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We study the uniqueness of meromorphic functions and differential polynomials sharing one value
with weight and prove two main theorems which generalize and improve some results earlier
given by M. L. Fang, S. S. Bhoosnurmath and R. S. Dyavanal, and so forth.

1. Introduction and Results

Let f be a nonconstant meromorphic function defined in the whole complex plane C. It is
assumed that the reader is familiar with the notations of the Nevanlinna theory such as
T(r, f), m(r, f), N(r, f), and S(r, f), that can be found, for instance, in [1-3].

Let f and g be two nonconstant meromorphic functions. Let a be a finite complex
number. We say that f and g share the value a CM (counting multiplicities) if f — a and
g — a have the same zeros with the same multiplicities, and we say that f and g share the
value a IM (ignoring multiplicities) if we do not consider the multiplicities. When f and g
share 1 IM, let zg be a 1-point of f of order p and a 1-points of g of order g; we denote by
Ni1(r,1/(f — 1)) the counting function of those 1-points of f and g, where p = g = 1 and

by N éz) (r,1/(f — 1)) the counting function of those 1-points of f and g, where p = g > 2.
N1 (r,1/(f - 1)) is the counting function of those 1-points of both f and g, where p > g. In
the same way, we can define Ny;(r,1/(g - 1)), N](_Sz) (r,1/(g—-1)), and N.(r, 1/(g-1)).If f
and g share 1 1M, it is easy to see that

N(r,%) = N11<r,]%1> +NL<r,f11> +NL<r,%> +N](_:2) <r,}%l>
N(o)

(1.1)
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Let f be a nonconstant meromorphic function. Let a be a finite complex number and k
a positive integer; we denote by N (r,1/(f —a)) (or N(k) (r,1/(f—a))) the counting function
for zeros of f — a with multiplicity < k (ignoring multiplicities) and by N (r,1/(f — a)) (or
N (r,1/(f-a))) the counting function for zeros of f—a with multiplicity at least k (ignoring
multiplicities). Set

Nk(”ﬁa) ﬁ(%) *N‘Z’Q'J%a) +"'+N(k)<r’fia>’

N, (1/f - a) -
. T, -a
Sl =t =0
We further define
6c(a, f) =1~ Tim Ni(r1/(f - a)) (1.3)

e T f)

In 2002, C. Y. Fang and M. L. Fang [4] proved the following result.

Theorem A (see [4]). Let f(z) and g(z) be two nonconstant entire functions, and let n(>8) be a
positive integer. If [ f"(z)(f (z) -1)] f' (z) and [¢"(2)(g(z) —1)]g' (z) share 1 CM, then f(z) = g(2).

Fang [5] proved the following result.

Theorem B (see [5]). Let f(z) and g(z) be two nonconstant entire functions, and let n, k be two
positive integers with n > 2k + 8. If [ f"(z)(f (z) — 1)](k) and [g"(z)(g(z) - 1)](k) share 1 CM, then
f(z) =g(2).

In [6], for some general differential polynomials such as [f"(f - 1)™®, Liu proved
the following result.

Theorem C (see [6]). Let f(z) and g(z) be two nonconstant entire functions, and let n, m, k be three
positive integers such that n > 5k + 4m + 9. If [f"(z)(f(z) - 1)m](k) and [¢"(z)(g(z) - 1)m](k)
share 1 IM, then either f(z) = g(z) or f and g satisfy the algebraic equation R(f, g) = 0, where
R(wy, wy) = wi(wy - 1)™ = wj (wr — 1)™.

The following example shows that Theorem A is not valid when f and g are two
meromorphic functions.

Example1.1. Let f = (n+2)(h—h""2)/(n+1)(1-h"?), g = (n+2)(1-h"') / (n+1) (1-h"*?), where
h =e* Then [f"(z)(f(z) - 1)]f'(z) and [g"(z)(g(z) — 1)]¢'(z) share 1 CM, but f(z) # g(=).

Lin and Yi [7] and Bhoosnurmath and Dyavanal [8] generalized the above results and
obtained the following results.

Theorem D (see [7]). Let f(z) and g(z) be two nonconstant meromorphic functions with
O(oo, f) > 2/(n+ 1), and let n(> 12) be a positive integer. If [f"(z)(f(z) — 1)]f'(z) and
[¢"(2)(g(z) —1)]¢'(z) share 1 CM, then f(z) = g(z).
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Theorem E (see [8]). Let f(z) and g(z) be two nonconstant meromorphic functions satisfying
O(oo, f) >3/(n+1), and let n, k be two positive integers with n > 3k + 13. If [f"(z)(f(z) - 1n]®
and [g"(z)(g(z) - 1)](k) share 1 CM, then f(z) = g(z).

Naturally, one may ask the following question: is it really possible to relax in any way
the nature of sharing 1 in the above results?
To state the next result, we require the following definition.

Definition 1.2 (see [9]). Let k be a nonnegative integer or infinity. For a € C = CU {oo} one
denotes by Ex(a, f) the set of all a-points of f, where an a-point of multiplicity m is counted
m times if m < k and k + 1 times if m > k. If Ex(a, f) = Ex(a, g), one says that f, g share the
value a with weight k.

We write that f, g share (a, k) to mean that f, g share the value a with weight k; clearly
if f, g share (a, k), then f, g share (a,p) for all integers p with 0 < p < k. Also, we note that
f, g share a value a IM or CM if and only if they share (a,0) or (a, o), respectively.

Recently, with the notion of weighted sharing of values, Xu et al. [10] improved the
above results and proved the following theorem.

Theorem F (see [10]). Let f(z) and g(z) be two nonconstant meromorphic functions, and let n, k
be two positive integers with n > 5k + 11. If O(co, f) + O(c0,g) > 4/n, [f"(2)(f(z) - 1)](k), and
[§"(2)(g(z) - D]® share 1 (1,2), then f(z) = g(=).

Theorem G (see [10]). Let f(z) and g(z) be two nonconstant meromorphic functions, and let n, k
be two positive integers with n > 7k +23/2. If ©(oo, f) +O(o0, g) > 4/n, [[*(z)(f(z) - 1)](k), and
[8"(2)(g(2) = D] share T (1,1), then f(z) = g(2).

Remark 1.3. The proof of Theorem E contains some mistakes: for example, one cannot get
formulas (6.9) and (6.10) in [8]. Therefore, the last inequality in page 1203 of [8] does not
hold. So, Theorem E will not stand. Similarly, in [10], the proof of Case 1 in Theorem F is
incorrect (see page 63 of paper [10]). Hence, the conclusion of Theorems F and G will not
stand.

Now one may ask the following questions which are the motivations of the paper.

(i) What happens if the conclusions of Theorems E, F, and G can not stand?

(ii) Can the value 7 be further reduced in the above results?

In the paper, we investigate the solutions of the above questions. We improve and gen-
eralize the above related results by proving the following theorems.

Theorem 1.4. Let f(z) and g(z) be two nonconstant meromorphic functions, and let n, k be two
positive integers with n > 3k+11. If O(oo, ) > 2/n, [f"(z)(f(z) - 1)]®, and [¢"(z)(g(z) - 1)]®
share 1 (1,2), then f(z) = g(z) or [f"(2)(f(z) - DIV - [g"(2)(g(z) - 1)]¥ = 1.

Theorem 1.5. Let f(z) and g(z) be two nonconstant meromorphic functions, and let n, k be two
positive integers with n > 5k +14. IfO(o, f) > 2/n, [f"(2)(f(z) - 1)]® and [¢"(z)(g(z) - 1)]®
share 1 (1,1), then f(2) = g(2) or [f"(2)(f(2) - D]V - [g"(2)(g() - DIP =1.



4 International Journal of Mathematics and Mathematical Sciences
2. Some Lemmas
For the proof of our result, we need the following lemmas.

Lemma 2.1 (see [1]). Let f be nonconstant meromorphic function, and let ag, a1, ..., a, be finite
complex numbers such that a, #0. Then

T(r,a0f" + a1 ™+ o+ @) = nT(r, f) + S(r, f). @2.1)

Lemma 2.2 (see [1]). Let f(z) be a nonconstant meromorphic function, k a positive integer, and c
a nonzero finite complex number. Then

1

T(r, f) SN(r,f) +N<”/%) +N<T,)W_C> —N<r,]%> +5(r, f)
< N(r, f) + Nis1 (r,%) +N<r, —f(k)l—c> —N0<r,f(%1)> S(r, f).

Here No(r, 1/ f*+V) is the counting function which only counts those points such that f*+9 = 0 but
F(fO -y #0.

Lemma 2.3 (see [11]). Let f be a nonconstant meromorphic function, and let k,p be two positive
integers. Then

(2.2)

N, <r]%k)> < Npik (r%) +kN(r, f) +S(r, f). (2.3)

Clearly N(r(1/ f%))) = Ny (r(1/ f®)).

Lemma 2.4 (see [1]). Let f(z) be a transcendental meromorphic function, and let a1(z), a»(z) be
two meromorphic functions such that T (r, a;) = S(r, f), i =1,2. Then

T(r,f) < N(r, f) +N<r,ﬁ) +N<r,}%ﬂz> +S(r, f). (2.4)

Lemma 2.5. Let f and g be two nonconstant meromorphic functions, and let k(>1), 1(>1) be two
positive integers. Suppose that f® and g®) share (1,1).

(i) Ifl =2and

A1 =20(oo0, f) + (k+2)O(o0,8) +O(0, f) +O(0,8) + 6k41(0, f) + 6xk1(0,8) > k+7 (2.5)

then either f®g® =10or f = g.
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(ii) If I = 1 and

Ay = (k+3)O(oo, f) + (k+2)O(o0,g) +O(0, f) +O(0,8) +26k+1(0, f) + 6k+1(0, g) > 2k +9

(2.6)
then either f®¢® =10r f = g.
Proof. Let
he - L2, @ 5@ ) ) o
fED() " TFRE) -1 gk (z)  gW(z) -1 ‘
Suppose that h#0.

If zg is a common simple 1-point of f® and ¢, substituting their Taylor series at zo
into (2.7), we see that zj is a zero of h(z). Thus, we have

1 1
N1 <7’/ m) = N1 <7‘, W>

/1
< N(”E) (2.8)
< T(r,h) + O(1)

<N(r,h)+S(r, f) +S(r,8).

By our assumptions, h(z) have poles only at zeros of f**1) and ¢**) and poles of
f and g, and those 1-points of f® and ¢ whose multiplicities are distinct from the
multiplicities of correspond to 1-points of ¢®) and f*), respectively. Thus, we deduce from
(2.7) that

N(r,h) <N(r, f) + N(r, ) +N<r,%> +N<r,§> +No<r,f(%)>

(2.9)
1 — 1 — 1
+N0<T,W> +NL<T,fT_1> +NL<T,W>,
here No(r, 1/ f**1) has the same meaning as in Lemma 2.2.
By Lemma 2.2, we have

T(r,f) <N(r,f) + N n YN (= ) =N, —— +S(r, f)

7 = 7 k+1 7 f 7 f(k) _ 1 0 7 f(k+1) 7 7
(2.10)

— 1 — 1 1
T(T,g) < N(T,g) +Nk+1 <T,§> +N<T,W> —N0<T,W> + S(T,g)
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Since f%) and ¢®) share (1,0), we get

We obtain from (2.8)—(2.11) that

T(r,f)+T(r,g) < ZN(r,f) +2N(r,g) +N<r, %) +N<r, é) + Ny <r, ]%_1>

+3NL<r,f7(k)_1>+3NL<r,7g(k)_1>+2NE <r,f(k)_1> (2.12)

+ N1 (r, %) + Nis1 <r, é) +S(r, f)+S(r, 8).

(i) If I > 2, it is easy to see that

1 — 1 — 1 @ 1
N1 <r,fT_1> +3NL<T,W> +3NL<T,W> +2NE <T, f(k) _1>

(2.13)
1
< N<W> +S(r,f)+5(r,8).
Since
N<T' #> < T(r,g(k)> +5(r,g) = m(r,g<k)> + N<r,g(k)> +S(r,g)
*) .
<m(r,g) + m<r, g?> +N(r,g) +kN(r,g) +S(r,g) (2.14)
<T(r,g) +kN(r,g) +S(r,2),
combining with (2.12), (2.13), and (2.14), we obtain
T(r, ) <2N(r, f) + (k +2)N(r, g) +ﬁ<r, %) +N<r, 1)
8 (2.15)

+ N1 <r, %) + Nis1 <7‘, é) +S(r, f) +S(, 8)-
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Without loss of generality, we suppose that there exists a set I with infinite measure such that
T(r,g) <T(r,f)forrel:

T(r, f) < {[(k+8) =20(oo, f) - (k +2)0(w0,8) = O(0, f) - ©(0,8)

(2.16)
—6k41(0, f) = 6k41(0,8)] + €} T (7, f) + S(r, F)
forreland0<e< A — (k+7),thatis,
[A1 = (k+7)=€]T(r, f) < S(r, f), (2.17)
thatis, A1 < k +7, which contradicts hypothesis (2.5).
Therefore, we have h =0, that is,
(k+2) (k+1) (k+2) (k+1)
fE@) @) gt @) gt 018)
fED(z) fR(z) -1 gk(z) gW(z) -1
By solving this equation, we obtain
k
(k):(b+1)f()+(a—b—1) (2.19)

bf® +(a-b)

where a(#0), b are two constants. Next, we consider three cases.
Case 1 (b#0,-1). For more details see the following subcases.

Subcase 1.1 (a — b — 1#0). Then, by (2.19), we have N(r,l/(f(k) -(a-b-1)/(b+1))) =
N(r,1/g®).
By Lemma 2.2 and Lemma 2.3, we get

— 1 — 1
T f) < N(r f) + Niw <7’7) ' N<r’ FO—(@-b-1)/(b+ 1)>

_N0<r,%> +S(r, f)

< N(r,f) + N1 (r,%) +N<r, ﬁ) +S(r, f)

(2.20)

<N f) N (7 ) + N (1,7 ) + KN () + (1. )
<2N(r, f) + (k+2)N(r,g) +N<r, %) +N<r, é)

+ Ni1 <r,}> + Ni+1 (T,é) +8(r, f) +S(r,8),
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thatis, T(r, f) < (k+8— A)T(r, f) + S(r, f). Thus, by (2.5) we deduce that T(r, f) < S(r, f)
for r € I, a contradiction.

Subcase 1.2 (a— b -1 = 0). Then, by (2.19), we have g® = (b + 1) f®) /(b f®) +1).
Therefore N (r,1/(f® + (1/b))) = N(r,g®).
By Lemma 2.2 and Lemma 2.3, we get

T(r,f) SN(r,f) +Nk+1<r,]1—c> +N<r,m> —N0<r,ﬁ> +S(r, f)

< N(r, f) + Nin <r, ]1—,> + N(r,gao) +S(r, f)

<ON(r, f) + (k+ 2N (r,g) m(n }) +N<r, é)

+ Ni1 <r,%> + Ni+1 <7‘,§) +S(r, f) +5(,8),

(2.21)

thatis, T(r, f) < (k +8— A1)T(r, f) + S(r, f). Thus, by (2.5) we deduce that T(r, f) < S(r, f)
for r € I, a contradiction.

Case 2 (b = —1). For more details see the following subcases.

Subcase 2.1 (a+1#0). Thenby (2.19), we get a/((a+1)-f®) = ¢¥.So, we have N(r, 1/(f%®-
(a+1))) =N(r, g%)). We can deduce a contradiction as in Case 1.

Subcase 2.2 (a+1 = 0). Then by (2.19), we get f® g®) =1.
Case 3 (b = 0). For more details see the following subcases.

Subcase 3.1 (a—1#0). Then by (2.19), we get (f%) +a-1)/a = g). So, we have N(r,1/(f® -
(1-a))) = N(r, g®)). We can deduce a contradiction as in Case 1.

Subcase 3.2 (a -1 = 0). Then by (2.19), we get f®) = ¢®. From this, we obtain f = g + P(z),
where P(z) is a polynomial, and so T(r, f) = T(r, g) + S(r, f). If P(z) #0, then, by Lemma 2.4,
we get

T(r, f) < N(r, ) +N<r, %) +N<r, ]%P) +S(r, f)

<N(r,f) +N<r,%> +N<ré) +5(r, f)
<ON(r, f) + (k+2)N(r,g) + N<r, %) N (r/ é > (222)

+ N1 <r, %) + Nis1 <7‘, é) +S(r, f) +S(, 8)-
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Thus, by (2.5) we deduce that T(r, f) < S(r, f) for r € I, a contradiction. Therefore, we con-

clude that P(z) =0, thatis, f = g.
(ii) If I = 1, it is easy to see that

1 — 1 — 1 @ 1
N11<T, fi(k) _1> +2NL<T, 7]:(]() _1> +3NL<r’7g(k) _1> +2NE <T, f(k) _1>

(2.23)
1
< N<T,W> + S(T,f) + S(T,g)
By Lemma 2.3, we can get
_ 1 1 — 1
NL<r, fi(k) — 1> < N<r, £ 1> +N<r,7f(k) - 1>
(k) (k+1)
s N<r, f{k+1)> s N<T’ ff(k) > +5(r.f) )
(2.24
— 1 —
< N<T,W> +N(r, f)+S(r, f)
< (k+1)N(r, f) + N (r, %) +S(r, f).
Combining with (2.12), (2.24), and (2.14), we obtain
_ — —7/ 1 —/ 1 1
T(r,f) < (k+3)N(r,f) +(k+2)N(r,g) +N(r,= )+ N(r,= ) + 2Nk (1, =
(e )

+Nk+1<ré> +S(r, f) +S(r, 8)-

Without loss of generality, we suppose that there exists a set I with infinite measure
such thatT(r,g) < T(r, f) forr € I:

T(r,f) < {[(2k +10) = (k +3)O(c0, f) — (k +2)O(c0,g) - (0, f)

(2.26)
-0(0,8) — 26k (0, f) = 6k41(0,8)] +€}T(r, f) + S(r, F)
forreland0<e < Ay — (2k +9), that is,
[Ay - 2k +9) —€]T(r, f) < S(r, f), (2.27)

that is, A, < 2k+9, which contradicts hypothesis (2.6).
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Therefore, we have h =0, that is,

fE@) ) fENE) gt D(z) | gki(z)
fEDE) TR -1 g0z gz -1

By solving this equation, we obtain

®) _ b+1)f®+(a-b-1)
bf® 1 (a-b)

(2.28)

(2.29)

where a(#0),b are two constants. Using the argument in (i), we can obtain f®¢®) =1 or

f = g. We here omit the details.
The proof of Lemma 2.5 is completed.

3. Proof of Theorem 1.4

Proof. Let F(z) = f*(f — 1) and G(z) = g"(g — 1). We have

A1 =20(co, f) + (k+2)O(o0,9) +O(0, f) +©(0,8) + 6k (0, f) + 6xk+1(0, ).

Since
__ _N /1 n _1
@(O,F)zl_hm]\f(r’—l/F)zl_hm (r,1/(f"(f-1)))
r— o0 T(T,F) r—oo (Tl+1)T(T,f)
N1 N(r,1/(f-1 — 2T(r, _
=1- Tim (r,1/f)+N(r,1/(f ))Zl—lim (r, f) ,n 1,
r—oo (Tl+1)T(T/f) rﬂoo(n+1)T(T,f) n+1
similarly,
n-1
0(0,G) > ——r
n
O, F) 2 n+1’
n
Olee, G) 2 n+1
Next, by Lemma 2.1, we have
TNk (r, 1/F —(k+1)N(r,1/F
6k+1(0,F)=1—rh_>rg%F)/)21_rg&( ;(T(;) /F)

Zl_m(k+2)T(r,f) 51 k+2 _ n—(k+1)'
rﬂoo(n+]_)T(r,f) n+1 n+1

O

(3.1)

(3.2)

(3.3)

(3.4)
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Similarly

k+2 n-(k+1)

+ 7 Z - - .
Oen (0,G) 21 n+1 n+1 3:5)
From (3.2)-(3.5), we get
n n n-1 n-1 n-(k+1) n-(k+1)
> . .
Al_211+1Jr(k+2)n+1+n+1+n+l n+1 " n+1 (36)

Since n > 3k + 11, we get Ay > k + 7. Considering that F%) and G share (1,2), then, by
Lemma 2.5, we deduce that either FOG® =1 or F=G.
Next, we consider the following two cases.

Case 1. FRG® =1, thatis, [f"(z)(f(z) - 1)]® - [§"(2)(g(z) - D]® =1.

Case 2. F =G, that s,
frf-1)=g"(g-1- (37)

Suppose that f # g; then we consider following two cases.

(i) Let h = f/g be a constant. Then from (3.7) it follows that h#1,h" #1, " #1 and
g = (1-h")/(1-h"") = constant, which leads to contradiction.

(ii) Let h = f/g be not a constant. Since f # g, we have h#1, and hence we deduce that
g=01-h")/A-hr"Yand g=(1-h")/Q-hm")h=1+h+h*+---+h"Hh/(1+
h+h?+---+ k™), where h is a nonconstant meromorphic function. It follows that

T(r,f) =T(r,gh) = nT(r,h) +S(r, f). (3.8)

On the other hand, by the second fundamental theorem, we get

— no_ 1
= > — i
N(r, f) §N<r,h_aj>_(n 2)T(r,h) +S(r, f), (3.9)
where a;(#1)(j =1,2,...,n) are distinct roots of the algebraic equation Bl =1,
So we have
—N(r, ——(n=2)T(r,h) + S(r, -
(oo, f) =1~ T ) g (ZDTCM 25 f) g _n=2_2 g4,
r—o T(r, f) r—w  nT(r,h) +S(r, f) n

which contradicts the assumption that ©(co, f) > 2/n. Thus f = g. This completes the proof
of Theorem 1.4. O
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4. Proof of Theorem 1.5

Proof. From (3.2)—(3.5), we get

n
n+1

n-1 n—l+ n-(k+1) +n—(k+1)'

Ay > (k+3
22 (k+3) n+l n+1 n+1 n+1

+(k+2)n’il+ (4.1)

Since n > 5k + 14, we get A, > 2k + 9. Considering that F® and G® share (1,2), then, by
Lemma 2.5, we deduce that either FOG® =1 or F=G.

Next, by using the argument in Theorem 1.4, we obtain the conclusion of Theorem 1.5.
We here omit the details. O
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