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It is our purpose in this paper to prove two convergents of viscosity approximation scheme to
a common fixed point of a family of multivalued nonexpansive mappings in Banach spaces.
Moreover, it is the unique solution in F to a certain variational inequality, where F := N% F(T})
stands for the common fixed-point set of the family of multivalued nonexpansive mapping {T}}.

1. Introduction

Let X be a Banach space with dual X*, and let K be a nonempty subset of X. A gauge function
is a continuous strictly increasing function ¢ : R* — R* such that ¢(0) = 0 and lim;_ ,¢(t) =
co. The duality mapping J, : X — X* associated with a gauge function ¢ is defined by
Jo(x) = {f e X" :(x, f) = lxlllfIl. IfIl = @(llx])}, x € X, where (-,-) denotes the generalized
duality pairing. In the particular case ¢(t) = t, the duality map ] = J,, is called the normalized
duality map. We note that J,(x) = (¢(|[x[|)/[lx||)J (x). It is known that if X is smooth, then J,
is single valued and norm to weak* continuous (see [1]). When {x,} is a sequence in X, then
xXn — x(x, — x,x, — x) will denote strong (weak, weak*) convergence of the sequence {x, }
tox.s

Following Browder [2], we say that a Banach space X has the weakly continuous dual-
ity mapping if there exists a gauge function ¢ for which the duality map J,, is single valued
and weak to weak* sequentially continuous, that is, if {x,} is a sequence in X weakly conver-
gent to a point x, then the sequence { J,(x,)} converges weak* to J,(x). It is known that [, (1 <
p < 1) spaces have a weakly continuous duality mapping J, with a gauge ¢(t) = tP~!. Setting

D(t) = J‘; p(t)dr, t>0, (1.1)
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it is easy to see that ®(t) is a convex function and J,(x) = 0®(||x[), for x € X, where 0
denotes the subdifferential in the sense of convex analysis. We will denote by 2X the family
of all subsets of X, by CB(X) the family of all nonempty closed bounded subsets of X, and by
C(X) the family of all nonempty compact subsets of X. A multivalued mapping T : K — 2%
is said to be nonexpansive (resp., contractive) if

H(Tx,Ty) <||x-y|, xyeKkK
(1.2)
(resp., H(Tx,Ty) < k||x-vy||, for some k € (0,1)),
where H(:,-) denotes the Hausdorff metric on CB(X) defined by
H(A,B) := max{ sup inf||x - y||,sup inf||x - y|| ;, A, B € CB(X). (1.3)
xeA YEB yeB x€A

Since Banach’s contraction mapping principle was extended nicely to multivalued mappings
by Nadler in 1969 (see [3]), many authors have studied the fixed-point theory for multivalued

mappings.

In this paper, we construct two viscosity approximation sequences for a family of
multivalued nonexpansive mappings in Banach spaces. Let K be a nonempty closed convex
subset of Banach space X and let T, : K — C(K), n = 1,2... be a family of multivalued
nonexpansive mapping, f : K — K is a contraction mapping with constant a € (0,1). Let
a, € (0,1), B, € (0,1). For any given xg € K, let yy € Toxg such that

X1 = a()f(X()) + (1 - ao)yo. (1.4)
From Nadler Theorem (see [3]), we can choose y; € Tyx; such that
|0 — v1|| < H(Toxo, Tix1). (1.5)

Inductively, we can get the sequence {x,} as follows:
Xps1 = A f(Xn) + (L= an)yn, VneN, (1.6)
where, for each n € N, y,, € T,,x,, such that
lyner = yall € H(Tpe1Xns1, Tnxn). (1.7)
Similarly, we also have the following multivalued version of the modified Mann iteration:
X1 = Puf (Xn) + anXy + (1= an = ) Yn, (1.8)

and vy, € T,x, such that ||y — Yull < H(Tuaxne, Tuxn). Then, {x,} is said to satisfy
Condition (A’) if for any subsequence x,, — x and d(x,+1, Tn(x,)) — 0 implies that x € F,
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where F := N F(T,) #0 is the common fixed-point set of the family of multivalued mapping
{T,.}. We give an example of a family of multivalued nonexpansive mappings with Condition
(A) as follows.

Example 1.1. Take X = Rand T,, = T (for all n > 0), where T is defined by

{0}, x<1,
T(x) = 11 th . (19)
{x—i,i—x}, otherwise.
Let f: R — {0} and a, =1/n,n > 2, then F = {0} and the iteration (1.6), reduced to
=(1- ! Yn>0 (1.10)
xn+1 - n+ 2 ym n:z 7 .

where v, € Tx,, and it satisfies Condition (A'). In fact, if xo < 1, then (foralln € N,n > 0)x, =
0 and Condition (A’) is automatically satisfied. If xy > 1, then there exists an integer p > 2,
such that

xoe<P(P+1>_1(P+1>(P+2)_1], xm:%(xo—M) (1.11)

4 2’ 4 2 4

Then, y, € Tx,-1 = {0}; hence, x, = 0 (for all n > p), from which we deduce that Condition
(A) is satisfied.

2. Preliminaries

Let K C X be a closed convex and Q a mapping of X onto K, then Q is said to be sunny if
Q(Q(x) +t(x = Q(x))) = Q(x) for all x € X and ¢t > 0. A mapping Q of X into X is said to
be a retraction if Q% = Q. A subset K of X is said to be a sunny nonexpansive retract of X if
there exists a sunny nonexpansive retraction of X onto K, and it is said to be a nonexpansive
retract of X. If X = H, the metric projection P is a sunny nonexpansive retraction from H to
any closed convex subset of H. The following Lemmas will be useful in this paper.

Lemma 2.1 (see [4]). Let K be a nonempty convex subset of a smooth Banach space X, let J : X —
X* be the (normalized) duality mapping of X, and let Q : X — K be a retraction, then the following
are equivalent:

(1) (x = Px,j(y —Px)) <O0forall x e Xand y € K,

(2) Q is both sunny and nonexpansive.

We note that Lemma 2.1 still holds if the normalized duality map ] is replaced with the general duality
map J,, where ¢ is a gauge function.

Lemma 2.2 (see [5]). Let {a,} be a sequence of nonnegative real numbers satisfying the property

aps1 < (1 - Yn)an + ﬁn, n>0, (21)
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where {y,} C (0,1) and {p,} is a real number sequence such that

(1) X0 ¥n = o,
(ii) either limsup, _ _ (Bu/Yn) <001 320 |Pul < oo,

then {a,} converges to zero, asn — co.

Lemma 2.3 (see [1]). Let X be a real Banach space, then for all x,y € X, one gets that
D(|lx + yll) < @(lxll) + (. jp (x + ), Vip € Ty (22)
Lemma 2.4 (see [6]). Let {x,} and {y,} be bounded sequences in a Banach space X such that
Xni1 = YnXn + (1= Yn)Yn, n2>0, (2.3)

where {y,} is a sequence in [0, 1] such that

0 <liminfy, < limsupy, < 1. (2.4)
n—oo n—oo
Assume that limsup, _, _ ([[Yns1 = Yull = [Xne1 — x0ll) <0, then limy, _, o ||y — x4 = 0.

3. Main Results

Theorem 3.1. Let X be a reflexive Banach space with weakly sequentially continuous duality mapping
J, for some gauge ¢, let K be a nonempty closed convex subset of X, and let T, : K — C(K), n =
0,1,2..., be a family of multivalued nonexpansive mappings with F # § which is sunny nonexpansive
retract of K with Q a nonexpansive retraction. Furthermore, T,,(p) = {p} for any fixed-point p € F,
{xn} is defined by (1.6), and a, € (0, 1) satisfies the following conditions:

1) a, —» 0asn — oo,
(2) 25z an = o,
(3) {xy} satisfies Condition (A').

Then, {x,} converges strongly to a common fixed-point x = Q(f (x)) of a family T,, n=0,1,2..., as
n — oo. Moreover, X is the unique solution in F to the variational inequality

(f® -%j,(y-%)) <0, VyeF. (3.1)

Proof. First, we show the uniqueness of the solution to the variational inequality (3.1) in X.
In fact, let y € F be another solution of (3.1) in F, then we have

(f@®-%jy(y-%)) <0, (f(¥) -V jp(x-¥)) <0. (32)
From (3.2), we have that

(1 -ap(x-yDIx-7] <o. (3:3)
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We must have X = y and the uniqueness is proved. Let p € F, then, from iteration (1.6), we
obtain that

%1 = Il < |xne1 = anf (p) = (1 = an)pl| + [lanf (p) + (1~ an)p - p||
= |l (f Cen) = £ () + (1 = an) (Y = p) || + @l f () — P
< awat||xn = p|| + (1 = aw) H(Tuxn, Tup) + || f (p) = |
< (1= -a)ay)||lxa = pll +aullf(p) - pll-

Using an induction, we obtain ||x, — p|| < max{|xo—p||, (1/(1-a))| f(p) —pl|}, for all integers
n, thus, {x,} is bounded and so are {T,x,,} and { f(x,)}. This implies that

A(xp1, T (%)) < || X1 = Y| = @n|| f(xn) = || — 0 as n — co. (3.5)
Next, we will show that

lim sup (f (%) - X, jp (xni1 — X)) < 0. (3.6)

n—oo
Since X is reflexive and {x,} is bounded, we may assume that x,, — g such that

lim sup(f(X) - X, jy(xns1 — X)) = limsup(f (X) - X, j, (xn, — X)). (3.7)

n— oo k— o0

From (3.5) and {x,} satisfying Condition (A), we obtain that g € F. On the other hand, we
notice that the assumption that the duality mapping J, is weakly continuous implies that X
is smooth; from Lemma 2.1, we have

n—oo

limsup(f () = X, jp (X1 — X)) = liin sup(f (X) = X, jy (xn, = X))

= (f®) -%j,(q-%)) (3:8)
= (Q® - %, j,(3-%)) <0.

Finally, we will show that x, — X as n — oo. From iteration (1.6) and Lemma 2.3, we get
that

D(llxner =) < D([|an (f (xn) = £ (X)) + (1= atu) (yn = X) [|) + @n(f(X) = X, (X1 = X))
< D(apallxy, — x| + (1 — an) H(Tuxn, Tux)) + an{f (X) = X, jo (Xps1 — X))
< (1 -a,(1-a)D(|x, —x]|) + “n(f(y) _Er].tp(xnﬂ _§)>
(3.9)

Lemma 2.2 gives that x, — X as n — oo. Moreover, x satisfying the variational inequality
follows from the property of Q. O
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Let f = u € K in iteration (1.6) be a constant mapping, then x = Qu. In fact, we have
the following corollary.

Corollary 3.2. Let {x,} and T, be as in Theorem 3.1, f = u € K, then {x,} converges strongly to a
common fixed-point x = Q(u) of a family T,,, n = 0,1,2...,as n — oo. Moreover, X is the unique
solution in F to the variational inequality

(u-Qu),j,(y-Q(u))) <0, VYyeF. (3.10)

If X = H, then the condition that F is a sunny nonexpansive retract of K in Theorem 3.1 is not
necessary, and one has the following Corollary.

Corollary 3.3. Let H be a Hilbert space with weakly sequentially continuous duality mapping J, for
some gauge ¢, and let {x,} and T, be as in Theorem 3.1, then {x,} converges strongly to a common
fixed-point x = Ppf(x) of a family of T,, n = 0,1,2..., where Pr is the metric projection from K
onto F.

Proof. 1t is well known that H is reflexive; by Propositions 2.3 and 2.6(ii) of [7], we get that F
is closed and convex, and hence the projection mapping Pr is sunny nonexpansive retraction
mapping, and the result follows from Theorem 3.1. O

Corollary 3.4. Let X be a real smooth Banach space, let K be a nonempty compact subset of X, and let
T, and {x,} be as in Theorem 3.1, then {x, } converges strongly to a common fixed-point x = Q(f (x))
of a family of T,, n=0,1,2...,as n — oo. Moreover, X is the unique solution in F to the variational
inequality

(fx)-%,j,(y-x)) <0, VyeF. (3.11)
Proof. Following the method of the proof of Theorem 3.1, we get that

d(xpi1, Tn(xy)) < ”xn+1 - yn” = ‘xn”f(xn) - yn” — 0 asn-— oo. (3.12)

Next, we will show that

limsup(f (X) - X, j(Xps1 — %)) < 0. (3.13)

n— oo

Since K is compact and {x,} is bounded, we can assume that there exists a subsequence {x,, }
of {x,} such that x,, — g€ K,

limsup(f(X) - X, jo(Xps1 — X)) = klijr;(f(f) =X, o (%, —X)). (3.14)

n—oo
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From (3.12) and {x,} satisfying Condition (A’), we obtain that g € F. On the other hand,
from the fact that X is smooth, the duality being norm to weak* continuous, and the standard
characterization of retraction on F, we obtain that

lim sup(f (%) — X, j, (xut = ¥)) = lim (£ (%) =%, jy (¥, ~ )

n—oo
= (f®) - T, jp(q- 7)) (.15)
=(Q®) - %, jp(q-%)) < 0.
Now, following the method of the proof of Theorem 3.1, we get the required result. O

Theorem 3.5. Let X be a reflexive Banach space with weakly sequentially continuous duality mapping
J, for some gauge ¢, let K be a nonempty closed convex subset of X, and let T, : K — C(K), n =
0,1,2..., be a family of multivalued nonexpansive mappings with F # § which is sunny nonexpansive
retract of K with Q a nonexpansive retraction. H(Tpax,Tyy) < ||x — y|| for arbitrary n € N.
Furthermore, T, (p) = {p} for any fixed-point p € F. {x,} is defined by (1.8) and a,, B, satisfy the
following conditions:

(i) pn — 0asn — oo,

(ii) X520 Pn = oo,

(iii) 0 < liminf, . ,a, < limsup, | _a, <1.

If {x,} satisfies Condition (A'), then {x,} converges strongly to a common fixed-point X = Q(f (x))
of a family of T,, n =0,1,2...,as n — oo. Moreover, X is the unique solution in F to the variational
inequality

(f@®-%jy(y-%)) <0, VyeF (3.16)

Proof. W first show that the sequence {x,} defined by (1.8) is bounded. In fact, take p € F,
noting that T, (p) = {p}, we have
e = pll = (1= an = Bu) 1y = | + anllxn = pll + Bull f xa) = |
= (1= an = Pu) [lyn = Tup|| + an||xn = p|| + Pull f (xn) = |
< (1= an = fu) H(Tuxn, Tup) + au||xn = p|| + Bull £ (n) = p|
< (L= an=pu) |xn =Pl + anllxn = pl| + Bull f en) = |
< (1= Bu) I = pll + Bulallxn = pll + 1 £ (P) - Pl
|If (P) P||

(3.17)

<+ (a=1)B)||xn —p|| + (1 — a) = ————
It follows from induction that

o=l < max{ -, L2221 an
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so are {y,} and { f(x,)}. Thus, we have that

Tim il () = vl = 0. (3.19)
Next, we show that
lim d(xp41, Ty (xy,)) = 0. (3.20)

Let A, = B,/ (1 — ) and z,, = Ay f (%) + (1 = A,)) Y, then

lim A, =0, Xni1 = tpXy + (1 — )z (3.21)

n—oo
Therefore, we have for some appropriate constant M > 0 that the following inequality:

||Zn+1 - Zn” = ||)Ln+1f(xn+1) + (1 - )ln+1)yn+1 - ()lnf(xn) + (1 - ln)yn)”
< Mot = Al [ Gensa) = @) || + ymr =yl + Anllyn |l + A |y |

(3.22)
< |hns1 = )Ln|||f(xn+1) - f(xn)” + H(Tyu11Xn41, Tuxn) + (A + Aup1) M
< |)Ln+1 - )Ln|||f(xn+1) _f(xn)” + ”xn+1 - xn” + (J\n + )tn+1)M
holds. Thus, limsup,, _,  (I|zn+1 = Znll = |x041 = xall) < limy o o0 (|Xas1 = Anlllf (X041) = f ()|l +
(Ay + Xps1) M) = 0. By Lemma 2.4, we obtain
lim ||x, — z,|| =0,
e (3.23)
”xn - yn” < lxn =zl + ”Zn - yn|| = ||y = zull + )Ln”f(xn) - }/n” — 0.
Therefore, we have
d(xus1, T (xy)) < ”xn+1 - ynll < ﬂn”f(xn) - yn” + an”xn - yn” — 0. (3.24)

Using (3.20) and {x,} satisfying Condition (A'), we can use the same argumentation as
Theorem 3.1 proves that x € F and

limsup(f (X) = X, j, (xps1 — X)) < 0. (3.25)

n— oo
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Finally, we show that x, — Xasn — oo. In fact, from iteration (1.8) and Lemma 2.3, we have

D([l2cns1 = xII) = D(|| B f (xn) + @nxn + (1 = ctw = fr) yn — X||)
= O([lan(xn = %) + (1= an = Bu) (Yn = X) + Pu(f (xn) = f (X)) + Pu(f (%) - X)|)
< D([lan(xn = )| + (1 = tn = Bu) H (T, TuX) + aPlcn — %)
+ P(f (%) = %, jp (xni1 = X))
< [1= A= a)fa] D(llxn = X11) + Pl f (X) = X, jp(Xni1 = X)).

(3.26)
From (ii) and (3.25), it then follows that
& X) =X, jo(Xps1 — X
S (1 -a)py = o, limsup<f( ) 1]"’(0( 1=%) <0. (3.27)
n=0 n -
Apply Lemma 2.2 to conclude that x, — X. O

References

[1] 1. Cioranescu, Geometry of Banach Spaces, Duality Mappings and Nonlinear Problems, vol. 62 of Mathematics
and Its Applications, Kluwer Academic Publishers, Dordrecht, The Netherlands, 1990.

[2] F. E. Browder, “Convergence theorems for sequences of nonlinear operators in Banach spaces,”
Mathematische Zeitschrift, vol. 100, pp. 201-225, 1967.

[3] S.B. Nadler Jr., “Multi-valued contraction mappings,” Pacific Journal of Mathematics, vol. 30, pp. 475
488, 1969.

[4] R. E. Bruck Jr., “Nonexpansive projections on subsets of Banach spaces,” Pacific Journal of Mathematics,
vol. 47, pp. 341-355, 1973.

[5] H. K. Xu, “An iterative approach to quadratic optimization,” Journal of Optimization Theory and
Applications, vol. 116, no. 3, pp. 659-678, 2003.

[6] T. Suzuki, “Strong convergence theorems for infinite families of nonexpansive mappings in general
Banach spaces,” Fixed Point Theory and Applications, vol. 1, pp. 103-123, 2005.

[7] H. H. Bauschke and P. L. Combettes, “A weak-to-strong convergence principle for Fejér-monotone
methods in Hilbert spaces,” Mathematics of Operations Research, vol. 26, no. 2, pp. 248-264, 2001.



-

Advances in

Operations Research

/
—
)

Advances in

DeC|S|on SC|ences

Mathematical Problems
in Engineering

Algebra

2

Journal of
Probability and Statistics

The Scientific
\(\(orld Journal

International Journal of

Combinatorics

Journal of

Complex Analysis

International
Journal of
Mathematics and
Mathematical
Sciences

Hindawi

Submit your manuscripts at
http://www.hindawi.com

Journal of

Mathematics

Journal of

DISBJBLL alhematics

International Journal of

Stochastic Analysis

Journal of

Function Spaces

Abstract and
Applied Analysis

Journal of

Applied Mathematics

ol

w2 v (P
/

e

\jtl (1)@" W, E

International Journal of
Differential Equations

ces In

I\/lathémamcal Physics

Discrete Dynamics in
Nature and Society

Journal of

Optimization



