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Let E be a real reflexive Banach space which admits a weakly sequentially continuous duality
mapping from E to E*. Let S = {T(s) : 0 < s < oo} be a nonexpansive semigroup on E such
that Fix(8) := NoFix(T(t)) #0, and f is a contraction on E with coefficient 0 < a < 1. Let
F be 6-strongly accretive and A-strictly pseudocontractive with 6 + A > 1 and y a positive

real number such that y < 1/a(l —+/1-6/1). When the sequences of real numbers {a,} and
{t,} satisfy some appropriate conditions, the three iterative processes given as follows: x,.1 =
anyf(xn) + I = ayF)T(tn)xn, 1 2 0, Yue1 = anyf(Ttn)yn) + I — anF)T(ty)yn, n > 0, and
Zpi = T(t,) (any f(z4) + (I — a,F)z,), n > 0 converge strongly to X, where X is the unique solution
in Fix(S) of the variational inequality ((F —yf)X, j(x — X)) > 0, x € Fix(38). Our results extend and
improve corresponding ones of Li et al. (2009) Chen and He (2007), and many others.

1. Introduction

Let E be a real Banach space. A mapping T of E into itself is said to be nonexpansive if ||Tx —
Tyl < |lx — y|| for each x,y € E. We denote by Fix(T) the set of fixed points of T. A mapping
f + E — Eis called a-contraction if there exists a constant 0 < & < 1 such that || f(x) — f(y)]| <
allx —y| forall x,y € E. A family S = {T(t) : 0 <t < oo} of mappings of E into itself is called
a nonexpansive semigroup on E if it satisfies the following conditions:

(i) T(0)x = x for all x € E;

(ii) T(s+t) =T(s)T(t) forall s, t > 0;
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(iii) | T(H)x = T(t)y|l < ||x -yl forall x,y € Eand t > 0;
(iv) for all x € E, the mapping t +— T (t)x is continuous.

We denote by Fix(S) the set of all common fixed points of S, that is,

Fix(S8) := {x € E: T(t)x = x,0 < t < oo} = [ | Fix(T(t)). 1.1)

t>0

In [1], Shioji and Takahashi introduced the following implicit iteration in a Hilbert
space

1 ("
Xy =ayx+ (1- cxn)t— f T(s)x,ds, VneN, (1.2)
nJo

where {a,} is a sequence in (0,1) and {t,} is a sequence of positive real numbers which
diverges to oo. Under certain restrictions on the sequence {a,}, Shioji and Takahashi [1]
proved strong convergence of the sequence {x,} to a member of F(S). In [2], Shimizu and
Takahashi studied the strong convergence of the sequence {x,} defined by

1 (i
Xps1 = apx + (1 - cxn)t— f T(s)x,ds, YneN (1.3)
nJo

in a real Hilbert space where {T(t) : t > 0} is a strongly continuous semigroup of nonex-
pansive mappings on a closed convex subset C of a Banach space E and lim, .. t, = oo.
Using viscosity method, Chen and Song [3] studied the strong convergence of the following
iterative method for a nonexpansive semigroup {T'(t) : t > 0} with Fix(85) #@ in a Banach
space:

ty
f T(s)x,ds, VneN, (1.4)

Xn+l = Olnf(X) +(1- an)t_
0

n

where f is a contraction. Note however that their iterate x, at step n is constructed through
the average of the semigroup over the interval (0,t). Suzuki [4] was the first to introduce
again in a Hilbert space the following implicit iteration process:

Xy =ayu+ (1—a,)T(ty)x,, VneN, (1.5)

for the nonexpansive semigroup case. In 2002, Benavides et al. [5], in a uniformly smooth
Banach space, showed that if .S satisfies an asymptotic regularity condition and {a,} fulfills
the control conditions lim, —, xat, = 0, 3,774 &y = oo, and lim,_ ,a,/ays1 = 0, then both the
implicit iteration process (1.5) and the explicit iteration process (1.6),

Xpi1 = apu+ (1 —a,)T(ty)x,, VYneN, (1.6)

converge to a same point of F(S). In 2005, Xu [6] studied the strong convergence of the
implicit iteration process (1.2) and (1.5) in a uniformly convex Banach space which admits a
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weakly sequentially continuous duality mapping. Recently, Chen and He [7] introduced the
viscosity approximation process:

Xnt1 = “nf(xn) + (1 - ﬂn)T(tn)xn, Vn eN, (1.7)

where f is a contraction and {a,} is a sequence in (0, 1) and a nonexpansive semigroup {T(f) :
t > 0}. The strong convergence theorem of {x,} is proved in a reflexive Banach space which
admits a weakly sequentially continuous duality mapping. In [8], Chen et al. introduced and
studied modified Mann iteration for nonexpansive mapping in a uniformly convex Banach
space.

On the other hand, iterative approximation methods for nonexpansive mappings have
recently been applied to solve convex minimization problems; see, for example, [9-11] and
the references therein. Let H be a real Hilbert space, whose inner product and norm are
denoted by (-,-) and || - ||, respectively. Let A be a strongly positive bounded linear operator
on H; that is, there is a constant y > 0 with property

(Ax,x) > yl|lx|* VYxe H. (1.8)

A typical problem is to minimize a quadratic function over the set of the fixed points of a
nonexpansive mapping on a real Hilbert space H:

1
r&lgE(Ax,JO _<xlb>/ (19)

where C is the fixed point set of a nonexpansive mapping T on H and b is a given point in H.
In 2003, Xu [10] proved that the sequence {x,} defined by the iterative method below, with
the initial guess xo € H chosen arbitrarily,

X1 = (I —a,A)Txy +ayu, n>0, (1.10)

converges strongly to the unique solution of the minimization problem (1.9) provided
the sequence {a,} satisfies certain conditions. Using the viscosity approximation method,
Moudafi [12] introduced the following iterative process for nonexpansive mappings (see [13]
for further developments in both Hilbert and Banach spaces). Let f be a contraction on H.
Starting with an arbitrary initial xo € H, define a sequence {x,} recursively by

Xne1 = (1 —ay)Txy + anf(x,), n>0, (1.11)

where {a,} is a sequence in (0,1). It is proved [12, 13] that, under certain appropriate con-
ditions imposed on {a,}, the sequence {x,} generated by (1.11) strongly converges to the
unique solution x* in C of the variational inequality

((I-f)x*,x-x*)>0, xeH. (1.12)
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Recently, Marino and Xu [14] mixed the iterative method (1.10) and the viscosity approxima-
tion method (1.11) and considered the following general iterative method:

Xne1 = (I —anA)Txp + any f(x,), n>0, (1.13)

where A is a strongly positive bounded linear operator on H. They proved that if the
sequence {a,} of parameters satisfies the certain conditions, then the sequence {x, } generated
by (1.13) converges strongly to the unique solution x* in H of the variational inequality

((A-yf)x*,x-x*)>0, xeH (1.14)

which is the optimality condition for the minimization problem, minyec(1/2)(Ax, x) — h(x),
where h is a potential function for yf (i.e., h'(x) = yf(x) for x € H).

Very recently, Li et al. [15] introduced the following iterative procedures for the
approximation of common fixed points of a one-parameter nonexpansive semigroup on a
Hilbert space H:

1t
xo=x€H, xu1=- anA)t— f T(s)xnds + any f(xn), n2>0, (1.15)
nJo

where A is a strongly positive bounded linear operator on H.

Let 6 and A be two positive real numbers such that §, A < 1. Recall that a mapping F
with domain D(F) and range R(F) in E is called &-strongly accretive if, for each x,y € D(F),
there exists j(x — y) € J(x — y) such that

2 (1.16)

(Fx-Fy,j(x-y))26|x-y

where | is the normalized duality mapping from E into the dual space E*. Recall also that a
mapping F is called \-strictly pseudocontractive if, for each x, y € D(F), there exists j(x - y) €
J (x — y) such that

(Fx=Fy,j(x-y)) < |lx -yl - Al (x - y) - (Fx - Fy) " (117)
It is easy to see that (1.17) can be rewritten as

(I-F)x-(I-F)y,j(x-y)) 2 A|I-F)x-I-F)y|? (1.18)

see [16].

In this paper, motivated by the above results, we introduce and study the strong con-
vergence theorems of the general iterative scheme {x,} defined by (1.19) in the framework of
a reflexive Banach space E which admits a weakly sequentially continuous duality mapping;:

xo=x€E, xpa=ayyf(xy)+U-a,F)T(ty)x,, n>0, (1.19)
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where F is 6-strongly accretive and A-strictly pseudocontractive with 6 + 1 > 1, f is a con-
traction on E with coefficient 0 < a < 1, y is a positive real number such that y < (1/a)(1 -
V(1 -06)/A),and S = {T(t) : 0 < t < oo} is a nonexpansive semigroup on E. The strong
convergence theorems are proved under some appropriate control conditions on parameters
{an} and {t,}. Furthermore, by using these results, we obtain strong convergence theorems
of the following new general iterative schemes {vy,} and {z,} defined by

Yo=Y €E, Yn=anyf(T(t)yn)+ I - anF)T(ty)yn, n>0, (1.20)
20=2€E, znpa=T(ts)(anyf(zn) + (I —-anF)z,), n>0. (1.21)

The results presented in this paper extend and improve the main results in Li et al. [15], Chen
and He [7], and many others.

2. Preliminaries

Throughout this paper, it is assumed that E is a real Banach space with norm || - || and let J
denote the normalized duality mapping from E into E* given by

Je) ={f € E: (x ) = 1=l = | £} 1)

for each x € E, where E* denotes the dual space of E, (-,-) denotes the generalized duality
pairing, and N denotes the set of all positive integers. In the sequel, we will denote the
single-valued duality mapping by j, and consider F(T) = {x € C : Tx = x}. When {x,}
is a sequence in E, then x, — x (resp., x, — x, xy, Ao ) will denote strong (resp.,
weak, weak*) convergence of the sequence {x,} to x. In a Banach space E, the following
result (the subdifferential inequality) is well known [17, Theorem 4.2.1]: for all x, y € E, for all
jix+y) € J(x+y), forall j(x) € J(x),

Ixll? +2(y, j(x)) < [|x + y|I* < I1%IP + (v, (x +v)). (22)

A real Banach space E is said to be strictly convex if ||x + y||/2 < 1 for all x,y € E with
lx]| = llyll = 1 and x # y. It is said to be uniformly convex if, for all € € [0, 2], there exits 6. > 0
such that

x|l = |ly]l =1 with ||x-y| >e implies M <1-6.. (2.3)

The following results are well known and can be founded in [17]:

(i) a uniformly convex Banach space E is reflexive and strictly convex [17, Theorems
4.2.1and 4.1.6],

(ii) if E is a strictly convex Banach space and T : E — E is a nonexpansive mapping,
then fixed point set F(T) of T is a closed convex subset of E [17, Theorem 4.5.3].
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If a Banach space E admits a sequentially continuous duality mapping J from weak
topology to weak star topology, then from Lemma 1 of [18], it follows that the duality
mapping | is single-valued and also E is smooth. In this case, duality mapping ] is also said
to be weakly sequentially continuous, that is, for each {x,} C E with x,, — x, then J(x,) = J(x)
(see [18, 19]).

In the sequel, we will denote the single-valued duality mapping by j. A Banach space
E is said to satisfy Opial’s condition if, for any sequence {x,} in E, x, — x as n — oo implies

limsup [|x, — x|| <limsup ||x, —y|| Vv € E with x#y. (2.4)

n—oo n— oo

By Theorem 1 of [18], we know that if E admits a weakly sequentially continuous duality
mapping, then E satisfies Opial’s condition and E is smooth; for the details, see [18].

Now, we present the concept of uniformly asymptotically regular semigroup (also see
[20, 21]). Let C be a nonempty closed convex subset of a Banach space E, S = {T(t) : 0 <
t < oo} a continuous operator semigroup on C. Then, S is said to be uniformly asymptotically
regular (in short, u.a.r.) on C if, for all h > 0 and any bounded subset D of C,

lim sup | T(h)(T()x) - T(t)x]| = 0. (2.5)

xeD

The nonexpansive semigroup {o; : t > 0} defined by the following lemma is an example of
uw.a.r. operator semigroup. Other examples of u.a.r. operator semigroup can be found in [20,
Examples 17 and 18].

Lemma 2.1 (see [3, Lemma 2.7]). Let C be a nonempty closed convex subset of a uniformly convex
Banach space E, D a bounded closed convex subset of C, and S = {T(s) : 0 < s < oo} a nonexpansive

semigroup on C such that F(S) #@. For each h > 0, set o:(x) = (1/t) jé T(s)xds, then

tlim sup||o¢(x) = T (h)o:(x)|| = 0. (2.6)
* xeD

Example 2.2. The set {o; : t > 0} defined by Lemma 2.1 is u.a.r. nonexpansive semigroup. In
fact, it is obvious that {0y : t > 0} is a nonexpansive semigroup. For each h > 0, we have

1 ("
oi(x)— = | T(s)or(x)ds

lov(x) = onor(x)ll = il

1 (h
= HE f (ot(x) = T(s)or(x))ds (2.7)
0

1 h
<t fo lor(x) — T(s)0r(x) | ds.
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Applying Lemma 2.1, we have

h
lim sup||o:(x) — onor(x)|| < 1f lim sup||o¢(x) — T(s)o:(x)||ds = 0. (2.8)
t=0 xeD h 0t=% xeD

Let C be a nonempty closed and convex subset of a Banach space E and D a nonempty
subset of C. A mapping Q : C — D is said to be sunny if

Q(Qx +t(x - Qx)) = Qx, (2.9)

whenever Qx+t(x-Qx) € Cforx € Cand t = 0. A mapping Q : C — D is called a retraction
if Qx = x for all x € D. Furthermore, Q is a sunny nonexpansive retraction from C onto D
if Q is a retraction from C onto D which is also sunny and nonexpansive. A subset D of C is
called a sunny nonexpansive retraction of C if there exists a sunny nonexpansive retraction
from C onto D. The following lemma concerns the sunny nonexpansive retraction.

Lemma 2.3 (see [22, 23]). Let C be a closed convex subset of a smooth Banach space E. Let D be a
nonempty subset of C and Q : C — D be a retraction. Then, Q is sunny and nonexpansive if and

only if
(u-Qu, j(y-Qu)) <0 (2.10)

forallu e Cand y € D.

Lemma 2.4 (see [24, Lemma 2.3]). Let {a,} be a sequence of nonnegative real numbers satisfying
the property

ans1 < (1 =ty)ay +tucy +by, Yn 20, (2.11)

where {t,}, {b,}, and {c,} satisfy the restrictions
(i) X2 tn = 00;
(i) 35521 bn < oo
(iii) limsup, _, ¢, <0.

Then, lim,, _, wa, = 0.

The following lemma will be frequently used throughout the paper and can be found
in [25].

Lemma 2.5 (see [25, Lemma 2.7]). Let E be a real smooth Banach spaceand F : E — E a mapping.

(i) If F is 6-strongly accretive and A-strictly pseudocontractive with 6 + A > 1, then I — F is
contractive with constant \/(1 — 6)/\.

(i) If F is 6-strongly accretive and \-strictly pseudocontractive with 6 + A > 1, then, for any
fixed number T € (0,1), I — TF is contractive with constant 1 — (1 — /(1 - 6)/1).
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3. Main Results
Now, we are in a position to state and prove our main results.

Theorem 3.1. Let E be a reflexive Banach space which admits a weakly sequentially continuous
duality mapping J. Let S = {T(t) : 0 < t < oo} be a u.a.r. nonexpansive semigroup on E such
that Fix(S8) # 0. Suppose that the real sequences {a,} C [0,1], {t,} C (0, o0) satisfy the conditions

o)
lima, =0, > ay=o, lim t,, = co. (3.1)
n=0

n— oo n— oo

Let F be 6-strongly accretive and \-strictly pseudocontractive with 6+ A > 1, f : E — E a con-
traction mapping with coefficient a € (0,1), and y a positive real number such that y < (1/a)(1 -
V(1 =06)/A). Then, the sequence {x,} defined by (1.19) converges strongly to X, where X is the
unique solution in Fix(S) of the variational inequality

((F-yf)X%,j(x-%)) 20, x€Fix(3) (3.2)
or equivalently X = Qrixs)(I — F + vy f)X, where Qrix(s) is the sunny nonexpansive retraction of E

onto Fix(38).
Proof. Note that Fix(S) is a nonempty closed convex set. We first show that {x,} is bounded.
Let g € Fix(S). Thus, by Lemma 2.5, we have
|21 = q|| = ||any f(xn) + (I = F)T (t4)xn — (I — a,F)q — a, Fq||
< atn|yf (xn) = Fql| + T = anF ||| T (tn)2n - q|
< ay||fCen) = (@) + @nllyf(q) = Fall +IT - anF ]| - 4]

< anay||xn = q|| + an|lyf(q) - Fq|

<1<1 ¥>>uxn—qn

(3.3)

van(1-4/20 gy lyf(q) - Fal|
" A 1-y/(1-6)/r-ay

< max{”xn -q

1
/1_\/m—cxy”}/f(q>_1:q”} , VYn>0.
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By induction, we get

1
o=l < max{ o -l ;@) - Fall|, w20, )

This implies that {x,} is bounded and, hence, so are {f(x,)} and {FT(t,)x,}. This implies
that

nli_{l;}o”xnﬂ = T(tn)xull = nlgr;oan”}/f(xn) - FT(tn)xn” =0. (3.5)

Since {T(t)} is a u.a.r. nonexpansive semigroup and lim,,_, t, = oo, we have, for all h > 0,

Tim (1T (1) (T(t)%) = T(t) %]l < lim  sup [T(h)(T(t)3) - T(t)xX =0. (36

x€{x,}

Hence, for all h > 0,

[1%ne1 = T(R)xnaa || < [[xn1 = T(En) Xl + [IT (En)xn = T(R)T (£n) Xn|| + |T(R)T (£n)xn — T (h)Xpe |

< 2||x11+1 - T(tn)xn” + ”T(tn)xn - T(h)T(tn)an — 0.
(3.7)

That is, forall h > 0,

Jim [|lx, = T (h)x,| = 0. (3.8)

Let @ = Qrix(s). Then, ®(I - F —y f) is a contraction on E. In fact, from Lemma 2.5(i), we have

(I -F-yf)x-®I-F-yf)y| <|(I-F-yf)x-(I-F-yf)y|
<[ =F)x—=I=Fy|l +y|lf(x) - f(y)]l

1-6
<\ - vl +arfx -yl (39)
= 1-6 +ay |||x-
- .)L Y y

Therefore, ®(I-F—-y f) is a contraction on E due to (/(1 — 6)/A+ay) € (0,1). Thus, by Banach
contraction principle, Qrix(s)(I — F — yf) has a unique fixed point X. Then, using Lemma 2.3,
X is the unique solution in Fix(S) of the variational inequality (3.2). Next, we show that

, Vx,y€E.

limsup (yf(X) - FX, j(x, — X)) <0. (3.10)

n—oo
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Indeed, we can take a subsequence {x, } of {x,} such that

limsup (yf (¥) — F%, j(x, = %)) = lim (yf (%) = FX, j (¥ = %))- (3.11)

n—oo

We may assume that x,, — p € Eask — oo, since a Banach space E has a weakly sequentially
continuous duality mapping ] satisfying Opial’s condition [13]. We will prove that p €
Fix(S8). Suppose the contrary, p € Fix(S), that is, T (ho)p # p for some hy > 0. It follows from
(3.8) and Opial’s condition that

liin inf ||x,, —p|| < li}(n inf ||x,, — T(ho)p||

< lim inf{|x, = T(ho) % | + [|T(ho)xn, = T(o)p |}

(3.12)
< hllgl)glf { ”xnk - T(ho)xnk” + ”xnk - p”}

= lim inf ||x,, —p||-
k— oo

This is a contradiction, which shows that p € F(T(h)) for all h > 0, that is, p € Fix(S). In
view of the variational inequality (3.2) and the assumption that duality mapping J is weakly
sequentially continuous, we conclude

limsup (yf (%) - FX, j(xn - X)) = Jim (rf(%) - FX, j(xn, - X))
e (3.13)
<(rf(®)-Fx,j(p-%))<0.

Finally, we will show that x, — X. For each n > 0, we have

|21 = FIP = |any f (n) + (I = anF)T(t) % — (I - an F)X — a0, FX||?
< ||any f(xn) = @nFZ + (I = an F)T (£,) %, — (I — a, F)X||*

= |(I = anF)T(tn)xn — (I — anF)X|* + 2, (y f (%) — FX, j(Xns1 — X))

2
< <1 - ay <1 - ¥>> |[ES —9Nc||2 + 20, (y f (xn) — Y f(X), j(xXps1 — X))

+ 20, (y f(X) = FX, j(xp1 — X)).
(3.14)
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On the other hand,

(rf(en) =y f(%), j(xni1 = X))

< yalxn = Xllxnsn = X|

2
~ 1-6 - ~ . ~
<yallx, - X| <1 -ay, <1 -\ > [0 — F|* + 2000 | (y f (xn) = FX, j(2ns1 — X))

Sya<l - a, (1— ¥>>||xn -7|?

+ yal|x, — i||\/2|<yf(xn) - FX, j(xpe1 — X)) |van
< Y“<1 —an (1 - ¥>> % = X[ + /o, Mo,

where My is a constant satisfying My > ya|x, — J~c||\/2|<yf(xn) - FX, j(xp+1 — X))|. Substitut-
ing (3.15) in (3.14), we obtain

2
(1—cxn<1— ¥>> ||xn—3~c||2+2cxnycx<1—an<1— ¥>>

% |0 — F|* + 2any/@n Mo + 20, (Y f (%) = FX, j(2ps1 — X))

2
1-6 1-6 ~

1—2cxn<1— T>+ai<1— T> ||xn—x||2

+2cxnya<1—an<1— ¥>>||xn—3~c||2

+ 20/ Mo + 2a,(y f (X) = FX, j(xXps1 — X))

(1 () oo Yo

2
1-6 ~ ~ ~ . ~
+ ay|a, <1— T> [l = X||* + 2Moy/a, + 2(y f (%) = FX, j(xns1 - X))

(3.15)

IN

~12
ll2¢ne1 = X||

= (1 - anyn)||2n — 7* + an}fn%,

(3.16)
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yn:2[<1— ¥> —cxy+cxnycx<1— ¥>],

2
B = an<l— ¥> %0 = Z|> + 2Mo/ay + 2y f (%) = F%, j(xtn1 - 9) | -

where

(3.17)

It is easily seen that >,"; @)y, = oo. Since {x,} is bounded and lim, _, ,, &, = 0, by (3.46), we
obtain limsup, _,  f./y» <0, applying Lemma 2.4 to (3.16) to conclude x, — Xasn — oo.
This completes the proof. O

Using Theorem 3.1, we obtain the following two strong convergence theorems of new
iterative approximation methods for a nonexpansive semigroup {T(t) : 0 <t < oo}.

Corollary 3.2. Let E be a reflexive Banach space which admits a weakly sequentially continuous
duality mapping J. Let S = {T(t) : 0 < t < oo} be a u.a.r. nonexpansive semigroup on E such that
Fix(38) # 0. Suppose that the real sequences {a,} C [0,1], {t,} C (0, o0) satisfy the conditions

nlif;oa" =0, nz=o a, = oo, ;}an}ot" = 0. (3.18)

Let F be 6-strongly accretive and \-strictly pseudocontractive with 6+ A > 1, f : E — E a con-
traction mapping with coefficient a € (0,1), and y a positive real number such that y < (1/a)(1 -
V(1 =06)/A). Then, the sequence {y,} defined by (1.20) converges strongly to X, where X is the
unique solution in Fix(S) of the variational inequality

((F-yf)X,j(x-X%)) >0, xeFix(3) (3.19)

or equivalently X = Qrixs)(I — F + vy f)X, where Qrix(s) is the sunny nonexpansive retraction of E
onto Fix(38).

Proof. Let {x,} be the sequence given by xy = o and
Xn+1 = oY f(xn) + (I =, F)T(ty)x,, VYn>0. (3.20)
Form Theorem 3.1, x, — X. We claim that y, — X. Indeed, we estimate

||xn+1 — Yn+l ”

< anY”f(T(tn)yn) _f(xn)” + I - anF“”T(tn)xn - T(tn)}/n”

1-6
< anyal[T(t)yn - 3 + <1 <1 - T>> 60— v
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1-6

< anya||T(tn)yn — T(ta)X|| + anya|| T(t)X = xul| + | 1-an| 1- S |27 = v ||
A

~ ~ 1-6
< apya||y. — X|| + anyal|X — xq| + <1 -a, <1 - T>> |27 = ||

~ ~ 1-6
< apya||yn — xu|| + anyallx, — X|| + anyal|X — x| + <1 —a, <l - T>> |20 = v ||
1-6
<1<1 T—ya>>nxn—ynn

v 1-22 e 28y 1% —
! A (1-VT=8)/1 - ya) !

(3.21)
It follows from >,7°; a, = oo, lim,_,|[x, — X|| = 0, and Lemma 2.4 that ||x, — y.|| — 0.
Consequently, y, — X as required. O

Corollary 3.3. Let E be a reflexive Banach space which admits a weakly sequentially continuous
duality mapping J. Let S = {T(t) : 0 < t < oo} be a u.a.r. nonexpansive semigroup on E such that
Fix(38) # 0. Suppose that the real sequences {a,} C [0,1], {t,} C (0, o0) satisfy the conditions

lim a, =0, nz=oa" =0,  limt, =oo. (3.22)

Let F be 6-strongly accretive and \-strictly pseudocontractive with 6 + A > 1, f : E — E acon-
traction mapping with coefficient a € (0,1), and y a positive real number such that y < (1/a)(1 -
\/(1 = 6)/A). Then, the sequence {z,} defined by (1.21) converges strongly to X, where X is the unique
solution in Fix(S8) of the variational inequality

((F-yf)% j(x-%))>0, xeFix(8) (3.23)

or equivalently X = Qrixs)(I — F + v f)X, where QFix(s) is the sunny nonexpansive retraction of E
onto Fix(38).

Proof. Define the sequences {y,} and {f,} by

Yn=anYf(zn) + (I —anF)zy, Pun=ana VYnelN (3.24)
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Taking p € Fix(S), we have

zns1 =Pl = I Tt yn = TP < lyn Pl
= [lany f(za) + (I = @F)z = (I - @ F)p - an Fp||

< <l—an <1— ¥>> |z =Pl +anllyf(za) - F(p)|
a1 N Vi s (14128 I f G - F )]
(e () e (S RS

(3.25)
It follows from induction that
llyf(z0) ~F(p)l
Zptl — <max\q ||zo —pll, P 3.26
e~ < max 20 - L EE) 326)
Thus, both {z,} and {y,} are bounded. We observe that
Yn1 = “n+1Yf(Zn+1) +(I-apuF)zpa = ﬂan(T(tn)yn> + (I - ﬁnF)T(tn)yn- (3.27)

Thus, Corollary 3.2 implies that {y, } converges strongly to some point X. In this case, we also
have

2 =71 < 20 = yall + N 7l = @y fzn) ~ Fzull + ya -5 — 0. (328)

Hence, the sequence {z,} converges strongly to some point X. This complete the proof. =~ O
Using Theorem 3.1, Lemma 2.1, and Example 2.2, we have the following result.

Corollary 3.4. Let E be a uniformly convex Banach space which admits a weakly sequentially
continuous duality mapping J. Let S = {T'(t) : 0 < t < oo} be a nonexpansive semigroup on E such
that Fix(S8) # 0. Suppose that the real sequences {a,} C [0,1], {t,} C (0, o0) satisfy the conditions

]
lim a, = 0, D> an =00, lim ¢, = 0. (3.29)
n=0

n—oo n—oo

Let F be 6-strongly accretive and \-strictly pseudocontractive with 6+ A > 1, f : E — E a con-
traction mapping with coefficient a € (0,1), and y a positive real number such that y < (1/a)(1 -

\/ (1 =06)/X). Then, the sequence {x,} defined by

xo=x€E,

b (3.30)

1
Xn1 = Any f(x0) + (I - anF)t— J. T(t)x,ds, n>0
nJo
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converges strongly to X, where X is the unique solution in Fix(S) of the variational inequality
((F-yf)%,j(x-X%))>0, xe€Fix(S) (3.31)

or equivalently X = Qrix(s)((I — F + yf)X), where QFix(s) is the sunny nonexpansive retraction of E
onto Fix(38).

Corollary 3.5. Let H be a real Hilbert space. Let S = {T(t) : 0 < t < oo} be a nonexpansive
semigroup on H such that Fix(S) # 0. Suppose that the real sequences {a,} C [0,1], {t,} C (0, 0)
satisfy the conditions

]
lim a, =0, nzzoa" =, limt, =oo. (3.32)

Let f : E — E bea contraction mapping with coefficient a € (0,1) and A a strongly positive bounded

linear operator with coefficient y > 1/2 and 0 < y < (1 —1/2—-2y)/a. Then, the sequence {x,}
defined by

xo=x€E,

. (3.33)

1
Xn1 = An)y f () + (I - anA)t— f T(t)x,ds, n>0
nJo

converges strongly to X, where X is the unique solution in Fix(S) of the variational inequality

((A-yf)x,j(x-X)) >0, x € Fix(S) (3.34)

or equivalently X = Qrix(s) (I — A+ y f)X), where Qrix(s) is the sunny nonexpansive retraction of E
onto Fix(38).

Proof. Since A is a strongly positive bounded linear operator with coefficient y, we have
(Ax - Ay, x-y) 2 ¥|x-y|”. (3.35)
Therefore, A is y-strongly accretive. On the other hand,

1T = A)x = (I = A)y|* = ((x ~y) - (Ax -~ Ay), (x ~y) - (Ax - Ay))
=(x-y,x-y)-2(Ax - Ay, x —y) + (Ax — Ay, Ax - Ay)
i ) (3.36)
=[x =yl” -2(Ax - Ay, x - y) + || Ax - Ay

< lx-y|* - 2(Ax - Ay, x —y) + AP x - y]*
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Since A is strongly positive if and only if (1/]|A||)A is strongly positive, we may assume,
without loss of generality, that ||A|| = 1, so that

1
(Ax = Ay, x—y) < [l -ylI" - ST - A)x - (1 - Ay
(3.37)

1
= lx=yl* - 5l (x - y) - (Ax - Ay) 1"

Hence, A is 12-strongly pseudocontractive. Applying Corollary 3.4, we conclude the result.
O

Theorem 3.6. Let E be a reflexive Banach space which admits a weakly sequentially continuous
duality mapping J. Let S = {T(t) : 0 < t < oo} be a u.a.r. nonexpansive semigroup on E such
that Fix(S) # 0. Let {a,,} and {t, } be sequences of real number satisfying

0<an<l, Yay=co, t;>0, lima,= lim 2" =0. (3.38)
n=0

n—oo n—owt,

Let F be 6-strongly accretive and \-strictly pseudocontractive with 6+ A > 1, f : E — E a con-
traction mapping with coefficient a € (0,1), and y a positive real number such that y < (1/a)(1 -

\/(1 = 06)/X). Then, the sequence {x,} defined by

xo=x€E,
(3.39)
Xn+1 = AnY f(xn) + (I =, F)T(ty)x,, n2>0

converges strongly to X, where X is the unique solution in Fix(S) of the variational inequality
((F-yf)X,j(x-X)) >0, x€Fix(5) (3.40)

or equivalently X = Qrixs)(I — F + v f)X, where Qrix(s) is the sunny nonexpansive retraction of E
onto Fix(3S).

Proof. By the same argument as in the proof of Theorem 3.1, we can obtain that {x,}, { f(x.)},
and {FT(t,)x,} are bounded and Qrix(s)(I — F — yf) is a contraction on E. Thus, by Banach
contraction principle, Qrix(s)(I — F — yf) has a unique fixed point X. Then, using Lemma 2.3,
X is the unique solution in Fix(S) of the variational inequality (3.40). Next, we show that

limsup (y f (%) - FX, j(x, - %)) < 0. (3.41)

n— oo

Indeed, we can take a subsequence {x;, } of {x,} such that

limsup (y f (%) = F%, j(x, = %)) = lim (yf(%) = FX, j(x = %))- (3.42)

n—oo
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We may assume that x,, — p € E as k — oo. Now, we show that p € Fix(S). Put
Xk = Xp, Ok =0y Sk=1t,, VkeN (3.43)

Fix t > 0, then we have

1
IT((+ 1)sk)xx — T (isk)xk||

[t/si

],
[|xk = T(t)p|| =
i=0

([l ([El)r

t
S—k] IT(si)xk = xentl] + || = p| +

+ +

(o
(o[t
([t

< <m—k>||FT(sk)xk = fCxi)|| + [[xk1 = p| + max{||T(s)p - p[| : 0 < s < s¢}.

<

t
< [S_k]akIIFT(sk)xk = FE |+ [l = pll +

Sk
(3.44)
Thus, for all k € N, we obtain
limsup ||, ~ T(Bp| < lim sup|lies — p]| = limsup|lxc ~ . 6.45)
k— oo k— o0 k— oo

Since Banach space E has a weakly sequentially continuous duality mapping satisfying
Opial’s condition [13], we can conclude that T(t)p = p for all t > 0, that is, p € Fix(S). In
view of the variational inequality (3.2) and the assumption that duality mapping J is weakly
sequentially continuous, we conclude

lim sup (y f (%) - F5, j (0 = %)) = lim (yf(%) - F%, (0, - 9)
n—oo (3.46)
<{(yf(X)-F%,J(p-%)) <O0.

By the same argument as in the proof of Theorem 3.1, we conclude that x, — Xasn — co.
This completes the proof. O

Using Theorem 3.6 and the method as in the proof of Corollary 3.7, we have the
following result.

Corollary 3.7. Let E be a reflexive Banach space which admits a weakly sequentially continuous
duality mapping J. Let S = {T(t) : 0 < t < oo} be a u.a.r. nonexpansive semigroup on E such that
Fix(8) #0. Let {a,} and {t,} be sequences of real number satisfying

[ee)
O<an<l, Sap=oo, >0, lim a, = lim % = 0. (3.47)
n=0

n—oo n—oo n
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Let F be a 6-strongly accretive and A-strictly pseudocontractive with 6 + A > 1, f : E — Ea
contraction mapping with coefficient a € (0,1), and y is a positive real number such that y <1/a(1 -

\/(1=06)/X). Then, the sequence {y,} defined by

Yo=y€EE,
(3.48)
Y1 = nY f (T(tn)yn) + (I = anF)T(t))yn, n>0

converges strongly to X, where X is the unique solution in Fix(S) of the variational inequality
((F-yf)% jlx-X)) 20, xeFix(3) (3.49)

or equivalently X = Qrixs)(I — F + v f)X, where Qrix(s) is the sunny nonexpansive retraction of E
onto Fix(38).

Using Theorem 3.6 and the method as in the proof of Corollary 3.8, we have the
following result.

Corollary 3.8. Let E be a reflexive Banach space which admits a weakly sequentially continuous
duality mapping J. Let S = {T(t) : 0 < t < oo} be a u.a.r. nonexpansive semigroup on E such that
Fix(8) #0. Let {a,} and {t,} be sequences of real number satisfying

n—oo n—ooly

O<a,<1, Z a, = oo, t, >0, lim a,, = lim dn _ 0. (3.50)
n=0

Let F be a 6-strongly accretive and A-strictly pseudocontractive with 6+ A > 1, f : E — E a con-
traction mapping with coefficient a € (0,1), and y is a positive real number such that y < (1/a)(1 -

\/(1 = 6)/A). Then, the sequence {z,} defined by

zo=z€E,
(3.51)
Zns1 = T(ty) (“an(Zn) +(I - anF)Z")' n2>0

converges strongly to X, where X is the unique solution in Fix(S) of the variational inequality
((F-yf)X,j(x-X)) 20, x €Fix(3) (3.52)
or equivalently X = Qrixs)(I — F + vy f)X, where Qrix(s) is the sunny nonexpansive retraction of E

onto Fix(38).

Using Theorem 3.6, Lemma 2.1, and Example 2.2, we have the following result.
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Corollary 3.9. Let E be a uniformly convex Banach space which admits a weakly sequentially
continuous duality mapping J. Let S = {T(t) : 0 < t < oo} be a nonexpansive semigroup on E such
that Fix(S) # 0. Let {a,} and {t,} be sequences of real numbers satisfying

O<a,<1, Z a, = oo, t, >0, lim a, = lim dn _ 0. (3.53)
n=0

n—oo n—oo iy

Let F be 6-strongly accretive and \-strictly pseudocontractive with 6+ A > 1, f : E — E a con-
traction mapping with coefficient a € (0,1), and y a positive real number such that y < (1/a)(1 -

\/ (1 =06)/X). Then, the sequence {x,} defined by

xo=x€E,

f (3.54)

1
Xpi1 = Any f(xn) + (I - anF)t— J. T(t)x,ds, n>0
nJo

converges strongly to X, where X is the unique solution in Fix(S) of the variational inequality

((F-yf)X,j(x-X)) 20, x €Fix(3) (3.55)
or equivalently X = Qrixs)(I — F + vy f)X, where Qrix(s) is the sunny nonexpansive retraction of E
onto Fix(38).

Corollary 3.10. Let H be a real Hilbert space. Let S = {T(t) : 0 < t < oo} be a nonexpansive
semigroup on H such that Fix(S) # 0. Suppose that the real sequences {a,} C [0,1], {t,} C (0, 00)
satisfy the conditions

[ee)
O<an<l, Yay=oco, 1,>0, lima,= lim =0 (3.56)
n=0

n—oo n—oo n

Let f : E — E be a contraction mapping with coefficient a € (0,1) and A a strongly positive bounded

linear operator with coefficient y > 1/2 and 0 < y < (1 — /2 -2y)/a. Then, the sequence {x,}
defined by

xo=x€E,

t (3.57)

Xn1 = oY f(xn) + (I - a"A)tl f ' T(t)x,ds, n>0
n

0
converges strongly to X, where X is the unique solution in Fix(S) of the variational inequality

((A-yf)X,j(x-%)) >0, xe€Fix(S8) (3.58)

or equivalently X = Qrix(s) (I — A + y f)X), where Qrix(s) is the sunny nonexpansive retraction of E
onto Fix(38).
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