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We discuss global attractor for the generalized dissipative KDV equation with nonlinearity under
the initial condition u(x,0) = uo(x). We prove existence of a global attractor in space H*(Q), by
using decomposition method with cut-off function and Kuratowski a-measure in order to overcome
the noncompactness of the classical Sobolev embedding.

1. Introduction

In order to study the longtime behavior of a dissipative evolutionary equation, we generally
aim to show that the dynamics of the equation is finite dimensional for long time. In fact,
one possible way to express this fact is to prove that dynamical systems describing the
evolutional equation comprise the existence of the global attractor [1]. The KDV equation
without dissipative and forcing was initially derived as a model for one direction water
waves of small amplitude in shallow water, and it was later shown to model a number of
other physical stems. In recent years, the KDV equations has been always being an important
nonlinear model associated with the science of solids, liquids, and gases from different
perspectives both mathematics and physics. As for dissipative KDV equation, existence of
a global attractor is a significant feature. In [2], Ghidaglia proved that for the dissipative
KDV equation

Up + Uprx + YU = f —uu,, x€[0,L], (1.1)
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with periodic boundary condition u(x, t) = u(x + L, t), there exists a weak global attractor of
finite dimension. Later, there are many contributions to the global attractor of the dissipative
KDV equation (see [3-10]). In [3], Guo and Wu proved the existence of global attractors for
the generalized KDV equation

Ut + Uxxx — HUxx + YU = f - g(u)xr u(x/ O) = Uop- (12)

However, few efforts are devoted to the existence of global attractor for generalized
dissipative four-order KDV equation with nonlinearity in unbounded domains. In this paper,
we consider the existence of global attractor for generalized dissipative four-order KDV
equation with nonlinearity as follows:

Uy — ¢(u)x + Uxxxx t ﬂuxxx — QUxx + g(u) = f(JC), (13)

u(x,0) = ug, where a, > 0, (x,t) € Q x [0,T], and Q is unbounded domain.

As we all know, the solutions to the dissipative equation can be described by a
semigroup of solution operators. When the equation is defined in a bounded domain, if
the semigroup is asymptotically compact, then the classical theory of semiflow yields the
existence of a compact global attractor (see [11-13]). But, when the equation is defined in a
unbounded domain, which causes more difficulties when we prove the existence of attractors.
Because, in this case, the Sobolev embedding is not compact. Hence, we cannot obtain a
compact global attractor using classical theory.

Fortunately, as far as we concerned, there are several methods which can be used to
show the existence of attractors in the standard Sobolev spaces even the equations are defined
in unbounded domains. One method is to show that the weak asymptotic compactness is
equivalent to the strong asymptotic compactness by an energy method (see [9, 10, 14]). A
second method is to decompose the solution operator into a compact part and asymptotically
small part (see [15-17]). A third method is to prove that the solutions uniformly small for
large space and time variables by a cut-off function (see [18, 19]) or by a weight function (see
[20]).

Generally speaking, the energy method proposed by Ball depends on the weak
continuity of relevant energy functions (see [21, 22]). However, for (1.3) in unbounded
domains, it seems that the energy method is not easy to use. Consequently, in this paper,
we will show the idea to obtain the existence of global attractor in unbounded domains
by showing the solutions are uniformly small for large space by a cut-off function or
weight function, and at the same time, we apply decomposition method and Kuratowski a-
measure to prove our result in order to overcome the noncompactness of the classical Sobolev
embedding.

This paper is organized as follows.

In Section 2, firstly, we recall some basic notations; secondly, we make precise
assumptions on the nonlinearity g(u) and ¢ (u); finally, we state our main result of the global
attractor for (1.3).

In Section 3, we show the existence of a absorbing set in H*(<2).

In Section 4, we prove the existence of global attractor.
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2. Preliminaries and Main Result

We consider the generalized dissipative four-order KDV equation (1.3), where Q C R" is
unbounded domain and the initial data uy € H*(Q), f € H(Q), g(u) is nonlinearity.
Throughout the paper, we use the notation H = L*(Q), H® = H?(Q) with the scalar

product and norms given, respectively, by (-,-), | - |, and ((-,-)), || - ||l In the space H?, we

consider the scalar product ((u,v)) = ([, Vu - Vodx) and the norm [ul| = ([, |Vu|2dx)1/2.

While in the space H, we consider the scalar product (u,v) = (IQ u - vdx) and the norm
lu| = ([, utdx)"”.
Notice

E;, C,c, c; denote for different positive constants.
First, we assume that f € H, and ¢(u), g(u) satisfy the following conditions:

(Al): ¢(u) € C3, |p(u)| < A|u|5_0, (A>0,0<0<4),
(A2): 9" (w)| < Alul’™, |§" ()] < Alu[*7,
(A3): g(u) € C?, g(u) = g1(u) + g (u), where g1 (u) = yu, (u) = K|u|5(K >0, y>0),

(A4): g(0) =0, [g'(w)| < C.

Secondly, we can rewrite (1.3) as the following equation with the above assumption:
U — P(U) , + Uxxxx + Plhoxx — Ay + YU+ (1) = f(X), (2.1)

u(x,0) = up, where a, >0, (x,t) € Q x [0, T].
Finally, we state our main result is the following theorem.

Theorem 2.1. Let the generalized dissipative of four-order KDV equation with nonlinearity given by
(2.1). Assume that ¢p(u), g(u) satisfy conditions (A1)~(A4) and, moreover, ug € H?, f € H', then for
a, B,y > 0, there exists a global attractor o of the problem (2.1), that is, there is a bounded absorbing
set B € H? in which sense the trajectories are attract to A, such that

#4=w(B)=\Js®B, (2.2)

s>0 t>s

where S(t) is semigroup operator generated by the problem (2.1).

3. Existence of Absorbing Set in Space H*(Q)

In this section, we will show the existence of an absorbing set in space H?(Q) by obtaining
uniformly in time estimates. In order to do this, we start with the following lemmas.
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Lemma 3.1. Assume that g(u) satisfied (A4), furthermore, ug € H, f € H, then for the solution u of
the problem (2.1), one has the estimates

[l < liuol” exp(=ct) + == ”f ——"" 31
2
1mwmfglﬂL_Em (3.2)
C
Proof. Taking the inner product of (2.1) with u, we have
(ut - ¢(u)x + Uxxxx t ﬁuxxx — OXUxx + YU+ gZ(u)/ u) = (f/ u)/ (34)
where
(u, p(u),) =0,
(1, Uxxx) =0,
(v, 8(u)) 2 Clul?, 49
||f|| , Cllul?
[ZIE I
here, we apply Young’s inequality and the condition (A4).
Thus, from (3.4), we get
Hu” + 2a|[ul| + 2C|Jul* < *- ”f” (3.6)

By virtue of Gronwall’s inequality and (3.6), one has (3.1) and which implies (3.2) and (3.3).
O

Lemma 3.2. In addition to the conditions of Lemma 3.1, one supposes that
pw)eC? gw)eC', |pw)|<Aul (A>0,0<0<4), (3.7)

then one has the estimate

llue||* < 4 exp(—2cst)p(uo) + < ”f” >(1 exp(—2cst)), (3.8)
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where
, 1
pu) = l[uxl” = 2 | P(w)dx. (3.9)
Pla
Proof. Taking the inner product of (2.1) with u,,, we have
(ut - d)(u)x + Uxxxx + ﬂuxxx — QUxx + Yu + gZ(u)l uxx) = (f/ uxx)r (310)
where

(Uxx, p(u),) = %(ut — (1) + Usexxx — Alxx + g(1) = f). (3.11)
Noticing that

1 1 1d
B(d’(”)/ut) = EIQ¢(”)”fdx T padt IQ¢(u)dx' (3.12)

(pw), p(u),) =0.

Using Nirberg’s interpolation inequality and the Sobolev embedding theory (see [11]),
we have

1 a
‘B(d’(”)/ uxxxx) < E”uxx”Z + Cp,
1 (3.13)
a
‘B(d)(u)/ _“uxx) < E ||uxx||2 + C3.
Due to Lemma 3.1 and conditions of Lemma 3.2, we get that
1 AK
[ 5000, 00| < S s, < s
1 A
(@), f)| < = fllllulls_s < c5,
[5@w.0)| < Sl -

|(g(u)/ uxx) | S C”uxx”z/

a 2
|(f )| < Sl + [ £
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From (3.10) and above inequalities, we get

d 2 2 a 2 2 2 2

= -z = - <= =cy. .

G (1P =2 [ pudx) + Sl s €Dl < 2UfF +co=cr @15)

Setting C — y = cg, then we can obtain that

o(u) = % Lz [l || 2dx — % J'Q j: P(s)ds dx > }1||uxx||2 _— (3.16)

Thus, by Gronwall’s inequality and (3.15), we get that
2 2 2||f]°
[luxll” < 4exp(—2cst)p(up) + C—(l — exp(—2cst)) " +c7 ), (3.17)
8

which implies

lim [|u,|* < Ey,
t— oo

lim — f lliex || ?dt < C.
t—oof 0

Therefore, we prove Lemma 3.2. O

Lemma 3.3. Suppose that ¢(u), g(u) satisfy (A2), (A3) and, moreover, the following conditions hold
true:

(1) ¢p(u) € C3?,g(u) € C?,
(2) up € H*, f € HY,

then for the solution u of the problem of (2.1), one has the following estimate
c
litaal” < lx Q)1 exp(=213) + <= (1 = exp(=2131)); (3.19)

furthermore,

lim [ |® < Ez,
t— o0

lim — f l|ttx|dt < C.
t—oof 0
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Proof. Taking the inner product of (2.1) with t1,yxx, we have
(ut - ¢(u)x + Uxxxx t ﬂuxxx — OXUxx + Yu + 82(11), uxxxx) = (f/ uxxxx)/

where

(e, P(1) 1) = =(P() g ) = (P" ()15 + P (1)t )

< ANull el || + Al ot | 4
By Young's inequality and Lemmas 3.1 and 3.2, thus from (3.22), we have
[(P(w), trrxx) | € c10U3, + al|ttnx]|* + c11.
Due to Lemmas 3.1 and 3.2 and (A3), we obtain

(g(u)/ uxxxx) = (Yu/ uxxxx) + (gZ(u)/ uxxxx)

= Y”uxxllz + (gz(u), uxxxx)
= Y”uxx”2 + <8§(”)u§x + gé(u)uxx/ uxx)

2 2, 112 3 2
SV el + K[l |t [+ K 2] 4|7
Using Young's inequality, we have

(24
| (8(1), )| € il + 5 1tz + 2,

a 2
| (f o) | = | (= tteee) | S el + Sl

By (3.21), (3.23) and (3.25), we get

d a a 2 5
sl + Fltseel? + (10 =y = 5 ) lutsal® < SN fell” + 01 + e,

N —

that is,

d
el + @l |* + crsllitl” < 14,

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)
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where

c13 = 2<010 o g>,

(3.28)
2 2
Cl4 = 2<; ”fx” +C11 + Cl2>.
By virtue of Gronwall’s inequality, we have
2 2 Cu4
[[t4xxl|” < |2z 0) || exp (=2c15t) + C—B(1 - exp(-2ci3t)), (3.29)
and (3.27) implies
lim [l < B,
1 (3.30)
lim — f l|ttxx|*dt < C.
t—oot 0
Therefore, we prove Lemma 3.3. O

Lemma 3.4. Suppose that ¢(u), g(u) satisfy (A2), (A3) and, moreover, the following conditions hold
true:

(1) ¢p(u) € C3, g(u) € C?,
(2) up € H?, f € H?,

then for the solution u of the problem of (2.1), we have the following estimates:
c
”Mxxx”2 < [[xxx (0) ”2 exp (—Zyt) + % (1 - exp(—zyt)), (3.31)

where
2 2
ci7 = 2<C16 + ;Ilfxxll ); (3.32)

furthermore,

lim ||uxxx||2 < E3/
t— oo

lim 1 j litxxex|dt < C.
t—>oot 0

Proof. Taking the inner product of (2.1) with t4yyyxxx, We have

(ut - (,b(u)x + Uxxxx + ,Buxxx — AUyxx + Yu + g2 (u)/ uxxxxxx) = (f/ uxxxxxx)/ (334)
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where

1d
(ut/ uxxxxxx) = _Eﬁ“uxxxnzf

(uxxxr uxxxxxx) =0,
(auxxr uxxxxxx) = ‘X”uxxxx”Z/

| (uxxxxxxr ¢(u)x) | = (¢(u)xxxl uxxxx) = (¢1//(u)ui + 3¢”(u)uxuxx + (I)l(u)uxxxr uxxxx)

= (¢I,,(u)ua3c) + 3(¢/I(u)uxuxx/ uxxxx)-
(3.35)

| (uxxxxxxr 4’(”)35) | = (¢(u)xxxl uxxxx) = (¢m(u)u§>{ + 3¢”(u)uxuxx + ‘i)l(u)uxxxr uxxxx)

= ((i)",(u)ui) + 3(¢,,(u)uxuxx/ uxxxx)-
(3.36)

Using Nirberg’s interpolation inequality and Young’s inequality, from (3.36) and
Lemmas 3.1-3.3, we have

| (xcrrne (1)) | < @llitznex]® + c15. (3.37)
Due to the condition (4.3), we get
(1), Uxrxxx) = (YU Unxrxxx) + (82(W), Unxrxx)- (3.38)
By direct calculations, it is easy to get that

(yu, uxxxxxx) = —Y||uxxx||2r

(gZ(u)/ uxxxxxx) = (gZ(u)xx/ uxxxx)

= (gZ(u)i + gé (u)xxf uxxxx)

(3.39)
[24
< E”uxxxxuz + C16,
a 2
| (f/ uxxxxxx)l < Elluxxxx”2 + E ||fxx||2-
Due to (3.34)—(3.39), we have
1d a 2
E&”uxxxnz + Z”uxxxxuz + Y”uxxx”2 < E”fxx”2 + C16, (3.40)
that is,
d 2, & 2 2
E”uxxx” + E”uxxxx” + ZY”uxxx” <y, (341)
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where
2 2
Cly = 2<E ”fxx” + C16>. (342)
Using Gronwall’s inequality, we deduce that

C
ltxxxll < Ntz (01 exp (=2t) + %(1 —exp(-2yt)), (3.43)

moreover, (3.41) implies

lim ||uxxx||2 < ES/
t— oo

L (3.44)
lim 2 f x| Pelt < C;
t—oof 0

Therefore, we prove Lemma 3.4. O

In a similar way as above, we can get the uniformly estimates of ||uyxxx||, ||14¢]| and we
omit them here.
Next, we will show the existence of global solution for the problem (2.1) as follows.

Lemma 3.5. Suppose that the following conditions hold true:

(1) up € H™, f e H™,

(@) p(w) € C™, [lp(w)]| < Aluf*, (0,4 > 0),

(3) g(u) € C™, | (w)| < Klul’,

(4) g(u) satisfies (A3), (A4) and g(u) is Lipschitz continuous, that is,

|g(u) - g(v)| < Clu-], (3.45)

then there exists a unique global solution u for the problem (2.1) such that u € L*(0,T; H™ (L)), and
furthermore,the semigroup operator S(t) associated with the problem of (2.1) is continuous and there
exists an absorbing set B C H*(Q), where

Be {ulueHAQ), |ull < Eo, Jusll < Ey, llussll < E2 ). (3.46)
Proof. Similar to the proof of Lemmas 3.1-3.4, we have
lue]| gm < C. (3.47)

At the same time, we use the Galerkin method (see [11]) and Lemmas 3.1-3.4 to prove the
existence of global solution for the problem (2.1). So, we omit them here.
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Next, we will prove the uniqueness of the global solution.
Assume that u, v are two solutions of the problem (2.1) and w = u — v, then we have

wi — (¢ (u) — P (V) Wy + Wxxxx + Pxrx — AWxx + g(11) — g(v) = 0. (3.48)

Taking the inner product in H of (2.1) with w, we have

1d , ,
S —llwl® + ((¢' (1) = ¢ () )wx, W) + [[Wxl* + f(Wir, w) + al|ws® + (g(u) - g(v),w) =0,
2dt
(3.49)
where
(w,wy) =0,
(3.50)
(Wyxr, w) =0.
Due to the condition
|g(u) - g(v)| < Clu-1], (3.51)
and from (3.49), we obtain
1d 2 2 2 2 )
5 gl + llwxxll” + afle||” + Cllew]|” < 0, (3.52)
that is,
1d 2 2
—— <0. 3.53
5 el + Clrwl? <0 (353)

By application of Gronwall’s inequality, we get w = 0.
Finally, we recall some basic results in [11, 23] and by Lemmas 3.1-3.3, it is easy to
prove that there exists an absorbing set

B e {u|ueHXQ), ull < Eo, llual] < By, 1]l < Ex } (3.54)

in H?(Q). But as for the continuity of semigroup S(t), we can apply the following Lemmas
3.6, and 3.7 to prove the result. O

Lemma 3.6. Suppose that ug € H?, f € H', and ¢(u), g(u) satisfy (A1)—(A4), there exists constant
C > 0, such that

2

7

unxx||2/ ||u11xxx||2/ ”unxxxx”2 <C, VT] € (011)/ t>0,

2
lFaenll” N2
. (3.55)

7

% lunsex|> <Cn, - Vi€ (0,1), £ t9>0.

|4 Upx
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Now, we use the decomposition method to prove the continuity of S(t) for sake of

overcoming the difficult of noncompactness.
Set f € HY(Q), Ar(x) € CP(Q), 0 < A <1, satisfies

1 |x|<L,
Ar(x) =
0 |x|<L+1,

then, for all 77 € (0, 1), there exists L, > 0, such that

If=Ffallis<n fu=fxAc(n).

Assume that u, is solution of the following equation:

urlt + (i)(ufl)x + uqxxxx + ﬁuqxxx - aunxx + g(uq) = f — frl/

uy(x,0) =0.
Setting

Slﬂ (t)uo = ul”l/

Wy = SZq(t)uO = S(t)uo - Slq(t)uo
is a solution of the equation as follows:

Wyt + (lb(wﬂ)x + Whxxxx + ﬂwqxxx — AWyxx + g(wﬂ) = f’1’

wy(x,0) =0.

Now, we prove the Lemma 3.6.

Proof. We take the scalar product in space H of (3.58) with u,, we get

1d 2 2 2 2
5 7 unll” + Mlsegec ™+ el 17+ y [Jun |” + (g2 () 00) < 1 f = Full [l

Due to (A3) and Young's inequality, we get

2

7

Y
(%2 (”n)' ”n) < 2 ””n

Y 2 1
1F = Fallllsenl < 5 lJall” + T

(3.56)

(3.57)

(3.58)

(3.59)

(3.60)

(3.61)

(3.62)
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From (3.61), we obtain the following inequality:
il 21l < 6)
dr"n =y
By Gronwall’s inequality, one has
2 2 Ui
lien]|” < oll " exp (=2y8) + 5 5 (1 = exp(-=2yt)). (3.64)
Hence, there exists C > 0, such that
llug|I” < C, (3.65)
and implies
lug||* < Cn, Vit > to. (3.66)

We take the scalar product in space H of (3.58) with u,, and similar to the proof of
Lemma 3.2, we have

d 2 2 2
g [l + Nl |+ 2y [ || < Cr. (3.67)
By application of Gronwall’s inequality, we deduce that
2 2 Cn?
ot < Tt O exp(-201) + S-(1 - exp(-210)). (3:68)
So, there exists C > 0, such that
lunsel* < C, (3.69)
and implies
lwne||” < Cn,  VE> o (3.70)

We take the scalar product in space H of (3.58) with 1,xxxx and similar to the proof of
Lemma 3.3, we have

1d 1
53 [ 5 lltee||” + ¥ ||t || < C. (3.71)
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It is easy to prove that

lureel < € NugeelP < Cn, ez

(3.72)

We take the scalar product in space H of (3.58) with #4;xxxxxx and similar to the proof

of Lemma 3.4, we have

1d 2 1 2 2 _Cn 2
5 7 e ™+ S s |” + ¥ [fseae ™ < =11 f = £

that is,
d 2 2
S e+ 2y s || < Cr.

Hence, by Gronwall’s inequality, we get
e < C.
At the same time, we have
latpcrse]|” < €

and we omit them here.

Lemma 3.7. Under the conditions of Lemma 3.6, one has the following estimates

[lxewy||* < €1 (n),
lxwge|” < C2(n),

2
[l2cwona|” < Cs (),
where Ci(1n7) >0, (i=1,2,3).
Proof. We take the scalar product in space H of (3.60) with x?w, and noticing that

2

7

(v 207) = [l 4 a0, 200) =220
it is easy to get that

d 2 2 2
i Ixwnll” + llxwnee|” + yl|xeoy || < C (7).

(3.73)

(3.74)

(3.75)

(3.76)

(3.77)

(3.78)

(3.79)
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By Gronwall’s inequality, we have
[Ixeo,||* < C1.(m).- (3.80)
From (3.60), we obtain
Whexx + P(Wy) .+ Wyrxxxxxx + PWnxxxxzx — AWnxxx + §(Wy) . = frx (3.81)
We take the scalar product in space H of (3.61) with xzw,lxx and noticing that
<wqxxxxxxr xzwqxxx> = [|cwperx||” + 4(Wrrs XWprx) = 2|| W ||,
<w‘rlxxxxxr x wr]xx) = —4(Wypex, XWipxxx ),
( fopexr X wqxx) =4 ( fq/xquxxxx>/
)= (9 (Feoner) )

= <¢' (W) Wi, 2Wypcx + 4XWypexx + xzwnxxxx) (3.82)

(#(20n) s P e0pcs

= 4(¢' (wy) Wy, XWrxxx),
(g(wﬂ)xx'x2wﬂxx> = _<g(w’1)xx>x fxzwnxx>x>/
—<g(wn)xx>x, 2XWypex + X Wy
- (- ()0 o).

By Young's inequality and the Sobolev embedding theory (see [11]) and (3.81)-(3.82),
we deduce that

d
D etogeell + 24l el < ). (3:83)

Using Gronwall’s inequality, we obtain

Iy I* < C(n),

”anxn2 =Ja xzw%xdx =2 [ Xtwyxdx = [ XPwyrxtoydx (3.84)
< 2| ey [ [{eons]| + [l oo | [|xzon |
< Ca(n).
The proof of Lemma 3.7 is completed. O

Using Lemmas 3.6 and 3.7, we can prove that S(t) is continuous.
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4. Existence of Global Attractor in Space H*(Q)

In this section, we prove that the semigroup operator S(t) associated with the problem (2.1)
possesses a global attractor in space H*(Q).
In order to prove our result, we need the following results.

Lemma 4.1 (see [23]). Assume that s > sq, (5,51 € N), then the following embedding H*(R") N
H*® (R", (1 + |x|*dx))into H® (R") is compact.

Proof. Let B C H°(R") " H* (R", (1 + |x|2dx))be a bounded set. It suffices to prove that B has
a finite e-net for any ¢ > 0. First, since

J‘ |x|2Z|Dlu|2dx <C, forueB, (4.1)

l>51

there exists an integer A > 0, such that

2 1 2 C ¢
D'u| dx < —I |x|2 D'ul| dx < — < —. (4.2)
4[|x<A l>§| | A? [x|<A l>251 | | A? 2
Let Q = {x||x| < Al}, then the imbedding H*(Q) — H*® (Q) is compact. Thus,
Blg ={u|u=v|n,veB} cH(Q) (4.3)

is relatively compact in H*' (Q) and has a finite (¢/+/2)-net B(ux, (¢/+v/2)), k = 1,2,..., m with
ik € Blo,ux = urlg and ux € B. We claim that {B(iix, (¢/+/2))} is an e-net of B in H*1(Q).
Indeed, for any u € B, #i = ulg, then there exists a u; such that

2

lluk = ull g1 (@) < \_@ (4.4)
Hence,
~ —n2 ~ 2 ~  —2
13 = Uil tgo1 (mey = 111 = il pgr @ + |8 = Uil grma
& 2 e
<> +J' el 3| D' (4.5)
|x‘<A I<sy
<€
This completes the lemma. O

Lemma 4.2 (see [7, 11]). Let E be Banach space and {S(t),t > 0} a set of semigroup operators, that
is, S(t) : E — E satisfy

S(HS(r) =S(t+7),  S(0) =1, (4.6)
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where 1 is the identity operator and E is space H(Q). We also assume that
(1) S(t) is bounded, that is, for each R > 0, there exists a constant C > 0 such that ||u|lg < C
implies ||S(t)ullg < R, (t >0),

(2) there is an bounded absorbing set By C E, that is, for any bounded set B C E, there exists a
constant T, such that S(t)B C By, for t > T,

(3) S(t) is a continuous operator for t > 0, then S(t) has a compact global attractor

o =w(By) = JSt)Bo (4.7)

s>0 t>s
in the space Ey, such that

(1) S(heA =4t 20,
(2) dist(S(t)B,HA)g — 0 as t — +oo, and dist(S(t)B,H#)p denotes the Hausdorff
semidistance defined as

dist(S(t)B,#) = sup infd(x,y),
xeS(ltD)ByEJ ( y) (4.8)

for any bounded set B C H*(Q) in which sense the trajectories are attracted to o4 (see[9,
24]), using Kuratowski a-measure in order to overcome the non-compactness of the classical
Sobolev embedding.

Firstly, we need the following definitions.

Definition 4.3 (see [11,25]). Let {S(t)};5, be a semigroup in complete metric space E. For any
subset B C E, the set w(B) defined by w(B) = (459 Usss S(t)B is called the w-limit set of B.

Remark 4.4. (1) It is easy to see that ¢ € w(B) if and only if there exists a sequence of element
¢, € B and a sequence t, — oo, such that

S{ty)pn — @, asn— oo. (4.9)

(2) If w(B) is w-limit compact set, then, for every bounded subset B of E and for any
€ > 0, there exists a ty > 0, such that a(U,;, S(t)B) < €.

Definition 4.5 (see [11,26]). Let {S(t)};5, be a semigroup in complete metric space E. A subset
By of E is called an absorbing set in E if, for any bounded subset B of E, there exists some
to > 0, such that S(t)B C By, for all t > t,.

Definition 4.6 (see [11,26]). Let {S(t)};5, be a semigroup in complete metric space E. A subset
o of E is called global attractor for the semigroup if «# is compact and enjoys the following
properties:

(1) o is a invariant set, that is, S(t)# = &4, for any t > ty,

(2) o attract all bounded set of E, that is, for any bounded subset B of E,
dist(S(t)B,#) — 0,ast — oo, where dist(B, A) is Hausdorff semidistance of two
set Band A in space E: dist(B, A) = sup, ginf,cad(x, y).
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Definition 4.7 (see [12, 27]). Kuratowski a-measure of set B is defined by the formula

a(B) =inf{6 | B has a finite cover of diameter <&}, (4.10)

for every bounded set B of a Banach space X.

Secondly, due to Definition 4.6, it is easy to see that Kuratowski a-measure of set B has
the following properties.

Remark 4.8. (1) If &4 is compact set, then a(£) = 0;
(2) a(HA + B) < a(H#) + a(B),
(3) a(# U B) < Max{a(#4),a(B)},
(4)if £ < B, a(H#) < a(B),
(5) a(B) < a(B).
Thirdly, we prove Theorem 2.1.

Proof. Using the result of [11], we have S(t) is w-limit compact and B is bounded, for any
£ > 0, there exists t > 0 such that

zx<US(t)B> <e. (4.11)

>ty

Takinge =1/n,(n=1,2,...), we can find a sequence {t,},t; <t, <---t, <---, such that

a<US(t)B> < % (4.12)

t>t,

By a(B) < a(B), we get

7

Bl

a<US(t)B> <
t>t,
4 =w(®B)=JStB = ﬁ Js®)B.

s>0 t>s n=1t>t,

(4.13)

First, we prove that # = w(B) is variant. As a matter of fact, if ¢ € S(t)w(B), then ¢ = S(t)¢,
for some ¢ € w(B). So, there exists a sequence ¢, € B and t, — oo such that S()¢, — ¢,
that is,

SHS(tn)pn = S(t+tn)pn — S(HP = ¢, (4.14)

which implies that ¢ € w(B) and S(t)w(B) C w(B).
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Conversely, if ¢ € w(B), by (4.9), we can find two sequences ¢, € Band t, — oo such

that S(t,)¢, — ¢. We need to prove that {S(t, —t)¢$,} has a subsequence which converges in
E. For any € > 0, there exists a t, such that

a<US(t’)B> <¢g (4.15)

which implies that

zx< U S(t'—t)B> <e. (4.16)

t>t+t,

Hence, there exists an integer N, such that

UJst.-tgnc |J St -1)B. (4.17)

n>N t>t+te

Then, it follows that

zx( st - t)qb,,) <e. (4.18)

n>N
Notice that a(U,sn S(tn — t)$n) < € contains only a finite number of elements, where Ny is

fixed such thatt, —t > 0,as n > Nj.
By properties (1)—(4) in Remark 4.8, we have

a< U st - t)¢n> = cx< |J St - t)¢n> <e. (4.19)

n>Ny n>N

Let ¢ — 0, then we get that

a( U st - t)¢n> =0. (4.20)

n>Ny

This implies that {S(t, — t)¢x} is relatively compact. So, there exists a subsequence t,; — oo
and ¢ € E, such that

S(tn]. - t>¢nj — 0, ast, — oo. (4.21)

It is easy to see that ¢ € w(B) and
§ = lim S(tn, = t) b, = Him SW)S (b, = ), = Sy (4.22)

furthermore, ¢ € S(t)w(B).
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Next, by virtue of Lemma 4.2 and the result of [11, 12], we prove that «# = w(B) is an
global attractor in E and attracts all bounded subsets of E.

Otherwise, then there exists a bounded subset By of E such that dist(S(t) By, «#) does
not tend to 0 as t — oo. Thus, there exists a 6 > 0 and a sequence t, — oo such that

dist(S(t,)Bo,4) > 6 >0, Vne N. (4.23)

For each n, there exist b, € By, (n =1,2,...) satisfying
. o)
dist(S(t,) by, A) > 5 > 0. (4.24)

Whereas B is an absorbing set, S(t,) By and S(t,)b, belong to B, for n sufficiently large. As in
the discussion above, we obtain that S(t,)b, is relatively compact admits at least one cluster
point y,

Y= lim S(tni)bni = nhinoos(tni - tl)s(tl)bnﬂ (4.25)

nj — oo

where t; follows S(t1)By C B. So, y € +# = w(B) and this contradicts (4.24). The proof is
complete. O
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