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In a Banach space with a basis we define a similar norm to the norm shown by Lin to make
into a space with FPP and make a comparative study of certain geometric properties such as the
Opial property, WNS, and uniform nonsquareness of the original space and the space with the new
norm.

1. Introduction

Dowling et al. in [1] defined a norm in /1 which was used by Lin [2] to exhibit an equivalent
norm which makes /; into a space with the fixed point property (FPP). A similar norm can be
defined in every Banach space X with a basis. Since [ with its usual norm does not have FPP,
we asked ourselves if this norm in these spaces would also improve properties that imply
the weak fixed point property (WFPP). We found out that in some instances it does, in some
cases the original norm has better properties, and in some cases you cannot compare them.
We give several examples to illustrate our assertions.

2. The I’ Norm in a Banach Space

We start by giving the definition of the generalization of the norm used by Lin in a Banach
space with a basis.

Definition 2.1. Let (X, || - ||) be a Banach space with a basis {e,}. Let x = >, xje; € X and
Qn : X — Xbe the projection Q, (372, xie;) = >, xie;. The basis {e,} is called premonotone
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if ||Qnx|| > ||Qn+1x|| and monotone if ||P,x|| < ||Purix|| where Pyx = (I — Quu1)x for every
x € X and for every n € N.

Definition 2.2. Let (X, || - ||) be a Banach space with a basis {e,} and I' = {y,,} C Rwith0 <y, <
Yn+1 and lim,y, = 1. Let x = >7%; x;e; € X. Then if

Il = sup yal|Qux]l, (2.1)
n

[II - || is a norm in X which we will call I'-norm.
Clearly

yallxll <l < (suannn)nxn. (2.2)

Observe that, if {e,} is a basis in (X, || - ||), then it is always premonotone in (X, ||| - |||)
and, if {e,} is monotone in (X, | - ||), then it is also monotone in (X, ||| - |||). Also observe
that since for every x € X we have that lim,},[|Q,x| = 0, there exists ny such that |||x||| =

Yo | Qmy X

Next we define the properties related to wfpp we are going to analyze. The definition
of GGLD is not the original one found in [3], but an equivalent one found in [4].

Definition 2.3. Let Y be a Banach space.

(1) Y has the Opial property if for every weakly null sequence {x,} C Y and for every
xeY, x#0,

lim sup||x,|| < lim sup||x, — x||. (2.3)

(2) If Y has a basis, it has the generalized Gossez-Lami Dozo property (GGLD) [4] if,
for every weakly null normalized block basic sequence {y,}, we have that

limsup|[y; - y;| > 1. (2.4)

i,j>n
(3) A bounded sequence {y,} C Y is called diametral if
lim d (Y1, conv{yi}i;) = diam {yu} .7, (2.5)

Y has weak normal structure (WNS) if there is no weakly null diametral nonzero
sequence in Y.

(4) The coefficient J(Y), related to uniform nonsquareness, since J(Y) < 2 if and only
if Y is uniformly nonsquare, is given by

J(Y) =sup{min(||x +y||, |[[x - y||) : x, v € By}. (2.6)

7
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(5) The coefficient R(Y) [5] is defined by
R(Y) = sup{liminf”xn + x| : {x}, {xn} C By, x, — 0}. (2.7)
n w
(6) Coefficients RW(a,Y) and MW(Y) [6] are defined as follows: for each a > 0
RW(a,Y) = sup{min(liminf”xn + x||, lim inf||x, — x||> x|l € a, {xn} C By, x, — 0},
n n w

MW(Y) = sup{“—ia > 0}.

RW(a,Y) *
(2.8)
It is known that GGLD = WNS = wifpp and the Opial property implies wfpp. Also
RY) <2=MW() > 1= wipp, (2.9)
J(Y) <2=MW(Y) > 1 = wipp. (2.10)

First we will show that the Opial property is inherited from (X, ||| - |||) to (X, | - ||) and
that (X, || - ||) has GGLD if and only if (X, ||| - |||) has GGLD. In order to achieve this, we need
the following result shown in [7].

Lemma 2.4. Let (X, || - ||) be a Banach space with a premonotone basis {e,}. Then
(1) if {xn} converges weakly to x, limy||x, — x|| = a if and only if lim,|||x, — x||| = a,
(2) if {xn} converges weakly to 0 and lim,lim,||x, — x.|| = a, there exists a subsequence {1y, }

of {xn} such that lim,lim, |||y, - y,||| = a.

Lemma 2.5. Let (X, ||-||) be a Banach space with a premonotone basis {e, }. If (X, |||-|||) has the Opial
property, then (X, || - ||) also has the Opial property, but the converse is false.

Proof. Let {x,} be weakly null in X and x € X, x #0. Then, by Lemma 2.4 and by (2.2),

lim sup||x,|| = lim supl|||x,||| < limsup|||x, - x||| < lim sup||x, — x|. (2.11)
n n n n

It is known that, for 1 < p < oo, (I, || - ||) has the Opial property. Consider any I'-norm
[I| - Il in I, with the canonical basis {e,}, and let 6 > 0 be such that 6 < ((yé7 - yf)/yf)l/p.
Then, forn > 2,

[|6e1 + enll| = max[yl(ép + 1)1/PI Yn] = Yn,
(2.12)
lim|le, ||| = lim y, = lim|||6e1 + en||| = 1.

Thus, (I, ||| - /) does not have the Opial property. O
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Lemma 2.6. Let (X, ||-||) be a Banach space with a premonotone basis {e, }. Then, (X, ||-||) has GGLD
if and only if (X, ||| - |||) has GGLD.

Proof. Let {y,} be a weakly null normalized block basic sequence. By Lemma 2.4, lim,,||y,||
exists if and only if lim,|||y,||| exists and in this case limy ||y, || = lim,|||y.|||. Also

liirqn'sgp"yi -yl = h,fqn sup| v = willl- (2.13)

L,j2n i,j2n

The above equality follows immediately from the following inequality, for i, j > n :
1
v = willl < llyi = yill < —Hllyi = willl (2.14)

This proves the lemma. O

Now we will show that there exists a space with WNS such that with the I'norm it
does not have WNS.

Lemma 2.7. Let X be the space co with the norm ||x|| = sup |bi| + 272 €ilbil, where x = 3,72, bie,
& >0and > & < oo. Then X has WNS.

Proof. Let {x,} C X be a weakly null nonzero sequence. We may assume that x; #0 and that

there exists a block basic sequence {u,} ¢ X with ||u,—x,|| — 0.Suppose thatu, = ?;‘p a;e;
n— oo n

with p, < g < pus1 for n € Nand that x; = X%, be;. Let k be such that 3%, &|b;| = 6#0. Let
£<6/2,5>kwith |Qsx1|| < € and n > s. Then,

S ‘771
I = wnll + & 2 |[Poxt = unll = max(|| Psxilloy, lunlloo) + D eilbil + Deilail 2 lluall + 6. (2.15)
i=1 i=py

Hence, limsup, [[x1 — x,|| > limsup, ||x,|| + 6/2 and {x,} cannot be a diametral sequence,
since for a diametral sequence {x,} it is true that lim,||x — x,|| = diam{x,} for every x €
conv{x,}. O

Lemma 2.8. Let I' = {y,} C (0,1) be an increasing sequence with lim,y, = 1. Then there is a space
(X, || - |I) with WNS, such that X with the T-norm ||| - ||| does not have WNS.

Proof. Let {yn, }]. be a subsequence of {y,} such that, if &,, = (1/3)(1/yn,—1), then 3%, &, < co.
Observe that &,; < &,,,. Let X be the space ¢y with the norm ||x|| = sup |a;| + 3Z; &n,|an| +
Z?:Li#nj(|ai|/2i), where x = 3%, aie;. By Lemma 2.7, since 3%, (&, + 1/2%) < oo, we know
that X has WNS. Now let ||| - ||| be the T-norm in X with respect to {y;}. Let u; = ey;; then
Yn; = 1/(1 + 3&y,), and thus

il =y (14 2,) <1, (2.16)
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and, if j <m,

[[|1j — uml||| = max(yn]. <1 +&p, + En,,,),)’nm(l + En,,,)>

(2.17)
< max<ynj (1 + 2£nj>,ynm(l + Enm)> <1
Therefore, since 0 € conv{u,} and lim,|||u,||| = 1, we have that diam{u.} = 1. Also, if
0<d, TG k=1,

n-1

Munlll < || D Nii — ua|| < 1. (2.18)
i=1

Hence, {u,} is diametral in (X, ||| - |||)- O

The above example is another proof of the fact that for every ¢ > 0 there are Banach
spaces X and Y with d(X,Y) <1 + ¢ so that X has WNS but Y does not.

With regard to the coefficient MW (X), we will see that, if X has a premonotone basis
and MW(X, || - ||) > 1, then MW(X, ||| - |||) > 1 and we will show a sufficient condition for the
reverse implication. For this we need the following lemma.

Lemma 2.9. Let X be a Banach space with a basis. If

RWi(a, X) = sup{min(liminf”un +y||, liminf||u, - y||) : un — 0,

{un} C Bx is a block basic sequence, (2.19)

ly|| < a and support of y is ﬁnite},

then RW(a, X) = RWi(a, X).

Proof. 1t is clear that RW;(a, X) < RW(a, X).
Now lete >0, x € X, ||x|| < a, and {x,} C Bx, with x, — 0 such that min(lim,||x, +
w
x|, limy||x, — x||) > RW(a, X) — €. By passing to a subsequence, we may assume that there

exist a block basic sequence {u,} C Bx with ||x, — u,|| < € and m € N such that ||x — P,x|| < ¢
and ||Ppx|| < (1 +¢)||x]| < a(1 + €). Then,

P,x c
|22 | 2 = = sl = = Pl = Pl =,
] (2.20)
X €
|22 = 2 e == = s = = Pl = Pl

Let y = Ppx/(1 + €); then |ly|| < a, and we conclude that RW;(a, X) > RW(a, X) - (3 + a)e,
thus proving the assertion. g
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Similarly one can prove that, if X is a space with a basis,

R(Y) = sup{liminf”un + x| : {x}, {un} CBy,u, — 0,

(2.21)
{un} is a block basic sequence and support of x is finite ¢.
It is known (see [6, 8]) that, if X, Y are Banach spaces, then
MW(X) <MWM)A(X,Y),  J(X) <J(Y)d(X,Y). (2.22)

So, if X is a Banach space with a basis, I' = {y,} with 0 <y, < Y1 < 1and y1 > 1/ MW(X),
and Y is X with the I''norm, then MW (Y) > MW(X)/d(X,Y) > yiMW(X) > 1, and if 3 >
1/MW(Y), MW(X) > 1. Similarly, if y1 > J(X)/2, then J(Y) < 2 and, if y1 > J(Y)/2, then
J(X) < 2. But the next proposition shows that in fact MW (X) > 1 always implies MW (Y > 1.
For the coefficient J, in general neither J(X) < 2 implies J(Y) < 2 nor the other way round, as
we will see in Examples 2.16 and 2.17.

Proposition 2.10. Suppose that X is a Banach space with a premonotone basis {e,}. Then MW =
MW(X, || -1|) > 1 implies that MW, = MW(X, ||| - |I|) > 1.

Proof. Let RW(a, (X, ||-]1)) = R(a) and RW(a, (X, [[|-|I)) = Ri(a). Suppose that MW; = 1. Then,
Ri(a) =1+aforeverya>0.Leta>0and0 < ¢ < g,y € X with finite support, |||y||| < a, and
let {u, } be a weakly null block basic sequence with |||u, || < 1 such that lim,|||u,+y||| > 1+a-¢
and lim,|||u, — y||| > 1+ a — €. Then we may suppose that for every n, ||u, + y||| >1+a—¢
and |||lu, — y||| > 1+ a — €. Hence,

lwalll 212, [lly]l| 2 a-e. (2.23)

We may also assume that the supports of y and u, are disjoint. Let u,, = Z:;ln
i bies.

Suppose that |||, + y||| = Y, || szn (a;i + by)e;|| for some m,, < ry,. It is not possible that
m, > r, because this would mean that

aie; and y =

I'n
2 aiei

e

l+a-e<|||lun+y|| = ym. < llunlll < 1. (2.24)

So, by passing to a subsequence if necessary, we may assume that for every n we have that
m, = ig < r. Thus,

L+a—e<|fua+ylll =

< Yio<

'n
2 aiei
i=l

i(ﬂi +bi)e

i=i
<Jo g
Yi,

(2.25)

+ ibie,-

i=ig
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Since lim,y;, = 1, by passing to the limit, we obtain that
Yip 2 1—e. (2.26)

Similarly, there exists y;, > 1 — ¢ with

1+a—5§|||un—y|||<%+a (2.27)

n

premonotone, 1+ a — ¢ < [[[un + ylll = [llun + yolll < [[un + yoll and 1+ a - < [|Ju, - ylll =
Won = yalll < lln = 1l < llun = yoll; thus,

Suppose that iy > iy, and let yo = X.; bie; and y1 = X bie;. Then, since the basis is

a—e<|[lwlll < [llylll < a. (2.28)

Therefore,

a a

a- 6<IllonII<IIonI<—|||yo||| WS

— (2.29)

and |||lyoll — a| < max{e, ae/ (1 - €)}. Further, since y;, < y1,,

1 1 1
1-e < |llunlll < lJunll < Elllunlll < o S (2.30)
and [[lu,|| - 1| <e/(1-¢).
Hence,
u
2t 2 all > [l + yol| = lall - 11 - [||yoll - af
lnll || yo]| (2.31)
>1+ - - { iad }
> a—e¢ T max ,1_5 .
Similarly,
Un Yo £ { as }
- >l+a-e-— —-max{ e, . 2.32
el ol e = (232

We deduce that min(lim inf, || (u, /[|unll) + (vo/ [lyol) all, liminfy|| (ue,, / lunll) = (o / lyolDall) =
l1+a-e-¢/(1-¢€)—-max{e, ac/(1-¢)}, and letting € tend to zero we obtain R(a) = 1+ a and
MW = 1. O

Examples 2.14 and 2.17 exhibit spaces in which MW(X, ||-||) = 1and MW (X, ||| - |||) > 1.
There is however a special case in which MW(X, || - [|) > MW(X, ||| - [I])-
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Recall that a basis {e,} of a Banach space X is 1-spreading if, whenever x = 3%, a;e; €
X and {ey, }; is a subsequence of {e,}, > aien, € X and || X2, aiei| = || 2721 aien||-

Proposition 2.11. If X is a Banach space with a premonotone 1-spreading basis, then MW (X, ||-||) >
MW (X, - 11D

Proof. Let T,, : X — X be the translation given by T, 3.2, aie; = >, ai€ism, and let a >
0,y € X, lyll € a, {u,} C Bx, where y has finite support and {u,} is a weakly null block basic
sequence such that min(||y + u,l|, ||ly — uall) > RW(a, (X,|| - ||)) — € for every n. Let m € N;
then there exists N € N such that for n > N the supports of T,y and u, are disjoint, and
thus, since the basis is 1-spreading, ||y — un|| = |Tny — tn|| and ||y + u,|| = || Ty + uy|l. Then,
Tyl < I Tmyll < a, [llunlll < llunll <1 and forn > N

Ty = nll] 2 youl| Ty = vl = yoully =

7

(2.33)
Ty + ]2 Yl Ty + tll = yolly + ]

Hence, RW(a, (X, ||| - I)) = ymRW(a, (X, || - 1)), and, by passing to the limit as m tends to
infinity, we get RW(a, (X, ||| - [I|)) > RW(a, (X, | - ||)) and thus the desired result. O

Similarly to Propositions 2.10 and 2.11 we can prove the following.

Proposition 2.12. Suppose that X is a Banach space with a premonotone basis {e,}. Then R =
R(X, || - ) < 2 implies that Ry = R(X, ||| - |||) < 2 and, if the basis is premonotone and 1-spreading,
then R = R(X, || [I) < RCX, [ - [I) = Ra.

Corollary 2.13. If X is a Banach space with a premonotone 1-spreading basis, then MW, > 1 if and
only if MW > 1; also Ry <2 if and only if R < 2.

Next we will show an example of a space without a 1-spreading basis, such that R = 2,
MW =1 but Ry < 2 and thus MW, > 1.

Example 2.14. Let X be ¢y with the following norm:

I{an}ll = las] + max|a;]. (2.34)

Let {e,} denote the canonical basis of cy. Then for every a > 0, ||ae; + e,|| = ||ae1 —ex|| =1+a,
and thus R = 2 and MW = 1. On the other hand let x € X with finite support and |||x||| < 1
and suppose that {u,} is a block basic sequence with |||u,||| < 1 forn € N, u, = Zirimn aie;
with m,, <, < mu. and the support of x does not intersect the support of u,. Then, for every
m>2and n > m, Ym||Qmx + Uyl = maX(Ym”me”cO/ Ym”un”co) <1,

Yillx + sl < T+ yaffuinll,, <1+ Yy—l (2.35)

My

Thus, liminf |||x + u,||| <1+ y1. Hence R; <1+ 11 <2 and, by (2.9), MW, > 1.

With regard to the coefficient | we have the following which is proved similarly to
Proposition 2.11.



International Journal of Mathematics and Mathematical Sciences 9

Proposition 2.15. Suppose that X is a Banach space with a premonotone 1-spreading basis
{en). Then J(X, |- 1) < TSI - NID-

In general neither J(X, || ||) <2 implies J(X, ||| - |||} < 2 nor the other way round, as the
following examples show.

Example 2.16. Let 1> p > 1/v/2 and X = R, @,h, where R}, = (R, || - [|(,)) and [|(x1, x2)[l,y =
max(|xi1], [x2, p(|x1] + [x2])). Then, if p < y2/(y1 +712), J(X) <2 but for every I, J(X, [ - [|]) = 2.
Since p > 1/4/2, it is easy to see that for x = (x1, x2) € R?,

U

\/1-2pu+2u?

Thus, d(Ir, X) < d(RZ,Ri) =+/24/1 - 2u + 242 < +/2,and by (2.22), since ] (I,) = v/2, we obtain
that J(X) <2.

Now let I' = {y}, p < 1/(0n + 1) x = 1/1n,1/700,..), and y =
(=1/v1,1/y2,0,0,...). Then [[|x]|| = [[[ylll = 1 but |[lx + y[[| = |llx - y[l| = 2.

llxlly < llxll gy < pv201x]l,- (2.36)

This last example is another proof of the known fact that for every ¢ > 0 there are
Banach spaces X and Y with d(X,Y) <1+¢, J(X) <2but J(Y) = 2. In the following example
we exhibit a space X with J(X) = 2 such that J(X, ||| - ||]) < 2.

Example 2.17. Let X = (I, || - ||), where, for x = (a,) € L, ||x|| = |a1] + (X al.z)l/z. Then
J(X) =2,MW(X) =1, and, if T is such that y > 1/v/2 and y1 /72 < 1/v/2, J(X, ||| - |I|) < 2 and
thus MW(X, ||| - I]) > 1.

Obviously if {e,} is the canonical basis of I, and a > 0, then |lae; + e,|| = ||ae1 — e,|| =
1+ aforn>1and thus J(X) =2and MW(X) =1.

Suppose now that J(Y) = J(X, ||| - [||) = 2. Then there exist sequences {x,},{y,} C By
such that lim,|[|x, + yx||| = lim,|||x, — y.||| =2 and {m,}, {I,} C N so that

Qm, (30 + ) ||,
Qi (%n = yn) ||-

1%+ yulll = vin,

(2.37)
Ixn =yl | =,

By passing to a subsequence, we may assume that, for every n € N, e} (x,) > 0, e] (yx) >
0 and ej(x,) > e](yn), and that the subsequence satisfies one of the next three cases:

(1) m, >1and [, > 1 for every n,
(2) my, =1, =1 for every n,

(3) my, =1and I, > 1 for every n.

Observe that

Ym||Qm(x+vy)|| >2-¢ implies y||Qm(x)[| > 1€ and ym||Qm(y)| > 1 -e. (2.38)
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Case 1. Let Z = (Io, |[| - lllr,), where [|| - |||, is the T'y = {y;}{2,-norm. Then

Q2xxlllr, <1, 1Qynlllr, <1,

Q2Cen +wa)llr, 22-¢  [1Q(en ~ym)lIr, 22 -&.

(2.39)

Since 1/y, < v/2, then, by (2.2), d(Z,1,) < +/2 and, by (2.22), since J(l,) = v/2, J(Z) < 2 and
this is a contradiction.

Case 2. Let ¢ > 0. Suppose that x = 3.2, aie;, y = 3.2y bie; € By, a1 >0, by >0, a1 > by and

. 1/2
Y1<Z(ai+bi)2> 22-¢e-y(a1+b),
i

(2.40)
- 1/2
Y1<Z(ai_bi)2> >2-e—y1(a1 —by).
i=2
Squaring both inequalities and adding them, since 12 (>.72, (11.2)1/2 < llx]l], we get
27 28 2, 2 2, .22 2
LAY le<ai + bi> >(2-e-yiam) +y;b; 2 (2-e-ya1)". (2.41)

2
YZ i=2

By passing to the limit as ¢ — 0, since yja; < 1, we obtain that \/E()ﬁ /Y2) 22-y1a1 > 1, and
this contradicts y1 /12 < 1/v2.

Case 3. Let2 > £ > 0. Suppose that x = >.°; aje;, y = X2, bie; € By, a1 > 0,b; > 0,a; > by and

. 1/2 . 1/2
lx +ylll = yi(jar + bi| + (52 (@i +b;)%) ") 22 —eand [|x = yll| = ym(SZ (@i —b1)>) " >

2 —¢. Then, by (2.38),

- 1/2
m<zg> Si-e e02)
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Since in I, if u, v € By,, one has that [lu — v|| > & implies |lu + v|| < 24/1 - (6/2)?, then
V(S (a: + b)) < VEe— £ Also

-1 1/2 » 1/2
2—55}/1 <|[11+b1|+ <Z(ai+bi)2> + <Z(ai+bi)2> )
i=2 i=m

m—

—_

1/2
(a; + b,-)2> s L Vae =2 (2.43)

Ym

<1ilar + byl +Y1<

i

Jay

m—

172
< yilar + by +Y1< (a; +bi)2> + Ve — €2,

i=2

Let ¢ = € + V4e — €2; then

m-1 172
2—¢§y1|a1+b1|+y1<Z(a,-+bi)2> ) (2.44)

i=2

1/2

By (2.38), yilai|+y1(Z/5' a?)'" > 1- ¢, and since, for A, B >0,

B
1/2 _ 41/2 _
(A+B) A A+ B) s Y (2.45)
we have, using (2.42), that
- 1/2
12 yla|+ 11 <Za?>
i=2
m-1 (1 5)
> Y1|a1| +1 a +
= i (2.46)

3

1/
71(12 Yl(l _5) 1
' Ym  (A+B)Y*4+ A2

—Y1|01|+Y1<

n(-e?° 1
Ym  (A+B)Y2+ A2

Il
N

>1-¢+

where A = (3], a?) ”? and B = (1-¢)*/y2. But

(A+B)V2 4 A2 < < (1 —€) > + 1 < i; (2.47)
1

Yo 2N
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therefore,

Y1<£< ¢ 3

< —=, 2.48
2~ (1-¢)?2n (248)

and, taking the limit as ¢ — 0, we get y; = 0 which is a contradiction.
Hence, J(X, ||| - I) <2, and, by (2.10), we have that MW (X, ||| - ||]) > 1.
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