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We construct a new iterative scheme by hybrid methods and prove strong convergence theorem
for approximation of a common fixed point of two countable families of closed relatively quasi-
nonexpansive mappings which is also a solution to a system of equilibrium problems in a
uniformly smooth and strictly convex real Banach space with Kadec-Klee property using the
properties of generalized f-projection operator. Using this result, we discuss strong convergence
theorem concerning variational inequality and convex minimization problems in Banach spaces.
Our results extend many known recent results in the literature.

1. Introduction

Let E be a real Banach space with dual E* and C a nonempty, closed, and convex subset of E.
A mapping T : C — Cis called nonexpansive if

ITx-Ty| <llx-v

, Yx,yeC. (1.1)

A point x € C s called a fixed point of T if Tx = x. The set of fixed points of T is denoted by
F(T)={xeC:Tx = x}.
We denote by J the normalized duality mapping from E to 2£" defined by

Je) = {f €E: (x f) = IxlP = | £IP}- (12)
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The following properties of ] are well known (the reader can consult [1-3] for more details).
(1) If E is uniformly smooth, then J is norm-to-norm uniformly continuous on each
bounded subset of E.
(2) J(x)#0, x € E.
(3) If E is reflexive, then ] is a mapping from E onto E*.
(4) If E is smooth, then ] is single valued.

Throughout this paper, we denote by ¢ the functional on E x E defined by
$(x,y) = lIxI* -2(x, T () + llyl>, ¥xy<E. (1.3)
It is obvious from (1.3) that
(<l = Iy < p(xy) < (el + Iyl ¥xy € E (14)

Definition 1.1. Let C be a nonempty subset of E, and let T be a mapping from C into E. A point
p € C is said to be an asymptotic fixed point of T if C contains a sequence {x,},., which
converges weakly to p and lim,,_, .-||x, — Tx,|| = 0. The set of asymptotic fixed points of T is
denoted by F(T). We say that a mapping T is relatively nonexpansive (see, e.g., [4-9]) if the
following conditions are satisfied:

(R1) F(T)+#0,
(R2) ¢(p, Tx) < @p(p,x), forall x e C, p € F(T),
(R3) F(T) = F(T).

If T satisfies (R1) and (R2), then T is said to be relatively quasi-nonexpansive. It is easy to
see that the class of relatively quasi-nonexpansive mappings contains the class of relatively
nonexpansive mappings. Many authors have studied the methods of approximating the fixed
points of relatively quasi-nonexpansive mappings (see, e.g., [10-12] and the references cited
therein). Clearly, in Hilbert space H, relatively quasi-nonexpansive mappings and quasi-
nonexpansive mappings are the same, for ¢(x, y) = |[x—y||?>, for all x,y € H, and this implies
that

¢(p,Tx) <P(p,x) = ||[Tx-p|| < ||x-p||, YxeC peFT). (1.5)

The examples of relatively quasi-nonexpansive mappings are given in [11].
Let F be a bifunction of C x C into R. The equilibrium problem (see, e.g., [13-25]) is to
find x* € C such that

F(x",y) >0, (1.6)

for all y € C. We will denote the solutions set of (1.6) by EP(F). Numerous problems in
physics, optimization, and economics reduce to find a solution of problem (1.6). The equi-
librium problems include fixed point problems, optimization problems, and variational
inequality problems as special cases (see, e.g., [26]).
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In [7], Matsushita and Takahashi introduced a hybrid iterative scheme for approxima-
tion of fixed points of relatively nonexpansive mapping in a uniformly convex real Banach
space which is also uniformly smooth: xg € C,

Yn = ]_1(an]xn +(1-a,)]Txy),
H,={weC: ¢(w,yn) < P(w,x4)},
Wy,={weC: (x,—w,]Jxo— Jx,) >0},

(1.7)

Xpi1 = H,aw,x0, n2>0.

They proved that {x,};-, converges strongly to ITr)xo, where F(T) #0.
In [27], Plubtieng and Ungchittrakool introduced the following hybrid projection
algorithm for a pair of relatively nonexpansive mappings: xp € C,

zn = J 7B T + B T Tt + BTS20,
Yn = ]71(‘111]350 +(1-au)]zn),
Co={z€C:¢(zyn) <Pz 2x0) + a0l +2(, Ju - Jx0) ) }, (1.8)

Qn=1{ze€C:(xy-2z Jx, - Jxo) <0},

Xn+1 = Pc,n0, X0,

where {a,}, { ,(11) ), ,(12) }, and { ,(13)} are sequences in (0, 1) satisfying ﬁ,(ql) + ﬁ,(qz) + ﬂf’) =1and

T and S are relatively nonexpansive mappings and J is the single-valued duality mapping on
E. They proved under the appropriate conditions on the parameters that the sequence {x;}
generated by (1.8) converges strongly to a common fixed point of T and S.

In [9], Takahashi and Zembayashi introduced the following hybrid iterative scheme
for approximation of fixed point of relatively nonexpansive mapping which is also a solution
to an equilibrium problem in a uniformly convex real Banach space which is also uniformly
smooth: xp € C, C; = C, x1 =Il¢, xp,

Yn = ]_1 (anJxn + (1 —ay)JTxy),
1
F nrs - - Un, n - n 20/ v EC/
(n, y) + =y = ttw, Jtn = Jyn) y 19)
Cu = {w €Ch: Pp(w,uy) < Pp(w, xn)}/

Xpi1 =1Ic,,,x0, n2>1,

n+l

where J is the duality mapping on E. Then, they proved that {x,},., converges strongly to
I1rxo, where F = EP(F) N F(T) #0.
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Furthermore, in [28], Qin et al. introduced the following hybrid iterative algorithm for
approximation of common fixed point of two countable families of closed relatively quasi-
nonexpansive mappings in a uniformly convex and uniform smooth real Banach space:

Zim = I (B T + BT T + B Sk ),
Yin =] NaniJxo+ (1= ani)Jzin),
Cpi = {z €C:P(z,Yin) < P(z,x,) + “n,i(”xO”z +2(z, Jxn — Jx0) }

Cn =(\Cnis (1.10)

iel
Q=C,
Qn=1{z€Qn1:{(xn—2z Jxo—Jxn) >0},

X1 = Ie,ng,%0, 120,

They proved that the sequence {x, } converges strongly to a common fixed point of the count-

able families {T;} and {S;} of closed relatively quasi-nonexpansive mappings in a uniformly
@
J

convex and uniformly smooth Banach space under some appropriate conditions on {f, :},

(Bul), 1)), and {ans).

Recently, Li et al. [29] introduced the following hybrid iterative scheme for approxima-
tion of fixed points of a relatively nonexpansive mapping using the properties of generalized
f-projection operator in a uniformly smooth real Banach space which is also uniformly
convex: xg € C, Cy = C,

Yu=J ] xn+ (1 - ay)JTxy),
Cunn = {w e Cy: G(w, Jyn) < G(w, Jx,)}, (1.11)

f
Xp =1Ie  x0, n20.

They proved a strong convergence theorem for finding an element in the fixed points set of
T. We remark here that the results of Li et al. [29] extended and improved on the results of
Matsushita and Takahashi [7].

Quite recently, motivated by the results of Takahashi and Zembayashi [9], Cholamjiak
and Suantai [30] proved the following strong convergence theorem by hybrid iterative
scheme for approximation of common fixed point of a countable family of closed relatively
quasi-nonexpansive mappings which is also a solution to a system of equilibrium problems
in uniformly convex and uniformly smooth Banach space.

Theorem 1.2. Let E be a uniformly convex real Banach space which is also uniformly smooth, and let
C be a nonempty, closed, and convex subset of E. For each k =1,2,...,m, let Fi be a bifunction from
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C x C satisfying (A1)-(A4). Suppose {T;} 2, is an infinitely countable family of closed and relatively

quasi-nonexpansive mappings of C into itself such that Q = ([, EP(Fx)N(NZ; F(T;)) # 0. Suppose
{20}y 1s iteratively generated by xy € C, Co = C,

Yin = ]_1 (anJxn + (1 = an) JTixn),

F, Fo1 F. F
Uin = Trm":nTr,:il,n -T2 T, 1nyi,n/

rnn-r,
(1.12)
Cp1 = {z € Cp :sup @(z,uin) < P(z, xn)} ,
i>1
X1 = 1lg,,, %0, n20.

Assume that {a, ) q and {tin}eeq (kK = 1,2,...,m) are sequences which satisfy the following
conditions:

@) imsup, , an <1,

(ii) iminf, L orxkn >0 (k=1,2,...,m).
Then, {xy )y converges strongly to TIgxy.

Motivated by the above-mentioned results and the on-going research, it is our purpose
in this paper to prove a strong convergence theorem for two countable families of closed
relatively quasi-nonexpansive mappings which is also a solution to a system of equilibrium
problems in a uniformly smooth and strictly convex real Banach space with Kadec-Klee
property using the properties of generalized f-projection operator. Our results extend the
results of Matsushita and Takahashi [7], Takahashi and Zembayashi [9], Qin et al. [28],

Cholamjiak and Suantai [30], Li et al. [29], and many other recent known results in the
literature.

2. Preliminaries

Let E be a real Banach space. The modulus of smoothness of E is the function pg : [0, 00) —
[0, o0) defined by

1
pe(t) := sup{i(”x +yl|+lx-y|) -1:lIxl <1, llyll < t}. (2.1)
E is uniformly smooth if and only if
t
imPE® _ o, 2.2)
t—0 t

Let dim E > 2. The modulus of convexity of E is the function 6 : (0,2] — [0, 1] defined by

. X+
6e(e) = int{ 1= | 3| 1wl =yl = e = llx - vl . (23)
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E is uniformly convex if, for any e € (0,2], there exists a 6 = 6(¢) > 0 such that if x, y € E with
lx|l €1, |lyll £1, and |[x = y|| > €, then [[(1/2)(x + y)|| < 1 - 6. Equivalently, E is uniformly
convex if and only if 6g(e) > 0 for all € € (0,2]. A normed space E is called strictly convex if
forallx,y € E, x#y, ||x|| = |lyll =1, we have [[Ax + (1 - V)y|| <1, forall A € (0,1).

Let E be a smooth, strictly convex, and reflexive real Banach space, and let C be
a nonempty, closed, and convex subset of E. Following Alber [31], the generalized projection
¢ from E onto C is defined by

Ie(x) = argmi(r:u,b(y,x), Vx € E. (2.4)
ye

The existence and uniqueness of I'l¢ follows from the property of the functional ¢(x, y) and
strict monotonicity of the mapping J (see, e.g., [3, 31-34]). If E is a Hilbert space, then I'lc is
the metric projection of H onto C.

Next, we recall the concept of generalized f-projector operator, together with its
properties. Let G : C x E* — R U {+o0} be a functional defined as follows:

G ) = 1217 - 2(5, 0) + |lo]I” + 20 @), (2.5)

where ¢ € C, ¢ € E*, p is a positive number, and f : C — R U {+oo} is proper, convex,
and lower semicontinuous. From the definitions of G and f, it is easy to see the following
properties:

(i) G(¢, ) is convex and continuous with respect to ¢ when ¢ is fixed,

(ii) G(¢, ) is convex and lower semicontinuous with respect to £ when ¢ is fixed.

Definition 2.1 (see Wu and Huang [35]). Let E be a real Banach space with its dual E*. Let C

be a nonempty, closed, and convex subset of E. We say that H{: : E* — 2€ is a generalized
f-projection operator if

Hé(p: {ueC:G(u,(p) :EignéG(g,(p)}, Vo € E*. (2.6)
€
For the generalized f-projection operator, Wu and Huang [35] proved the following

theorem basic properties.

Lemma 2.2 (see Wu and Huang [35]). Let E be a real reflexive Banach space with its dual E*. Let
C be a nonempty, closed, and convex subset of E. Then, the following statements hold:

(1) Hé is a nonempty closed convex subset of C for all ¢ € E*,
(ii) if E is smooth, then, for all p € E*, x € Hé if and only if

(x-y,9-Jx)+pf(y) -pf(x) 20, VyeC, (2.7)

(iii) if E is strictly convex and f : C — RU {+oo} is positive homogeneous (i.e., f (tx) = tf(x)
forall t > 0 such that tx € C where x € C), then Hé is a single-valued mapping.
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Fan et al. [36] showed that the condition f is positive homogeneous which appeared
in Lemma 2.2 can be removed.

Lemma 2.3 (see Fan et al. [36]). Let E be a real reflexive Banach space with its dual E* and C

a nonempty, closed, and convex subset of E. Then, if E is strictly convex, then Hé is a single-valued

mapping.

Recall that ] is a single-valued mapping when E is a smooth Banach space. There exists
a unique element ¢ € E* such that ¢ = Jx for each x € E. This substitution in (2.5) gives

G(¢&, Jx) = 21> = 2(&, Tx) + ||x]I> + 2p £ (&) (2.8)

Now, we consider the second generalized f-projection operator in a Banach space.

Definition 2.4. Let E be a real Banach space and C a nonempty, closed, and convex subset of
E. We say that Hé : E — 2€ is a generalized f-projection operator if

Mlx = { u€C: Glu, Jx) = infG(, Jx) } Vx € E. (2.9)

Obviously, the definition of T : C — C is a relatively quasi-nonexpansive mapping
and is equivalent to

(R'1) F(T) #0,
(R'2) G(p, JTx) < G(p, Jx), forall x e C, p € F(T).

Lemma 2.5 (see Li et al. [29]). Let E be a Banach space, and let f : E — R U {+o0o} be a lower
semicontinuous convex functional. Then, there exists x* € E* and a € R such that

f(x)>(x,x")+a, VxeE. (2.10)

We know that the following lemmas hold for operator H{:.

Lemma 2.6 (see Li et al. [29]). Let C be a nonempty, closed, and convex subset of a smooth and
reflexive Banach space E. Then, the following statements hold:

(1) Héx is a nonempty closed and convex subset of C for all x € E,

(ii) for all x € E, X € TT.x if and only if

(X-y, Jx=JX)+pf(y) —pf(x) 20, VyeC, (2.11)

(iii) if E is strictly convex, then Héx is a single-valued mapping.

Lemma 2.7 (see Li et al. [29]). Let C be a nonempty, closed, and convex subset of a smooth and
reflexive Banach space E. Let x € E and X € Héx. Then,

¢y, x)+G(x,Jx) < G(y, Jx), VyeC. (2.12)
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The fixed points set F(T) of a relatively quasi-nonexpansive mapping is closed and
convex as given in the following lemma.

Lemma 2.8 (see Chang et al. [37]). Let C be a nonempty, closed, and convex subset of a uniformly
smooth and strictly convex real Banach space E which also has Kadec-Klee property. Let T be a closed
relatively quasi-nonexpansive mapping of C into itself. Then, F(T) is closed and convex.

Also, this following lemma will be used in the sequel.

Lemma 2.9 (see Cho et al. [38]). Let E be a uniformly convex real Banach space. For arbitrary
r>0,let B,(0):={x€E:|x| <r}and A, p,y € [0,1] such that X + p +y = 1. Then, there exists
a continuous strictly increasing convex function

g:[0,2r] — R g(0) =0, (2.13)
such that, for every x,y, z € B.(0), the following inequality holds:

1+ py +yz[|* < Al + plly 1 = g (lx - yl])- (2.14)

For solving the equilibrium problem for a bifunction F : C x C — R, let us assume
that F satisfies the following conditions:

(A1) F(x,x) =0forall x € C,
(A2) F is monotone, thatis, F(x,y) + F(y,x) < 0forallx,y € C,
(A3) foreach x,y € C, lim;_oF(tz+ (1 -t)x,y) < F(x,y),
(A4) for each x € C, y — F(x,y) is convex and lower semicontinuous.
Lemma 2.10 (see Blum and Oettli [26]). Let C be a nonempty closed convex subset of a smooth,

strictly convex, and reflexive Banach space E, and let F be a bifunction of C x C into R satisfying
(A1)-(A4). Let r > 0 and x € E. Then, there exists z € C such that

F(z,y)+%<y—z,]z—]x)20, Yy € K. (2.15)

Lemma 2.11 (see Takahashi and Zembayashi [39]). Let C be a nonempty closed convex subset
of a smooth, strictly convex, and reflexive Banach space E. Assume that F : C x C — R satisfies
(A1)-(A4). For r > 0 and x € E, define a mapping TF : E — C as follows:

T (x) = {zeC:F(z,y) + %(y—z,]z—]x) >0,Yy e C} (2.16)

forall z € E. Then, the following hold:
(1) TF is singlevalued,
(2) TF is firmly nonexpansive-type mapping, that is, for any x,y € E,

(TFx =Tl y, JTFx - JTfy ) < (TFx=Tfy, Jx - Jy), (2.17)
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(3) F(TF) = EP(F),
(4) EP(F) is closed and convex.

Lemma 2.12 (see Takahashi and Zembayashi [39]). Let C be a nonempty closed convex subset
of a smooth, strictly convex, and reflexive Banach space E. Assume that F : C x C — R satisfies
(A1)-(A4), and let r > 0. Then, for each x € E and q € F(TY),

¢<q, fo) + qb(fo, x) < ¢(g,x). (2.18)

For the rest of this paper, the sequence {x,},., converges strongly to p and will be
denoted by x, — pasn — oo, {x,},-, converges weakly to p and will be denoted by x,, — p
and we will assume that [5;(111), ﬁffl), ﬂfl) €[0,1], foralli=1,2,3,...such that [5;(111) + ﬁ1(121) + ﬂf’l) =
1, forall n > 0.

We recall that a Banach space E has Kadec-Klee property if, for any sequence {x,},., C E
and x € E with x, — x and ||x,|| — ||x||, x, — xasn — oo. We note that every uniformly
convex Banach space has the Kadec-Klee property. For more details on Kadec-Klee property,
the reader is referred to [2, 33].

Lemma 2.13 (see Li et al. [29]). Let E be a Banach space and y € E. Let f : E — R U {+o0} be a
proper, convex, and lower semicontinuous mapping with convex domain D(f). If {x,} is a sequence in
D(f) such that x, — x € int(D(f)) and lim,, _, . G(xp, Jy) = G(x, Jy), then lim,, _, - ||x,|| = ||x]|-

3. Main Results

Theorem 3.1. Let E be a uniformly smooth and strictly convex real Banach space which also has
Kadec-Klee property. Let C be a nonempty, closed, and convex subset of E. For each k = 1,2,...,m,
let F be a bifunction from C x C satisfying (A1)—(A4). Suppose {T;}2; and {S;}2, are two countable
families of closed relatively quasi-nonexpansive mappings of C into itself such that Q := "L, EP(Fx)N
(NZ F(T) n (NZ F(Si))#0. Let f : E — R be a convex and lower semicontinuous mapping
with C C int(D(f)), and suppose {x,},_, is iteratively generated by xo € C, C1; = C, C; =

f
N2 Cri, x1 =11¢ xo,

Zni = )7 (B}t + Bl T + B JSixa ),
Yni = ]_1 (“n,i]xn + (]- - an,i)]zn,i)/

—_ Fm Fm—l Fz Fl
Un,i = Trm,nTrmfl,n e Trz,nTrl,nyTl,i/

Corti = 12 € Cus : G(z, Jung) < G(=, Jxa)), @1

e
Cus1 = (\Cusriv
i=1

f
Xn+l1 = Hcml X0, n 2 ]-/



10

International Journal of Mathematics and Mathematical Sciences

with the conditions

(i) liminf, )% > 0,

(i) lim inf, _ .. p %) > 0,

(iii) 0 < ay; < a < 1 for some a € (0,1),

[oe]

(iv) {rxnlmeq € (0,00) (k=1,2,...,m) satisfying liminf, .1, >0 (k=1,2,...,m).

Then, {xy, },. converges strongly to Héxo.

Proof. We first show that C,, forall n > 1 is closed and convex. It is obvious that C; = C is
closed and convex. Suppose Cy; is closed and convex for some k > 1. For each z € Cy;, we
see that G(z, Ju,) < G(z, Jxx) is equivalent to

2((z, Jxk) = (2, Jugi)) < llocell® = lloeill. (3.2)

By the construction of the set Ci.1,;, we see that Ci,1, is closed and convex. Therefore, Ci,1 =
N7Z; Ck+1,i is also closed and convex. Hence, C,, for all n > 1 is closed and convex.

By taking 9,5 = Ti’jnT,Fk’:l/n e TrifnT,Tn, k=1,2,...,mand 69 = I for all n > 1, we obtain

Uni = O3 Yn,i-

We next show that Q ¢ C,, forall n > 1. For n = 1, we have Q ¢ C = Cj. Then, for

each x* € Q, we obtain

G(x*, Juni) = G(x*, JO1'Yni) < G(x*, JYn,i)

=G(x", (aniJxpn + (1 = ani) ] zni))
= 2P =26t (2", Txn ) =2(1 = Qi) (X", J 2 )+l tn,i T 0+ (1 = i) Jzu il P +2p f (x7)
<P =26t (", Txtn ) =2(1 = Qi) (X", J 2 )+ |l >+ (1= i) | 2420 f ()
= a,,iG(xX*, Jxy) + (1= i) G(x", Jzni)
= a0 G(x*, Jx) + (1= )G (%", (B 200 + B2 Tien + B J i ))
< ani G, Jon) + (1= ) (11 = 265 (", Jocn)
— 2B, JTixn) = 2B5)(x*, T Sixtu) + Bl |1 xull®
BTl + B Siall” +2pf () )
= a0 G, Jxa) + (1= ) (B GO, Jx) + Bl G(x*, JTixa) + Bt G(x*, T Sixn) )

S G(x*/ ]xn)'
(3.3)

So, x* € C,. This implies that Q C C,, for all n > 1. Therefore, {x,} is well defined.
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We now show that lim,,_, oG (x,, Jx¢) exists. Since f : E — R is convex and lower
semicontinuous, applying Lemma 2.5, we see that there exists u* € E* and a € R such that

fly) =2(y,u*)+a, VyekE. (3.4)
It follows that
G(xn, Jx0) = [12all” = 2(2n, Jx0) + [Ix0]I* + 20 f (24)
> [|ul|* = 2(xn, Tx0) + [Ix0l|* + 2p(xy, u*) + 2pa
= ||xnll* = 2(xn, Jx0 = pu*) + ||x0]* + 2pax (3.5)

2 2
> [|xull™ = 2llcull]| Jx0 = pre” | + [|x0]|” + 2pa

g 2pa.

)2 + [|xoll* = || Jx0 — pu*

= (Ilall = [|Jxo — pu*

Since x,, = Hén Xy, it follows from (3.5) that
G(x*, Jx0) 2 G, Jx0) > (Ilxall = [[Tx0 = pu ) + llxoll® = || Jxo = pu*||” + 202 (3.6)
for each x* € F. This implies that {x,},., is bounded and so is {G(x,, Jxo)};—y. By the

construction of C,,;, we have that C,,,;1 C C, and x,,.1 = I_I{: X0 € C,. It then follows from
Lemma 2.7 that

P (xps1, xn) + G(xn, Jx0) < G(xp41, JX0)- (3.7)
It is obvious that

1, xn) 2 (x| = ll2al)* 2 0, (3.8)

and so {G(xn, Jx0) } 5o is nondecreasing. It follows that the limit of {G(xy,, Jxo) };—, exists.
Now since {x,};—, is bounded in C and E is reflexive, we may assume that x, — p,
and since C,, is closed and convex for each n > 1, it is easy to see that p € C, for each n > 1.

Again since x, = HJCC,, xg, from the definition of Hén, we obtain
G(xn, Jx0) <G(p, Jx0), VYn>1. (3.9)

Since

lim inf G(x,, Jx0) = lim inf { ll2al1? = 2(xn, Jxo) + [0l +2p.f ()
n—oo n—oo (3.10)

> |IplI* - 2(p, Jxo) + lIxol® + 20 (p) = G(p, Jx0),
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then we obtain

G(p, Jxo) <liminf G(x,, Jxo) < limsupG(x,, Jxo) < G(p, Jx0). (3.11)

n— oo

This implies that lim, . ,,G(x,, Jxo) = G(p, Jxp). By Lemma 2.13, we obtain lim,_, . [|x,|| =
|lp|l- In view of Kadec-Klee property of E, we have that lim, _, ,x, = p.
We next show that p € "L, EP(Fx) N (N2 F(T;)) N (NZ F(Si)). We first show that
p € N2 F(Ty)) N (N2, E(Si). By the fact that C,..1 € C, and x4 = Hém xo € C,,, we obtain
¢(xn+1/ un,i) < ¢(xn+1/ Xn). (3-12)
Now, (3.7) implies that

¢(xn+1/ Up,i) < ¢(xn+1/ Xn) < G(xp41, Jx0) — G(xn, Jx0). (3.13)

Taking the limit as n — oo in (3.13), we obtain

Tim ¢ (i1, x) = 0. (3.14)
Therefore,
Tim (1, i) =0, Vi> 1. (3.15)
It then yields that lim, —, o (||Xp+1]| — l|ttnil]) = 0, for all i > 1. Since lim,, — o ||xn+1]l = ||pll, we
have
Jim Jlunill = [Ipll, Viz 1. (3.16)
Hence,

Tim || Juil = | Jpll, Viz1, (3.17)

This implies that {||Junill};ep, i > 1 is bounded in E*. Since E is reflexive, and so E* is

reflexive, we can then assume that Ju,; — fo € E*, foralli > 1. In view of reflexivity of
E, we see that J(E) = E*. Hence, there exists x € E such that Jx = f,. Since

P (a1, tni) = %ns1 1 = 2(xns1, Jttni) + [[tni]>
(3.18)

= ||xn+1||2 - 2(Xn41, ]un,i> + ”]un,inzz
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taking the limit inferior of both sides of (3.18) and in view of weak lower semicontinuity of
| - ||, we have

0> [lplI* = 2(p, fo) + I foll* = llplI” = 2(p, Tx) + Il x|I?
(3.19)

= lpll* - 2(p, Jx) + I = p(p, x),

that is, p = x. This implies that fo = Jp and so Ju,; — Jp, foralli > 1. It follows from
limy, - || Junill = ||Jpll, for all i > 1and Kadec-Klee property of E* that Ju,; — Jp, forall i >
1. Note that ! : E* — E is hemicontinuous; it yields that u,; — p, foralli > 1. It
then follows from lim,_. . |[u,:l| = ||pl|, foralli > 1 and Kadec-Klee property of E that
lim, —, o un; = p, forall i > 1. Hence,

lim [, — tnl| =0, Vi>1. (3.20)
n— oo

Since ] is uniformly norm-to-norm continuous on bounded sets and lim, _, oo||x, — Un,| =
0, forall i > 1, we obtain

lim ||, — Junil| =0, Vi>1. (3.21)
n—oo

Since {x,} is bounded, so are {z,,}, {JTix,}, and {JSix,}. Also, since E is uniformly smooth,
E* is uniformly convex. Then, from Lemma 2.9, we have

G(x*, Juni) =G(x*, JOnyni) < G(X*, JYn,i)
= G(x", (aniJxn + (1 = ani)J zn,i))
= [|o0" 1P =260, (X", 20 ) =21 =) (X7, J 2} + || i ot (1 = ) J 20l +20 f (x7)
< {112 =200, (%", J X0 ) =21 =) (X7, J 2,0) + i1 | H(1 = @) |12l +2p f (x7)
= a,,iG(xX*, Jxy) + (1= i) G(X*, Jzni)
= aniG(x", Jon) + (1= ) G(x", (BL) Tt + Bl T Tin + B) JSixn ) )

<aniGOx', Joon)+ (1=aun) (1117 =28) (", Jeu) = 285",  Tio)

3 % 1 2 2 2 3 2
~2B(x*, JSixtn) + B 1%l P+ BN Tl P+ B 1S 0

P (I - TTixal) + 20 (<)
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= o G(x*, Jox) + (1 - ) <ﬂ$i)G(x*, Jxa) + BOIG(x", JTix)

G, TSixa) = o Bt (11 xn = T Tixall))

< aniG(x, Jon) + (1= ) (BRI G(x", ) + PG (x", )

PG, Jow) = B (10~ T Tixul))

= i G(x, %) + (1= ans) (G, Jon) = ) B g (1 0 = T Tixal))

<G, Jxn) = (1= an) B BE g (1T = TTixall).

It then follows that

1 -8 g (12t — JTixall) < (1= i) B g (1T x — T Ticall)

<SG, Jxn) = G(x7, Jun,i).

But
G(x*, Jxn) = G(x*, Jttni) = ||xnll? =t ill* = 2(x", Jxtn = Jtin,)
2 2 *
< [l = ol + 2] ", Tt = Tt
< loenll = Nenill [l ] + Nenill) + 20120 = Jtnil|
< lxen = wnill (N2l + [l2en,ill) + 20* 1T %0 = Ttanl-
From limy, _, oo ||y — Uni|| = 0 and lim,, _, o || J X, — Juti|| = 0, we obtain

G(x*, Jxn) = G(x", Juni) — 0, n— oo.

®

i [5;(121) >0, we have

Using the condition lim inf, _, .o

lim g(||Jx, — JTixs|) =0, Vi>1.
n— oo

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

By property of g, we have lim, _, || Jx, — JTixn|| = 0, forall i > 1. Since | -1 is also uniformly

norm-to-norm continuous on bounded sets, we have

lim ||x, — Tix,|| =0, Vi>1.
n— oo

(3.27)
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Similarly, we can show that

lim [|x, — Sixa =0, Vi>1. (3.28)
n—oo

Since x, — p and T;, S; are closed, we have p € (N2, F(T3)) N (N2 F(Si)).
Next, we show that p € N}*; EP(Fk). Now, by Lemma 2.12, we obtain
(,b (un,i/ yn,i) = (,b (92"]/;1,1', yn,i)
< P(X*, Yni) = P(x*, 07 ym,i) (3.29)

< P(x*, xp) — P(x*,uy;) — 0, n— oo

It then yields that limy, — o ([|t4n,i]| — |Yn,ill) = 0. Since lim,,_, - ||t ]| = |Ipll, i > 1, we have
iyl = ol i1 (330)
Hence,

Tim [|Tynil| = Pl i21. (331)

This implies that {||Jyn,i|l };— is bounded in E*. Since E is reflexive, and so E* is reflexive, we
can then assume that Jy,; — f1 € E*. In view of reflexivity of E, we see that J (E) = E*. Hence,
there exists z € E such that Jz = f;. Since

¢(un,i/ yn,i) = ”un,i”2 - 2<un,i/ ]yn,i> + ”yn,i”2
) (3.32)

7

= ”un,i”2 - 2<un,i/ ]yn,i> + ”]yn,i

taking the limit inferior of both sides of (3.32) and in view of weak lower semicontinuity of
| - |, we have

0> [lpll*-2(p, f1) + 12117 = P> - 2(p, Tz) + ] 2|

e ) (3.33)
=Pl =2(p, J2) +lI2I° = ¢ (p. 2),

that is, p = z. This implies that f1 = Jp and so Jy,; — Jp. It follows from lim,_ o || J sl =
|lJp|l and Kadec-Klee property of E* that Jy,; — Jp. Note that ]! : E* — E is hem-
icontinuous; it yields that y,; — p. It then follows from lim, _. o ||ysill = [|pll and Kadec-

Klee property of E that lim, .y, = p, i > 1. By the fact that 6%, k = 1,2,...,m is relatively
nonexpansive and using Lemma 2.12 again, we have that

& (Okymis yni) < (X" ymi) - (", 05 )

(3.34)
< p(x,x0) = (x, O5yns ).
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Observe that
P, i) = P(x*, 0 Yn,i)

_ * F, Fru1 Fy Fi F; F
= gb <x s Trm”:anmﬂil,Tl T Trk,nTrk—lln e Tr;nTrll,nyn,i>

(3.35)
(o T 6
< ¢<x*,95yn,i>-
Using (3.35) in (3.34), we obtain
¢(9,’iyn,i, yn,i> <X, xn) = P(x*,up;) — 0, n— oco. (3.36)
It then yields that limy,—, o, (||[0Xyill = |yn,ll) = 0. Since limy, —, oo ||yl = ||p|l, we have
nhlr;o| 6 vuill = lpll, k=12...,m (3.37)

This implies that {||0%y,,:||}:2, is bounded in E. Since E is reflexive, we can then assume that
G,ﬁyn,i — w € E. Since

"= 2(0 i Ty ) + sl

Qfl Yn,i

¢ <9£ Yn,is yn,i> = |
- |

taking the limit inferior of both sides of (3.38) and in view of weak lower semicontinuity of

(3.38)
2

7

Qﬁyn,i ’ - 2<95yn,i/ ]yn,i> + ”]yn,i

| - ||, we have
0> [lwlf - 2w, Jp) + [Ipl* = Ilwl* - 2(w, Jp) + || TpII*
(w19} + el (w,1p) + vl -
=¢(w,p),
that is, p = w. This implies that 0Xy,,; — p. It follows from lim, _, ,||0%y,:|| = ||p|| and Kadec-
Klee property of E that
Qﬁyn,i —p, n—oo, k=1,2,...,m. (3.40)
Similarly, lim, —, .o||p — Qﬁ’lyn,iﬂ =0, k=1,2,...,m. This further implies that
lim |[0%y,; — 05 1y,il[ =0, i>1. (3.41)
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Also, since J is uniformly norm-to-norm continuous on bounded sets and using (3.41), we
obtain

tim |18y - 765y,

n— oo

=0, i>1 (3.42)

Since liminf, , 7k, >0 (k=1,2,...,m),

lim ”]Qﬁyn,z - ]91,;_1]/11,1' ”

= U. .4
ne Tom 0 (3.43)
By Lemma 2.11, we have that foreachk=1,2,...,m
1 _
Fe(0kyni v ) + — (Y = 0kyni, JOKyni— 10K yni ) 20, VyeC. (3.44)
kn
Furthermore, using (A2), we obtain
1
o <y - 91]’<ly7’l,i/ ]91];]/11,1' - ]91];71]/71,1'> Z Fk (]// 9’;:yn,i>- (345)

Tkn
By (A4), (3.43), and QEynl,- — p,wehave foreachk=1,2,...,m
Fe(y,p) <0, VyeC. (3.46)

For fixed y € C, let z;,, := ty + (1 - t)p for all t € (0, 1]. This implies that z;,, € C. This yields
that Fi(z:,y,p) < 0. It follows from (Al) and (A4) that

0= Fi(zty, 2ty) < tF(zty,y) + (1= )Fk(z1y,p)

(3.47)
< tFi(z1y, ),
and hence
0 < Fre(zty,y)- (3.48)
From condition (A3), we obtain
Fe(p,y) 20, VyeC. (3.49)

This implies that p € EP(Fx), k = 1,2,...,m. Thus, p € N}, EP(Fx). Hence, we have p € Q =
Nk=1 EP(Fi) N (Mo F(T3)) N (NZ F(Si))-
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Finally, we show that p = Héxo. Since Q = ML, EP(Fi) N (N2 F(T3)) N (NZ, F(Si))
is a closed and convex set, from Lemma 2.6, we know that Héxo is single valued and denote

w = H{zxo. Since x,, = H{:nxo and w € Q c C,,, we have
G(xn, Jx0) < G(w, Jx0), Yn2>1. (3.50)

We know that G(¢, J) is convex and lower semicontinuous with respect to ¢ when ¢ is fixed.
This implies that

G(p, Jxo) <liminf G(x,, Jxo) < limsup G(x,, Jx0) < G(w, ] x). (3.51)
n—o n— oo
From the definition of Héxo and p € Q, we see that p = w. This completes the proof. O

Take f(x) = 0 for all x € E in Theorem 3.1, then G(¢, Jx) = ¢(¢, x) and Héxo = Tcxo.
Then we obtain the following corollary.

Corollary 3.2. Let E be a uniformly smooth and strictly convex real Banach space which also has
Kadec-Klee property. Let C be a nonempty, closed, and convex subset of E. For each k = 1,2,...,m,
let Fy be a bifunction from C x C satisfying (A1)—(A4). Suppose {T;} 2, and {S;}i2, are two countable
families of closed relatively quasi-nonexpansive mappings of C into itself such that Q := ({_; EP(Fx)N
(Mg E(Th)) N (N52q F(Si)) # 0. Suppose {xy, }5 is iteratively generated by xo € C, C1,=C, C1 =
N2, Cri, x1 =Tl xo,

Zn,i = ]71 <ﬁ,(11,1)]xn + ﬂifl) JTix, + ﬁ,(ii)jsixn>/

Yni= ]71 (ni]xn + (1 = an;i) ] zn,i),

e Fm mel Fz Fl .
Uni = Tr T T2 T Y

(3.52)
Custi = {2 €Cpi: @z, uni) < P(z,x0)},

o]
Cus1 = [ \Cusriv
i=1

Xn+1 = ]-_IC X0, n 2 ]-/

n+l

with the conditions
(i) liminf, B2 % > 0,
(ii) lim inf, —, .8\ %) > 0,
(iii) 0<a,; <ax </1fo/r some a € (0,1),
(iv) {rkn}peq € (0,00) (k=1,2,...,m) satisfying liminf, , rc, >0 (k=1,2,...,m).

Then, {x,},q converges strongly to TIgxy.
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Corollary 3.3 (see Li et al. [29]). Let E be a uniformly convex real Banach space which is also
uniformly smooth. Let C be a nonempty, closed, and convex subset of E. Suppose T is a relatively
nonexpansive mapping of C into itself such that Q := F(T)#0. Let f : E — R be a convex and
lower semicontinuous mapping with C C int(D(f)), and suppose {x, }, is iteratively generated by
x0€C,Cy=0C,

Yo =] NanJxn + (1 —ay)JTxy,),
Cunn = {w e Cu: G(w, Jyn) < G(w, Jxs)}, (3.53)

f
Xp =11 x0, n20.

Suppose {a, )2, is a sequence in (0,1) such that limsup, , a, < 1. Then, {x,},’, converges
strongly to Igxo.

Corollary 3.4 (see Takahashi and Zembayashi [9]). Let E be a uniformly convex real Banach
space which is also uniformly smooth. Let C be a nonempty, closed, and convex subset of E. Let F be
a bifunction from C x C satisfying (A1)-(A4). Suppose T is a relatively nonexpansive mapping of C
into itself such that Q := EP(F) N F(T) # 0. Let {x,},, be iteratively generated by xo € C, C1 = C,
x1 = I, xo,

Yn = ]71(“n,i]xn + (1= ani)JTxy),

1
—{y - - >
F(un,y) + - (y —un, Jun— Jya) 20, VyeC, 554

Cus1 = {w €Chn:Pp(w,uy) < Pp(w, xn)}/

Xni1 = I, x0, n2>1,

n+l

where ] is the duality mapping on E. Suppose {ani},q is a sequence in (0,1) such that
liminf, i (1 — ayi) > 0 and {ry};; C (0,00) satisfying Uiminf, 1, > 0. Then, {x,},p
converges strongly to Ilgxo.

4. Applications

Let A be a monotone operator from C into E*, the classical variational inequality is to find
x* € C such that

-x,Ax*y>0, VYyeC. (4.1)
(v ) y

The set of solutions of (4.1) is denoted by VI(C, A).
Let ¢ : C — R be a real-valued function. The convex minimization problem is to find
x* € C such that

p(x") <p(y), VYyeC (4.2)

The set of solutions of (4.2) is denoted by CMP(¢).
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The following lemmas are special cases of Lemmas 2.8 and Lemma 2.9 of [39].

Lemma 4.1. Let C be a nonempty closed convex subset of a smooth, strictly convex, and reflexive
Banach space E. Assume that A : C — E* is a continuous and monotone operator. For r > 0 and
x € E, define a mapping T : E — C as follows:

TA(x) = {ZEC 1 (Az,y - z) +%<y—z,]z—]x> >0, VyEC}. (4.3)

Then, the following hold:

(1) TA is singlevalued,
(2) F(T/) = VI(C, A),
(3) VI(C, A) is closed and convex,
(4) ¢(q, TAx) + p(TAx, x) < (g, x), forall g € F(TA).
Lemma 4.2. Let C be a nonempty closed convex subset of a smooth, strictly convex, and reflexive

Banach space E. Assume that ¢ : C — R is lower semicontinuous and convex. For r > 0 and x € E,
define a mapping T : E — C as follows:

T (x) = {z eC:o(y)+ %(y—z,]z—]x} >p(z), Yy e C}. (44)

Then, the following hold:

(1) 1! is single valued,
(2) F(TY) = CMP(p),
(3) CMP(yp) is closed and convex,

(4) p(q, T/ x) + (T  x, x) < (g, x), forall q € F(TY).
Then we obtain the following theorems from Theorem 3.1.

Theorem 4.3. Let E be a uniformly smooth and strictly convex real Banach space which also has
Kadec-Klee property. Let C be a nonempty, closed, and convex subset of E. For each k = 1,2,...,m,
let Ak be a continuous and monotone operator from C into E*. Suppose {T;}5y and {S;}i, are
two countable families of closed relatively quasi-nonexpansive mappings of C into itself such that
Q = N, VI(C, Ap) N (NZ F(Th)) N (N2 F(Si)) #0. Let f : E — R be a convex and lower
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semicontinuous mapping with C C int(D(f)), and suppose {x,},—, is iteratively generated by
x€C, C;=C, C;1=nZ,Cy, x1 = H{;lxo,

Zni = T (BT + BT T + BT Sien ).

Yni= ]71 (fxn,i]xn + (]- - fxn,i)]zn,i)/

—_ Am Amfl A2 A1
Un,i = Trm,nTrmfl,n e Trz,nTrl,nyTl,i/

(4.5)
C11+1,i = {Z € Cn,i . G(Z/ ]un,i) < G(Z/ ]xn) }/

[oe]
Cui1 = [ \Cusris

i=1

f
Xn =11 x0, n21,

with the conditions
(i) liminf, B2 B2 > 0,
(ii) liminf,— B2 ) > 0,
(iii) 0 < ay; < a < 1 for some a € (0,1),
(iv) {rrn}ypeq € (0,00) (k=1,2,...,m) satisfying liminf, , rc, >0 (k=1,2,...,m).

Then, {x,}y converges strongly to H{zxo.

Theorem 4.4. Let E be a uniformly smooth and strictly convex real Banach space which also has
Kadec-Klee property. Let C be a nonempty, closed, and convex subset of E. For each k = 1,2,...,m,
let o : C — R be lower semicontinuous and convex. Suppose {T;}ioy and {S;}i2; are two
countable families of closed relatively quasi-nonexpansive mappings of C into itself such that Q :=
Nie; CMP(pr) N (N2 F(Ty) N (N2 F(Si)) #0. Let f : E — R be a convex and lower semi-
continuous mapping with C C int(D(f)), and suppose {x,}, is iteratively generated by xo € C,
Cii=C, Ci=NZ Cui, x1 = Héxo,

_ 1 2 3
Zni = (B Jotn + B T + B T Sixa),
Yni = ]_1 (an,i]xn + (1 - an,i)]Zn,i)/
Uni = T;I::jnTx:jn e TzénTzTnyn,ir

Crsty = {2 € Cui : G(2, Jung) < G(z, Jx)), (4.6)

o]
Cui1 = [ \Cusris

i=1

f
Xn+1 = Hcml X0, n 2 ]-/

with the conditions
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(i) liminf, o, % > 0,

iy T 1) (3

(ii) lim 1nfnﬁooﬂfm.) ﬁf“) >0,

(iii) 0 < ay; < a < 1 for some a € (0,1),

(iv) {rrn}ypeq € (0,00) (k=1,2,...,m) satisfying liminf, , rc, >0 (k=1,2,...,m).

Then, {x,},q converges strongly to Héxo.
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