(Py,,n-4) =d(Py1,n-5) +d(Py2,n-5) +d(P,3,n-5)
_(n-6)((n-1)° - (n-1)* - 42n +138)

24
N (n—6)(ng5)(n+2) . (n—3)2(n—4) L (3.7)
_ (n=5)(n* -n* - 42n +96)

24

(x) We will prove that for every n, d(P;, n) < d(Pi1,n) forn <i<2n-1,and d(P;, n) >
d(P;1,n) for 2n <i < 3n— 1. We prove the first inequality by induction on n. The result holds
for n = 1. Suppose that result is true for all n < k. Now we prove it for n = k + 1, that is
d(P;,k+1) <d(Pi,k+1) for k+1 <i<2k+1. By Theorem 3.1 and the induction hypothesis
we have

d(Pi,k + 1) = d(Pi_l, k) + d(Pi_z, k) + d(Pi_3, k)
<d(P, k) +d(Pi1,k) +d(Pio, k) (3.8)
= d(Pi+1,k + 1).

Similarly, we have the other inequality.
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(xi) Proof by induction on j. First, suppose that j = 2. Then ¥¢,d(P;,2) = 12 =

3> ,d(P;,1). Now suppose that the result is true for every j < k, and we prove for j = k:
3k 3k 3k 3k
AP, k)= D> d(Piy, k1) + > d(Pa k=1) + > d(Pis, k-1)
i=k i=k i=k i=k
3(k-1) 3(k-1) 3(k=1)
=3 > d(Piy,k-2)+3 > d(Piok-2)+3 > d(Pisk-2) (3.9)
i=k-1 i=k-1 i=k-1
3k-3
=3 > d(P,k-1).
i=k-1
(xii) By Theorem 3.1, we have
sn=, d(Puj)
j=[n/3]
= D (d(Par,j—-1) +d(Paa,j—1) +d(Pus, j—1))
j=[n731 (3.10)
n-1 n-2 n-3
= > Ad@u )+ D, d(Puzj)+ D, d(Pusj-1)
j=[n/3]-1 j=[n/31-1 j=[n/31-1

= Sp-1 *+ Sp-2 t Sp-3.

(xiii) Proof by induction on n. Since d(P;,1) = d(P;, 1), the theorem is true for n = 1.
Now, suppose that the theorem is true for all numbers less than n, and we will prove it for n.
By Theorem 3.1 and the induction hypothesis, we can write

d(Pop-i,n) = d(Pop-k-1,n—1) + d(Poyg—2,n—1) + d(Pop-g-3,n—1)
= d(Pyn-1y+1-k, 1 = 1) + d(Poin-1y-k, 1 — 1) + d(Pon-1)-1-k,n — 1)

= d(Pyn-1y+k-1,1 = 1) + d(Poin-1y+k, 1 — 1) + d(Pon-1)s14k, 1 — 1) (3.11)
=d(Popsk-3,n = 1) + d(Popsk—2,n = 1) + d(Popsr-1,n — 1)
= d(P2n+k/ n) .

(xiv) By Theorem 3.1, we have

APy, j+1) =d(Pu,j+1) = (d(Py,j) +d(Pa1,j) + d(Pu2,j))
— (d(Py-1,§) + d(Pua, j) +d(Pas,j)) (3.12)
=d(Py,j) = d(Pu-s, f)-

Therefore we have the result. O
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In the following theorem we use the generating function technique to find |0}

Theorem 3.3. For every n € Nand [n/3] <i < n, |D| is the coefficient of u™v' in the expansion of
the function

130 (1 + 3v + v + 3uv + uv? + 2u*v + u?v?)

fu,v) = (3.13)

1-uv-u?v-udv

Proof. Set f(u,v) = 322,32 |P}[u"v'. By recursive formula for |0%] in Theorem 3.1 we can
write f(u,v) in the following form:

f,0) =Y S|P+ |05 + | P )u'o'

n=3i=1
© o0 ) ) o o0 ) ) © o ) )
— uvzz |p;—_11 |un—lvl—1 + u2vzz |p111112|un—2vz—1 + u3vZZ |p;—}3 |un—3vl—1
n=3i=1 n=3i=1 n=3i=1

= uo(|P9|u? + | D3 |uPv + | P5|u0?) + uv f (u,v)
+ulo (|00 |u+ | P |uo + |03 |u? + | Dy |uo + | D3| uPo?)
+ 1o f(u,v) +u3v(|/)8| + |00 u + |/)}|uv+ |/)g|u2 + |p%|u2'0+ |D§|uzvz)

+ u3vf(u,v).
(3.14)

By substituting the values from Table 1 (note that |0%| = 0 for all natural numbers n and
|p8| =1), we have

fu,0)(1 - uv — v - uv) = o (1 +3v + v* + 3uv + uv” + 2u*v + u*v?). (3.15)
Therefore we have the result. O
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