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We introduce and study certain subclasses of analytic functions which are defined by differential

subordination. Coefficient inequalities, some properties of neighborhoods, distortion and covering
theorems, radius of starlikeness, and convexity for these subclasses are given.

1. Introduction

Let T(j) be the class of analytic functions f of the form

f(z)=z- i axz", (axr 20, jeN={1,2,...}), (1.1)
k=j+1

defined in the open unitdisc % = {z € C: |z| < 1}.

Let € be the class of functions w analytic in « such that w(0) = 0, |w(z)| < 1.

For any two functions f and g in C(j), f is said to be subordinate to g that is denoted
f < g, if there exists an analytic function w € Q such that f(z) = g(w(z)) [1].

Definition 1.1 (see [2]). For n € N and A > 0, the Al-Oboudi operator DY : T(j) — T(j)
is defined as Dgf(z) = f(2), D}f(z) = (1 -N0f(z) + Azf'(z) = Dif(z), and D{f(z) =
Dy(D}y' f(2)).

For A =1, we get Saldgean differential operator [3].
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Further, if f(z) =z - 32,4 axz*, then

0

Dif(z)=z- >, [1+(k-1A]"az" (ax 20). (1.2)
k=j+1

For any function f € T(j) and 6 > 0, the (j, 6)-neighborhood of f is defined as

k=j+1 k=j+1

Nis(f) = {g(z) =z— > bz e€T(): D) klax— byl < 6}. (1.3)
In particular, for the identity function e(z) = z, we see that

Nijs(e) = {g(z) =z- i bez* € T(j) : i k|be| < 5}. (1.4)

k=j+1 k=j+1

The concept of neighborhoods was first introduced by Goodman [4] and then generalized by
Ruscheweyh [5].

Definition 1.2. A function f € T(j) is said to be in the class T;(n,m, A, B, 1) if

Dy™f(z) 1+ Az

Dz “1+Bz % (15)

whereneNy,meN,A>1,and-1<B<A<1.

We observe that Cj(n,m,1 - 2a,-1,1) = Tj(n,m,a) [6], T;(0,1,1 - 2a,-1,1) =
.S]*.(a) [7], the class of starlike functions of order & and C;j(1,1,1 - 2a,-1,1) = Cj(a) [7], the
class of convex functions of order «.

2. Neighborhoods for the Class C;(n,m, A, B, \)
Theorem 2.1. A function f € T(j) belongs to the class Tj(n,m, A, B, A) if and only if

S+ (k-DA"{(A-B)[1+(k-1A]" - (1-A)}ar < A-B 2.1)
k=j+1

forneNyg,meN,A>1,and-1<B<A<L1.

Proof. Let f € Tj(n,m, A, B, 1). Then,

Dsz(z) < 1+ Az c (2.2)
D f(z) 1+ Bz’
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Therefore,
w(zy - DU -DI ()
BDY™f(z) - ADY f(2) ’

Hence,

| Dif(x) DI f(z)

|w(z)| = ‘BD;LHmf(Z) _ ADXf(Z)

_ S [T+ (k= DA {[1+ (k= DA]" - 1} a2k ,

B (A-B)z+ Z?;j+1 [1+ (k=DA]"{B[1+ (k-1)A]" — A}axzF <
Thus,

5200 [+ (k= DAI{[1 + (k= 1)A]" — 1}ayz* 1
(A=B)z+ 3 [1+ (k= DA [BI1+ (k= DA" = A}z |

(2.3)

(2.4)

(2.5)

Taking |z| = r, for sufficiently small r with 0 < r < 1, the denominator of (2.5) is positive and
so it is positive for all » with 0 < r < 1, since w(z) is analytic for |z| < 1. Then, inequality (2.5)

yields
i [1+ (k= 1)A]"{[1+ (k= 1A]" - 1} arr*
KSje
<(A-B)r+B i [1+ (k=DA]""aprk - A i [1+ (k-1)A]"axr".
KSe kel
Equivalently,
i [1+(k-1A"{1-B)[1+ (k-1)A]" - (1 - A)}axr* < (A-B)r,
K1

and (2.1) follows upon letting r — 1.

Conversely, for |z| =7,0 < r <1, we have rk < r. That is,
Z [T+ (k-DA"{A-B)[1+(k-1A]"-(1- A)}akrk
k=j+1

< i [1+ (k=1)A"{(1=B)[1+ (k- 1)A]" = (1 - A)}arr < (A - B)r.
k=j+1

(2.6)

(2.7)

(2.8)
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From (2.1), we have

i [1+ (k=1)A]"{[1+ (k=1)A]" - 1} axz"
k=j+1

< i [1+ (k= DA {[1+ (k- 1)A]" = 1} axr

k=j+1
- (2.9)
<(A-B)r+ > {B[1+(k-1A]" - A}[1+ (k- 1)A]"apr*
k=j+1
<|[(A=B)z+ D {B[1+ (k—-1)A]" = A}[1+ (k - 1)A]"axz"|.
k=j+1
This proves that
Dy™f(z) 1+ Az
Dif() “1+Bz 2% (210)
and hence f € Cj(n,m, A, B, ). O
Theorem 2.2. If
(A-B)
6= =) m : (2.11)
(1+4)" [ -B)(1+4))" ~ (1- A)] |
then Tj(n,m, A,B,A) C Njs(e).
Proof. Tt follows from (2.1) that if f € T;(n,m, A, B, 1), then
A\ n-1 .\ M -
(1+4)" [A-B)A+Aj)" - (1- A)]kgﬂkak <(A-B), (2.12)
which implies
Z kak < ] (A — B) =6. (2 13)
k=j+1 (1+4)" [1=-B)(1+4))" - (1 - A)] '

Using (1.4), we get the result. O
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3. Neighborhoods for the Classes R;(n, A, B, \) and D;(n, A, B, \)

Definition 3.1. A function f € CT(j) is said to be in the class R;(n, A, B, \) if it satisfies

(Dif(2) < e (=€),

where -1<B< A<1,A>1and ne N,.

Definition 3.2. A function f € T(j) is said to be in the class D;(n, A, B, 1) if it satisfies

Dif(z) < 1+ Az
z 1+ Bz

(zeW),

where -1<B<A<1,A>1andn e N,.

Lemma 3.3. A function f € T(j) belongs to the class Rj(n, A, B, A) if and only if

i (1-B)[1+(k-1)A]""ax < A-B.
k=j+1

Lemma 3.4. A function f € T(j) belongs to the class Pj(n, A, B, A) if and only if

i (1-B)[1+ (k-1)A]"ax < A-B.
k=j+1

Theorem 3.5. R;(n, A, B,\) C N;s(e), where

_ (A-B)
T [1+A]]"Q-B)

Proof. If f € Rj(n, A, B, 1), we have

[1+4j]" D, (1-B)kay < A-B,

k=j+1
which implies
k=41 [1+]"(1-B)

Theorem 3.6. Dj(n, A,B,A) C _N;s(e), where

)
[1+A]]" ' (1-B)

(3.1)

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)
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Proof. 1f f € P;(n, A, B, 1), we have

[1+1j]"" > (1-B)kax < A-B, (3.9)
k=j+1
which implies
> kay < (An‘_lB) = 6. (3.10)
k=j+1 [1 + .)L]] (1 - B)
Thus, in view of condition (1.4), we get the required result of Theorem 3.6. O

4. Neighborhood of the Class JC;‘(n, m,A,B,C,D)

Definition 4.1. A function f € T(j) is said to be in the class JC?‘(n, m, A, B,C, D) if it satisfies

f(2) A-B
|g(_z)_1'<_1 =, zelt (4.1)

for-1<B<A<1,-1<D<C<1,A>1and g€ Tj(n,mC,D,)\).

Theorem 4.2. For g € T;(n,m,C,D, \), one has N;;s(g) C ,/c}(n, m,A,B,C,D) and

1-4 . [+ [A-D)[1+4j]"-(1-C)]6 (4.2)
=B~ [+0]"[A-D)[1+4]"-(1-0O]-(C-D)’
where
6<(1-D)(1+14j) - (C-D)[1+Aj]"™"{(1-D)[1+Aj]" -1 -C)}". (43)

Proof. Let f € Njs(g) for g € Tj(n,m,C,D,\). Then,

S N C-D
klax — bi| <6, by < — __ _ .
k;j;—l |lax — bi| < k;j;l k [1+A]"[A-D)[1+Aj]" - (1-0C)] (4.4)
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Consider

f(2) _1' - Xyl — bl

g(z) 1= Zl?;j+1 by
.6 [1+45]"{(1-D)[1+4]" - 1-O))
- () [yIHa-D) A+ ] - -0 - (€-D) g
[+4]"{a-D)1+1]" - (1-0)}6
[1+1]"{A-D)[1+1]"-(1-C)} - (C-D)
_A-B
~1-B°
This implies that f € X;(n,m, A, B,C,D). O
5. Distortion and Covering Theorems
Theorem 5.1. If f € Tj(n,m, A, B, \), then
o A-B i
(140" A=-B)(1+j1)" - (1 - 4) 51)
A-B j+1 _ .
<|f@)|<sr+ (1+jA)"{(1—B)(1+jA)m—(1—A)}r] O<|zl=r<1),
with equality for
_ A-B - 3
f& =2 A pasy —a-a)  E 6-2)
Proof. In view of Theorem 2.1, we have
1+0"A=-B)(1+j)" - (1= A)} 3 a
B e (5.3)
< S [+ (k-DN{(1-B)[1+(k-1A" - (1-A)}axr < A-B.
k=j+1
Hence,
< k j+1 < A-B j+1
PENre Sartsrer 2 s A B ) - A=A
_ < k _ gt = _ A-B i1
P@lzre 2 r o e G B ) (- 4]
(5.4)

This completes the proof. O
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Theorem 5.2. Any function f € Tj(n,m, A, B, ) maps the disk |z| <1 onto a domain that contains

the disk

A-B
(1+j0)"{(1-B)(1+j)" - (1-A)}

|lw| <1-

Proof. The proof follows upon letting r — 1 in Theorem 5.1.
Theorem 5.3. If f € Cj(n,m, A, B, \), then

(A-B)

1- n-1 m rj
(1+jA) {(1—B)(1 +j.)t) —(1—A)}

A-B

<|f(z)) <1+ i (0<|zl=r<1),

1+70)" A -B)(1+1)" - (1-A)}

with equality for

A-B
(1+0)"A-B)(1+j1)" - (1~ A))

flz) =2~

Proof. We have

If(2)] <1+ > kalzl" <1+77 > kay.

k=j+1 k=j+1

In view of Theorem 2.1,

® A-B
kag < .
g‘n * (1+i0)" A -B)(1+j1)" - (1-A))

Thus,

A-B .
fl(z)| <1+ — — 7.
el (1+70)" {1 -B)(1+j0)" - (1-A)}

On the other hand,

[ee] [oe]
If(2)] >1- > kalzl" >1-7 > kay
k=j+1 k=j+1
A-B

_ "
1+70)" A -B)(1+j1)" - (1-A)}

21

This completes the proof.

2t (z = 4r).

(5.5)

(5.6)

(5.7)

(5.8)

(5.9)

(5.10)

(5.11)
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6. Radii of Starlikeness and Convexity

In this section, we find the radius of starlikeness of order p and the radius of convexity of
order p for functions in the class T;(n,m, A, B, 1).

Theorem 6.1. If f € Tj(n,m, A,B,\), then f is starlike of order p, (0 < p < 1) in |z| <
ri(n,m, A, B, \, p), where

[1+(k-DA{(1-B)[1+ (k-1)A]" - (1-A)}(1 _P>:|1/(k—1).

rmmnuAJ%Lp)=mﬁ[ (k—p)(A-B)

(6.1)

Proof. It is sufficient to show that |z(f'(z)/f(z)) -1 < 1-p (0 £ p < 1) for |z] <

ri(n,m,A,B,\,p).
We have
oo _ k-1
A 1‘ B ik 1)ak|i| _ 62)
f(z) 1- Zl?;jﬂ ar|z[*
Thus, |z(f'(z)/ f(z)) - 1| <1-pif
(k- p)ailz[""
6.3
Q%, (i-p) (62
Hence, by Theorem 2.1, (6.3) will be true if
k-1 n m
(k=p)Izl" _ [T+ (k= DA{(A- B)[1+ (k= D" - (1- 4)] 64

i-p) = (A-B)

or if

n m 1/(k-1)
|z|g[“+("‘”“ [A-B)[1+(k-1)] —<1—A)}(1—p)] (k2j+1).  (65)

(k-p)(A-B)

This completes the proof. O

Theorem 6.2. If f € Ti(n,m,A,B,\), then f is convex of order p, (0 < p < 1) in |z| <
r(n,m, A, B, \, p), where

[1+(k-1DA"{(1-B)[1+ (k-1)A]" - (1-A)}(1 _p)]l/(k—n

rn(n,m,A,B, A\, p)=inf
om0 =i D

(6.6)
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Proof. It is sufficient to show that |z(f"(z)/f'(z))] < 1 -p (0 < p < 1) for |z| <

ri(n,m,A,B, 1\, p).
We have
F2)| | Sy k(k = Daglz[<!
2 : 1- 32 ka|z/*! 6.7
Thus, |z(f"(2)/ f'(z)| <1 -pif
2 k(k—p)aclz/" Py
—_— < 6.8
2 (-p) )
Hence, by Theorem 2.1, (6.8) will be true if
k(k=p)ll" [+ (k=1 (- B)[1+ (k- DA" - (1- 4)) 69)

a-p) = (A-B)

or if

2] < [[1+(k—1)f\]"{(1—B)[1+(k—1))t]”’—(1—A)}(1—P)

1/(k-1)
k(k—p)(A-B) ] (k>j+1). (6.10)

This completes the proof. O

Acknowledgment

The author wish to thank the referee for his valuable suggestions.

References

[1] P. L. Duren, Univalent Functions, Springer, New York, NY, USA, 1983.

[2] E M. Al-Oboudi, “On univalent functions defined by a generalized Salidgean operator,” International
Journal of Mathematics and Mathematical Sciences, no. 25-28, pp. 1429-1436, 2004.

[3] G. Sadldgean, “Subclasses of univalent functions,” in Complex analysis—Fifth Romanian-Finnish Seminar,
Part 1 (Bucharest, 1981), vol. 1013 of Lecture Notes in Math., pp. 362-372, Springer, Berlin, Germany, 1983.

[4] A. W. Goodman, “Univalent functions and nonanalytic curves,” Proceedings of the American
Mathematical Society, vol. 8, pp. 598-601, 1957.

[5] S. Ruscheweyh, “Neighborhoods of univalent functions,” Proceedings of the American Mathematical
Society, vol. 81, no. 4, pp. 521-527, 1981.

[6] M. K. Aouf, “Neighborhoods of certain classes of analytic functions with negative coefficients,”
International Journal of Mathematics and Mathematical Sciences, vol. 2006, Article ID 38258, 6 pages, 2006.

[7] M. L S. Robertson, “On the theory of univalent functions,” Annals of Mathematics. Second Series, vol. 37,
no. 2, pp. 374-408, 1936.



-

Advances in

Operations Research

/
—
)

Advances in

DeC|S|on SC|ences

Mathematical Problems
in Engineering

Algebra

2

Journal of
Probability and Statistics

The Scientific
\(\(orld Journal

International Journal of

Combinatorics

Journal of

Complex Analysis

International
Journal of
Mathematics and
Mathematical
Sciences

Hindawi

Submit your manuscripts at
http://www.hindawi.com

Journal of

Mathematics

Journal of

DISBJBLL alhematics

International Journal of

Stochastic Analysis

Journal of

Function Spaces

Abstract and
Applied Analysis

Journal of

Applied Mathematics

ol

w2 v (P
/

e

\jtl (1)@" W, E

International Journal of
Differential Equations

ces In

I\/lathémamcal Physics

Discrete Dynamics in
Nature and Society

Journal of

Optimization



