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The fine spectra of upper and lower triangular banded matrices were examined by several authors.
Here we determine the fine spectra of tridiagonal symmetric infinite matrices and also give the
explicit form of the resolvent operator for the sequence spaces cy, ¢, ¢1, and Z,.

1. Introduction

The spectrum of an operator is a generalization of the notion of eigenvalues for matrices. The
spectrum over a Banach space is partitioned into three parts, which are the point spectrum,
the continuous spectrum, and the residual spectrum. The calculation of these three parts of
the spectrum of an operator is called the fine spectrum of the operator.

The spectrum and fine spectrum of linear operators defined by some particular
limitation matrices over some sequence spaces was studied by several authors. We introduce
the knowledge in the existing literature concerning the spectrum and the fine spectrum.
Wenger [1] examined the fine spectrum of the integer power of the Cesaro operator over
¢ and, Rhoades [2] generalized this result to the weighted mean methods. Reade [3] worked
on the spectrum of the Cesaro operator over the sequence space ¢y. Gonzdles [4] studied the
fine spectrum of the Cesaro operator over the sequence space ¢,. Okutoyi [5] computed the
spectrum of the Cesaro operator over the sequence space bv. Recently, Rhoades and Yildirim
[6] examined the fine spectrum of factorable matrices over ¢y and ¢. Coskun [7] studied the
spectrum and fine spectrum for the p-Cesaro operator acting over the space cg. Akhmedov
and Basar [8, 9] have determined the fine spectrum of the Cesaro operator over the sequence
spaces co, €, and ¢,. In a recent paper, Furkan, et al. [10] determined the fine spectrum of
B(r, s, t) over the sequence spaces ¢y and ¢, where B(r, s, t) is a lower triangular triple-band
matrix. Later, Altun and Karakaya [11] computed the fine spectra for Lacunary matrices over
cp and c.
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In this work, our purpose is to determine the fine spectra of the operator, for which
the corresponding matrix is a tridiagonal symmetric matrix, over the sequence spaces ¢y, c,
41, and Z,,. Also we will give the explicit form of the resolvent for this operator and compute
the norm of the resolvent operator when it exists and is continuous.

Let X and Y be Banach spaces and T : X — Y be a bounded linear operator. By R(T),
we denote the range of T, that is,

R(T)={yeY:y=Tx; xeX}. (1.1)

By B(X), we denote the set of all bounded linear operators on X into itself. If X is any Banach
space, and let T € B(X) then the adjoint T* of T is a bounded linear operator on the dual X*
of X defined by (T*¢)(x) = ¢(Tx) for all $ € X* and x € X. Let X # {0} be a complex normed
space and T : D(T) — X be a linear operator with domain ®(T) C X. With T, we associate
the operator

T, =T -1, (1.2)

where A is a complex number and I is the identity operator on ®(T). If T, has an inverse,
which is linear, we denote it by T7!, that is

T =(T- A" (1.3)

and call it the resolvent operator of T). If A = 0, we will simply write T~!. Many properties of
T and T;l depend on \, and spectral theory is concerned with those properties. For instance,
we will be interested in the set of all A in the complex plane such that T} exists. Boundedness
of T;! is another property that will be essential. We shall also ask for what \'s the domain
of Tf is dense in X. For our investigation of T, T}, and T)fl, we need some basic concepts in
spectral theory which are given as follows (see [12, pages 370-371]).

Let X # {0} be a complex normed space, and let T : ©(T) — X be a linear operator
with domain ®(T) C X. A regular value A of T is a complex number such that

(R1) T;" exists,
(R2) T;! is bounded, and

(R3) T)jl is defined on a set which is dense in X.

The resolvent set p(T) of T is the set of all regular values A of T. Its complement o(T) =
C\ p(T) in the complex plane C is called the spectrum of T. Furthermore, the spectrum o (T) is
partitioned into three disjoint sets as follows: the point spectrum o,(T) is the set such that T,
does not exist. A A € 6,,(T) is called an eigenvalue of T. The continuous spectrum o.(T) is the set
such that T)fl exists and satisfies (R3) but not (R2). The residual spectrum o, (T) is the set such
that T;l exists but does not satisfy (R3).

A triangle is a lower triangular matrix with all of the principal diagonal elements
nonzero. We shall write ¢, ¢, and ¢y for the spaces of all bounded, convergent, and null
sequences, respectively. And by ¢,, we denote the space of all p-absolutely summable
sequences, where 1 < p < oo. Let y and y be two sequence spaces and A = (a,k) be an
infinite matrix of real or complex numbers a,i, where n, k € N. Then, we say that A defines a
matrix mapping from y into y, and we denote it by writing A : p — vy, if for every sequence
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x = (xx) € pu the sequence Ax = {(Ax), }, the A-transform of x, is in y, where

(Ax), = Zankxk (n eN).
k

(1.4)

By (u : y), we denote the class of all matrices A such that A: y — y. Thus, A € (u: y) if and
only if the series on the right side of (1.4) converges for each n € N and every x € y, and we

have Ax = {(Ax), }en € v forall x € p.
A tridiagonal symmetric infinite matrix is of the form

(g r 0000 -]
rgr 000 ---

S=5S(qr) = O0rgr 00|,
00rgqroO--

(1.5)

where g,r € C. The spectral results are clear when r = 0, so for the sequel we will have r #0.

Theorem 1.1 (cf. [13]). Let T be an operator with the associated matrix A = (auk).

(i) T € B(c) if and only if

[oe]
[A]] = sup Y’ |ank| < oo,
n k=1

ay := lim a,  exists for each k,
n—oo

[ee)
a:= lim Za"k exists.
Tl—>00k:1

(ii) T € B(cp) if and only if (1.6) and (1.7) with ay = 0 for each k.

(iii) T € B(€y) if and only if (1.6).

In these cases, the operator norm of T is

||T||(ew:ew) = ”T“(c:c) = ||T||(c0:c0) = [|A]l.

(iv) T € B(&) if and only if

[o0)
| AT|| = supD’lan| < oo.

n=1

In this case, the operator norm of T is || T||(¢,:e,) = || A]l.

(1.6)

(1.7)

(1.8)

(1.9)

(1.10)

Corollary 1.2. Let p€{co,c,€1,4x}. S(q,7) : p — pis a bounded linear operator and ||S(q, )| (up)

= |g| +2|r|.
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2. The Spectra and Point Spectra
Theorem 2.1. 0,,(S, u) = @ for u € {£€1,¢co,c}.

Proof. Since €1 C ¢ C ¢, it is enough to show that 0,(S,c) = 0. Let A be an eigenvalue of the
operator S. An eigenvector x = (xg,x1,...) € ¢ corresponding to this eigenvalue satisfies the
linear system of equations:
gxo +rx1 = Axg
X0+ gx1 +1x2 = Axq

(2.1)
X1+ Xy + X3 = Ax

If xo = 0, then x4 = 0 for all k € N. Hence x( #0. Without loss of generality we can suppose
xo = 1. Then x; = (A — g)/r and the system of equations turn into the linear homogeneous
recurrence relation

Xpn+PXp1+Xy2=0 forn>2, (2.2)

where p = (g — 1)/r. The characteristic polynomial of the recurrence relation is
X%+ px+1=0. (2.3)

There are three cases here.

Case 1 (p = —2). Then characteristic polynomial has only one root: &« = 1. Hence, the solution
of the recurrence relation is of the form

X, = (A+Bn)(a)" = A+ Bn, (2.4)

where A and B are constants which can be determined by the first two terms xp and x;.
1=x9=A+B0,sowehave A=1.And -p=x; = A+Bl,sowehave B=1.Thenx, =n+1.
This means (x,) ¢ c. So, we conclude that there is no eigenvalue in this case.

Case 2 (p = 2). Then characteristic polynomial has only one root: « = —1. The solution of the
recurrence relation, found as in Case 1, is x, = (n + 1)(=1)". So, there is no eigenvalue in this
case.

Case 3 (p # £2). Then the characteristic polynomial has two distinct roots a; # £1 and ap # +1
with ajay = 1. Let |a1] > 1 > |az]. The solution of the recurrence relation is of the form

Xn = A(ar)" + B(an)". (2.5)
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Using the first two terms and the fact that p = —(a1 + a2), we get A = a1/ (a1 — ap) and
B =ay/ (a2 — a1). So we have

n+l _ n+l

x, =1 "% (2.6)
ap —ap

If |a1| >1> |6¥2|, then
> - n+l _ n+1 ) 27
bl 2 o (Joal™! = Jazl™") (27)
So lim,|x,| = oo, which means (x,) ¢ c. Now, if |a1| = |az| = 1, then there exists 8 € (0, )
such that a; = ¢ and a, = e7. So, x,, = [sin(n + 1)0]/ sin 0. Again we have (x,) ¢ c. Hence
there is no eigenvalue also in this case. O

Repeating all the steps in the proof of this theorem for ¢, we get to the following.
Theorem 2.2. 0, (S, 4x) = (q —2r,q + 2r).

Theorem 2.3. Let p = (g — A)/r. Let ay and ay be the roots of the polynomial P(x) = x> + px + 1,
with |ap| > 1 > |ay|. Then the resolvent operator over ¢ is S;l = (Suk), where

1 a;l—k+1 _ a;z+k+3 If n>k

- . (2.8)
r(af-1)

Snk

a;’”k*l _ a111+k+3 ifn < k.

Moreover, this operator is continuous and the domain of the operator is the whole space cy.

Proof. Let a1 and a; be as it is stated in the theorem. From (1/7)S,x = y we get to the system
of equations:

pxo+ X1 =1Yo

Xo +pxX1+ X2 =1
(2.9)
X1+ px2+ X3 =12

This is a nonhomogenous linear recurrence relation. Using the fact that (x,), (y,) € co, for
(2.9) we can reach a solution with generating functions. This solution can be given by

1 =3
Xn = = D kY (2.10)
a; ~ Lo
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where
+1-k +3+k
af -af ifn>k
bk = (2.11)
a’l‘”*” - a’l”?’*" if n <k.

Let T = (t,x). We can see that by using Theorem 1.1, T € B(cp). So (1/0{% —1)T is the resolvent
operator of (1/r)S, and is continuous. O

IET:pu — pu(uisé or cp) is a bounded linear operator represented by the matrix A,
then it is known that the adjoint operator T* : y* — p* is defined by the transpose A’ of the
matrix A. It should be noted that the dual space cjj of ¢y is isometrically isomorphic to the
Banach space ¢; and the dual space ¢;, of #; is isometrically isomorphic to the Banach space
Oy

Corollary 2.4. o(S,u) C [q—2r,q+2r] for u € {€1,co,¢, 0o }.

Proof. o(S,co) = 0(5*,¢;) = 0(S,€1) = 0(5%,€;) = 0(5,€x). And by Cartlidge [14], if a matrix
operator A is bounded on ¢, then 0(A,c) = 0(A, ¢.). Hence we have o(S,¢p) = 0(S,41) =
0(5,45) = 0(S,c). What remains is to show that o(S, cp) C [q —2r,q + 2r]. By Theorem 2.3,

there exists a resolvent operator of Sy which is continuous and the whole space ¢y is the
domain if the roots of the polynomial P(x) = x? + px + 1 satisfy

laa| > 1> ). (2.12)

So, if L € 0(S, ¢p) then (2.12) is not satisfied. Since aja; = 1, (2.12) is not satisfied means, the
roots can be only of the form

a=—=¢ (2.13)

for some 6 € [0,2x). Then (g - N)/r = p = (a1 + az) = —(" + ™) = —2cos 0. Hence
A = g+ 2r cos 0, which means A can be only on the line segment [g — 27, g + 2r]. O

Theorem 2.5. o(S, ) = [q—2r,q+2r] for uy € {€1,co,¢, € ).

Proof. By Theorem 2.2 and Corollary 2.4 (q — 2r,q + 2r) C 0(S,¢%) C [q — 2r,q + 2r]. Since
the spectrum of a bounded linear operator over a complex Banach space is closed, we have
0(5,4x) = [q—2r,q + 2r]. And from the proof of Corollary 2.4 we have o(S, ¢1) = (S, co) =
o(S,¢c) =0(S,4s). O

3. The Continuous Spectra and Residual Spectra
Lemma 3.1 (see [15, page 59]). T has a dense range if and only if T* is one to one.

Corollary 3.2. If T € (pu : p) then o,(T, ) = 0, (T*, u*) \ 0, (T, ).
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Theorem 3.3. 0,(S,cy) = 0.

Proof. 0,(S, €1) = @ by Theorem 2.1. Now using Corollary 3.2, we have o,(S, co) = 0,(S*,c}) \
0p(S,¢c0) = 0,(S,41) \ 0,(S,c0) = 0. O

Theorem 3.4. 0,(S,41) = (q—2r,q + 2r).

Proof. Similarly as in the proof of the previous theorem, we have o,(5,¢1) = 0,(5%,¢]) \
Gp(slgl) =O—P(S/€oo) \O-P(Slel) = (q_2r1q+2r)' U

*

IfT:c — cisabounded matrix operator represented by the matrix A, then T* : ¢* —
c* acting on C @ ¢; has a matrix representation of the form

x O
o) -

where y is the limit of the sequence of row sums of A minus the sum of the limits of the
columns of A, and b is the column vector whose kth entry is the limit of the kth column of A
for each k € N. For S, : ¢ — ¢, the matrix S} is of the form

[Zr +9-1 0 ]
. (3.2)
0 Sy

Theorem 3.5. ¢,(S5,c) = {q +2r}.

Proof. Let x = (xp,x1,...) € C @ ¢; be an eigenvector of 5* corresponding to the eigenvalue
A. Then we have (2r + g)xy = Axp and Sx’ = Ax" where x’ = (x1, X2, ...). By Theorem 2.1, x’ =
(0,0,...). Then x¢p#0. And A = 2r + q is the only value that satisfies (2r + q)xop = Axo. Hence
0p(5*,¢*) = {2r + q}. Then 0,(S, ¢) = 0,(5*,¢*) \ 0,(S,¢c) = {2r + q}. O

Now, since the spectrum ¢ is the disjoint union of o0}, o, and o, we can find o, over
the spaces ¢4, cp, and c. So we have the following.

Theorem 3.6. For the operator S, one has the following:

0c(S,61) = {q-2r,q+2r},
0c(S,c0) = [q-2r,q+2r], (3.3)

oc(S,¢c) = [q-2r,q+2r).

4. The Resolvent Operator

The following theorem is a generalization of Theorem 2.3.
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Theorem 4.1. Let p € {cy, c, 1,4 }. The resolvent operator ST over u exists and is continuous, and
the domain of S7! is the whole space p if and only if 0 & [q —2r,q +2r]. In this case, S~ has a matrix
representation (snx) defined by

(4.1)

a k+1 n+k+3 :
1 ap Ty ifn>k
Snk =
) |a

(al In+k+1 _ a111+k+3 ifn < k/

where ay is the root of the polynomial P(x) = rx? + gx + r with || < 1.

Proof. Let p be one of the sequence spaces in {cy,c, 1,4 }. Suppose S has a continuous
resolvent operator where the domain of the resolvent operator is the whole space y. Then
A = 0isnotin o(S,u) = [q—2r,q + 2r]. Conversely if 0 ¢ [q — 2r,q + 2r], then S has a
continuous resolvent operator, and since S is bounded by Lemma 7.2-7.3 of [12] the domain
of this resolvent operator is the whole space p.

Now, suppose 0 ¢ [q—2r,q + 2r]. Let a1 and a; be the roots of the polynomial P(x) =
rx? + gx +r where |a;| < |az|. Since 0 ¢ [q — 2r,q + 2r], by the proof of Corollary 2.4 |a;| # |az|.
Then |a1]| < 1 < |az]|. So S satisfies the conditions of Theorem 2.3. Hence the resolvent operator
of S is represented by the matrix S™! = (s,x) defined by

(4.2)

1 {ail’l k+1 aT+k+3 ifn>k
Snk = )

—n+k+1 n+k+3 if n< k,

r(le - aj

when p = ¢y by that theorem. The matrix S~! is already a left inverse of the matrix S. Observe
that S~! satisfies also the corresponding conditions of Theorem 1.1, which means S7! € (u, p)
for u € {c,€1,€5}. So, the matrix S7! is the representation of the resolvent operator also for
the spaces in {c, ¢1, €. }. O

Remark 4.2. If a matrix A is a triangle, we can see that the resolvent (when it exists) is the
unique lower triangular left hand inverse of A. In our case, S is far away from being a triangle.
The matrix S~! of this theorem is not the unique left inverse of the matrix S for 0 ¢ [q—27,q+
2r]. For example, the matrix T = (t,x) defined by

bnk = (43)

r(“l

1 OlIerJrl _ aT—kJrl ifn<k
) ifn>k

is another left inverse of S. Then AS™! + (1-1)T is also a left inverse of S for any A € C, which
means there exist infinitely many left inverses for S.

Theorem 4.3. Let 0 ¢ [q—2r,q+2r], and, ay be the root of P(x) = rx* + qx +r with |a;| < 1. Then
for p € {co,c, 1, } we have

G Ll laf
570 = |r||1—1a%|<11— jorl)” (*44)
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Proof. Since S7! is a symmetric matrix, the supremum of the ¢; norms of the rows is equal
to the supremum of the ¢; norms of the columns. So, according to Theorem 1.1, what we
need is to calculate the supremum of the ¢; norms of the rows of S71. Denote the nth row S}
by S,! forn = 0,1,.... Now, let us fix the row n and calculate the ¢; norm for this row. Let
p=1/r(1-a3)|. By usmg Theorem 4.1, we have

n
-1 k+1 _ k+3 —n+k+1 k+3
Sn elzp<kzo a;t + n++ kz | n+k+ a;l++ >
= n+1
n [ee]
Sp<Z<|a1|n_k+l +|a1|n+k+3> + Z <|(Xl|_n+k+l +|a1|n+k+3>>
k=0 k=n+1
n
=p< | n k+1 + Z |d |—n+k+1 +Z|a |n+k+3>
k=0 k=n+1 (4 5)
n+l ’
P< o |* +Z|a1| + Z |“1|>
k=1 k=n+3
=p<2z|a1| ~ 2~ |ay |a1|"*2>
k=0
<p<2§1|a1|"— N 1|> ool e
- k=0 Ir||1 - af| (1 = |aa])
Hence
2
a1+ |«
”5_1” _ sup ;1 |1 | + || (4.6)
ww T rl|ll- a2 - |al)
On the other hand
n
-1 _ n-k+1 _ n+k+3 —n+k+1 n+k+3
oGl )
= n+1
n [ee]
Z p<z<|a1|n—k+1 _ |a1|n+k+3> + Z <|a1|—n+k+1 _ |a1|n+k+3>>
k=0 k=n+1
(4.7)
n
=p<Z| 11 k+1 + Z |a | —n+k+1 Z|a |n+k+3>
k=0 k=n+1
n+l 0 r
P< oy [* +Z|d1| > >
k=1 k=n+3
Then
Is....= " Zlml +Z|zx| |+ e | (4.8)
() " | [[1-a] (1=|era])” .
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