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We present a systematic study of a regular linear functional v to find all regular forms u which
satisfy the equation x?u = Axv, A € C - {0}. We also give the second-order recurrence relation of
the orthogonal polynomial sequence with respect to u and study the semiclassical character of the
found families. We conclude by treating some examples.

1. Introduction

In the present paper, we intend to study the following problem: let v be a regular form (linear
functional), and R and D nonzero polynomials. Find all regular forms u satisfying

Ru = Dv. (1.1)

This problem has been studied in some particular cases. In fact the product of a linear form by
a polynomial (R(x) = 1) is studied in [1-3] and the inverse problem (D(x) = 1, A € C - {0})
is considered in [4-7]. More generally, when R and D have nontrivial common factor the
authors of [8] found necessary and sufficient conditions for u to be a regular form. The case
where R = D is treated in [4, 9-11]. The aim of this contribution is to analyze the case in
which R(x) = x? and D(x) = Ax, A € C — {0}. We remark that R and D have a common
factor and R#D (see also [7]). In fact, the inverse problem is studied in [12]. On the other
hand, this situation generalize the case treated in [13] (see (2.9)). In Section 1, we will give
the regularity conditions and the coefficients of the second-order recurrence relation satisfied
by the monic orthogonal polynomial sequence (MOPS) with respect to u. We will study the
case where v is a symmetric form; thus regularity conditions become simpler. The particular
case when v is a symmetric positive definite form is analyzed. The second section is devoted
to the case where v is semi-classical form. We will prove that u is also semi-classical and some
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results concerning the class of u are given. In the last section, some examples will be treated.
The regular forms u found in theses examples are semi-classical of class s € {1,2,3} [14].
The integral representations of these regular forms and the coefficients of the second-order
recurrence satisfied by the MOPS with respect to u are given.

2. The Problem x*u = \xv

Let /) be the vector space of polynomials with coefficients in C and /' its algebraic dual. We
denote by (u, f) the action of u € P' on f € 0. In particular, we designate by (u),, = (u, x"),
n > 0, the moments of u. For any form u, any polynomial g, any ¢ € C, a € C—- {0}, let ', h,u,
gu, and (x — ¢)'u be the forms defined by duality:

(,p)=—(up);  (hawp):=(whap);  (gup):=(ugp)

(2.1)
<(x - c)’lu/r’> =(u,0p), peD,
where (8:p) (x) = (p(x) —p(c))/ (x = ¢); (hap)(x) = p(ax).
We define a left multiplication of a form u by a polynomial p as
(up)(x) = <u, %:gmg)>, uep,pep. (2.2)

Let us recall that a form u is called regular if there exists a monic polynomial sequence { P, } .o,
deg P, = n, such that

(u,P,Py) = 1,6pm, n,m>0, r,#0, n>0. (2.3)

We have the following result.

Lemma 2.1 (see [15]). Letu € [, f € P, and c € C. The following formulas hold:

(vf) (x) = (V') (x) + (0f) (x) + (00 f) (x), feED. (2.4)
(6f)(x) = f(x), feD. (2.5)
(x - c)_l((x —co)u) =u— (1), (2.6)

where (6, p) =p(c), peP.

We consider the following problem: given a regular form v, find all regular forms u
satisfying

x*u=\xv, \eC-{0}, (2.7)
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with constraints (1), = 1, (v), = 1. From (2.6) we can deduce that
xu = ((u); —A)6 + \v, (2.8)

u=6+A-(u),)8 +\x'o. (2.9)

Then the form u depends on two arbitrary parameters (), and A.
We notice that when (1), = A, we encounter the problem studied in [13] again.
We suppose that the form v has the following integral representation:

(v, f) = I+w V(x)f(x)dx, for each polynomial f, (2.10)

where V is a locally integrable function with rapid decay, continuous at the origin; then the
form u is represented by

+00 Ty
(u, f) = (1 _AP J Vix) dx)f(O) + (), = A) f(0) + AP J %dx, 2.11)
where [16, 17]
Pfoo Vix) dx = li_% (J_S @dx + ’[m @dx). (2.12)

Let {S,},50 denote the sequence of monic orthogonal polynomials with respect to v; we have

So(x) =1, S1(x) = x — &,

(2.13)
Snia(x) = (X = &n1)Sne1 (%) = On1Sa(x), n20,
with
(v,x53(x)) (0,5%)
n = P O'n+ = n , Z 0 214
¢ (v, S3) ! (v, S3) . @14
When u is regular, let {Z,},,., be the corresponding MOPS:
Zo(x) =1, Z1(x) = x = fo.
(2.15)

Zya(x) = (x - ﬁn+1)zn+1 (x) - Yn+1zn(x)/ n>0.
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From (2.7), we know that the existence of the sequence {Z, },,, is among all the strictly quasi-

orthogonal sequences of order two with respect to Axv = w (w is not necessarily a regular
form) [15, 18-20]. That is,

xZo(x) = S1(x) + co, xZ1(x) = Sa(x) + 1S1(x) + by.

(2.16)
XZp+2(x) = Spi3(xX) + Cu2Sns2(x) + b1 Spa1 (x) + anSu(x), n>0,
with a,, #0, n > 0.
From (2.16), we have
Z1(x) = (6052)(x) +c1, (2.17)

Zy2(x) = (00S143) (X) + €n12(00Sn+2) (x) + bpi1(80Sn+1) (x) + an(60Sy)(x), n>0.  (2.18)

Lemma 2.2. Let {Z,},, be a sequence of polynomials satisfying (2.16) where a,, by, and c, are
complex numbers such that a,, #0 for all n > 0. The sequence {Z,},- is orthogonal with respect to u

if and only if

(u,Zn)=0, n>1,
(2.19)
(u,xZ,(x)) =0, n>2,  (u,xZi(x))#0.

Proof. The conditions (2.19) are necessary from the definition of the orthogonality of {Z,},.,
with respect to u.
For k > 2, we have (by (2.7))

<u, x"zmz(x)) = <x2u, x“zmz(x)) = A(v, X1 Zpi0(x) > n>0, (2.20)
and from (2.16), we get

<u, x"Zn+z(x)> = )t<v, xk’25n+3(X)> + Acn+z<v, xS0 (X)>

(2.21)
+ Ab, <v, xk‘25n+1(x)> + Aan<v, xk_ZSn(x) >, n>0.
Taking into account the orthogonality of {S,},.,, we obtain
<u,kan+2(x)> =0, 2<k<n+1,n>1,
(2.22)

<u, x"*ZZn+2(x)> = \a, <v, Si> #0, n>0.
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By (2.19), it follows that

<u/Z1> =0, (u,le(x))#O,
(2.23)
(U, Zps2) = (U, xZp2(x)) =0, n>0.

Consequently, the previous relations and (2.22) prove that {Z, },, is orthogonal with respect
to u, which proves the Lemma. OJ

Remark 2.3. When u is regular, from Theorem 5.1 in [21], there exist complex numbers 7, #0,
tn+o and vy40 # 0 such that

Zn+2 (X) + rn+ZZn+l (X) = Sn+2(x) + tn+25n+l (JC) + Z771+25n(x)r nz 0. (224)
From (2.16), (2.24), and (2.15) we obtain the following relations:

Tne2 = b2 + Cpio —&n2 =0, n2>0,

Tn+2Cn+1 = tns28nsl = Uns2 + byp1 =02 =0, n >0,

(2.25)
Tna2bn — thioOps1 — Un+2§n +a,=0, n>0,
Tns2@n-1 — Up20, =0, n>1
Taking into account (2.16), (2.18) and (2.19), we get
0=(u,xZy2(x))
= <u/ Sn+3> + Cn+2<u/ Sn+2> + bn+1<u/ Sn+1> + an(”z Sn) =0, n2>0,
0=(u,Zu2) (2.26)
= (U, 005m43) + 21, 00Sps2) + b1 (U, 00Sp41) + an(u,00S,), n>0,
0= Sn+3(0) + Cn+25n+2(0) + bn+1Sn+1 (0) + ansn(o)r n>0,
with the initial conditions:
0= 51 (0) + Co,
0=55(0) + c151(0) + by,
(2.27)

0=(u,2Z1)=(u, (60S2)) +c,

0#{(u,xZ1(x)) ={u,S») +c1{u, S1) + bo.
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If we denote

S4+2(0) Sn41(0) 5.(0)
A, = <uISn+2> (ulsn+1> (u,Sn) , n20,
(1,00S1+2) (u,005,41) (1,6005,)

from the Cramer rule we have

Ava,=-Ap, n2>0,

Sn+2(0) =5143(0) 5,(0)
Aubp = | (4, Sn2) —(1, Spe3) (u,S,) |, n=20,
(14,00Sn+2) —(u,00Sm43) (1,600S,)

=5143(0) Sn41(0) 5,(0)
Ancpio = | —(u, Spas) (1, Sps1) (u,S,) |, n>0.
—(u,00Sn43) (u,00Su11) (1,005,)

Lemma 2.4. The following formulas hold:

(1, Sn) = Su(0) + ()1 = 1)S,,(0) +AS”,(0), n>0,

(1, x5, (x)) = () =1)S,(0), n2>1,

(1, (00S) = 5,(0) + 5 (@), - VS 0) + 1(S) ©), n20,

SV (0)S,(0) = S, 0)8,:1(0) = (0,83 ), n>0,

where S (x) := (00Sns1)(x), 1> 0, and S (x) = 0,

Proof. Equations (2.32) and (2.33) are deduced, respectively, from (2.9) and (2.8).

We have
<v, 935n> = (0,605, — (60S4)') = (0,60S,,) + (V',605,)
= (x60S,,)(0) + (v'60S,)(0), n>0.

Using (2.4), we get

0,635, ) = (©605,)'(0) = (52,) (0), n>0.
(0,665 ) (5h)

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)

(2.35)

(2.36)

(2.37)
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From (2.9), we obtain

(1,00S) = (6,00Sn) + (), = )(6,(60Sn)) + M(v,63S,), n>0.  (238)

According to (2.5) and (2.37), we can deduce (2.34).

We have
S0 =1 S =x-&
(2.39)
S0 (x) = (x = &n:2) S, (%) = 0128 (x), n>0.
Then (by (2.39))
S (0)S4(0) = S, (0)S1:1(0) = 6,51, (0)S5-1(0) + Sa () (S1(0) + &S\, (0))
(2.40)
= 0 (S11(0)S51(0) = S1, (0)54(0)).
It follows that
5(0)54(0) - S, (0)S,51(0) = ] Jou = (v,82), nz0, (2.41)
u=0
hence (2.35). O
Proposition 2.5. One has
A, =E N +F,A+G,, n>0, (2.42)
where
1
E, = Sn+1(0){yn(0) + E,(;1(0)} +{8P(0) - 8,0 Hxn(0) - (0,82}, n>0,
Fr = =S50 { 0, (120 + X, () + (v, %)}
(2.43)
= @)1 { S 0xn(0) = 25,1 (0)xa(0) + S,,., 0(2, 5} ) |, 120,
1
G = @ { 35010310) - S, O 0 |, 120,
with
Xn(®) = 54(0)S,1 (%) = St (1)S) (x), 120,
(2.44)

@) = Spa () (1) (@) - 8,0 (S1) ), mz0.
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Proof. Using (2.13), we, respectively, obtain
5112(0) = =¢1115141(0) = 02415,(0), n >0,
<ulsn+2> = <u1xs7‘l+1(x)> _§n+1<ursn+1> _O-n+1<u/ Sn)r n 2 0/ (245)

(1,00Sn2) = (U, Spa1) — &ne1 (U, 00Sp11) — One1(1,600S,), mn2>0.

Taking into account previous relations, we obtain for (2.28) the following:

0 S141(0) S5,(0)
Ap = |{u,xSp1(x)) (u,Su41) (w,Sp) |, n>0, (2.46)
(4, Sn1)  (,600Sn41) (u,005,)

that is,

Sn+1 (0) Sn(o)
<u/ 905n+1 > (u/ 605n>

Sp41(0)  S,(0)

HS) sy (S

Ay =—(u,x5,41(x)) , n>0. (247)

Let n > 0; based on the relations (2.32)—(2.34), it follows that

Su+1(0) 5,(0)

1, ~ _1 ,
<ur805n+1> (u,605n> _{‘un(O)_{—zxn(O)})L Xn(o) 2(u)1Xn(0)/

(2.48)
S.41(0)  S,(0)
= {xn(0) = (0,55 ) 1A = ()X (0).
(1,81} (14, Su) { SEl
From (2.48) and (2.47), we obtain the desired results. O

Proposition 2.6. The form u is reqular if and only if A, #0, n > 0. Then, the coefficients of the
three-term recurrence relation (2.15) are given by

11 = Ao, Y2 = —AA1AS?, (2.49)
AyApy

Yn+3 = T20n+1, n>0, (2.50)
n+l

Po = (u)y, P =c1—&o— & + AbAy', (2.51)

ﬂn+2 = 2 = &ne1 — &ns2 — b AnA;LO'nH/ n>0. (2.52)
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Proof

Necessity. From (2.27) and Lemma 2.4, we get

(1, xZ1(x)) = (1,S2) + (1,0052)(S1(0) = (1, S1)) — S2(0) = AS;(0) — (u)3, (2.53)

and again with (2.27) and (2.42), we can deduce that

Ag = (1, S2) +(1,6052)(51(0) = (1, S1)) — 52(0) = (u, xZ1(x)) #0. (2.54)

Moreover, {Z,},, is orthogonal with respect to u, therefore it is strictly quasiorthogonal of
order two with respect to xv, and then it satisfies (2.16) with a,, #0, n > 0. This implies A, #0,
n > 0. Otherwise, if there exists an ny > 1 such that A, = 0, from (2.29), Ag = 0, which is a
contradiction.

Sufficiency. Let

co = =51(0) = &, (2.55)
c1 = —(u,(0052)), (2.56)
bo = Ao — (1, S) — c1(u, Sy). (2.57)
We get
(1,xZ1(x)) = (1, S2) + c1(1,S1) + by = Ay #0. (2.58)
We have (1, Zy) = c; + (1,00S,) = 0.
From (2.56) and (2.57) we get
$5(0) +¢151(0) + by = S5(0) — (1, Sp) — (1,0052)(S1(0) = (1, 1)) + A, (2.59)

On account of (2.54), we can deduce that S;(0) + ¢151(0) + by = 0.

Then we had just proved that the initial conditions (2.27) are satisfied.

Furthermore, the system (2.26) is a Cramer system whose solution is given by (2.29),
(2.30), and (2.31); with all these numbers a,, b,, and ¢, (n > 0), define a sequence polynomials
{Z1n} 150 by (2.16). Then it follows from (2.26) and Lemma 2.2 that u is regular and {Z,} . is
the corresponding MOPS.

Moreover, by (2.22) we get

(u,22,,) = Aa,(0,8%), n20. (2.60)
Making n = 0 in (2.60), it follows that

<u, z§> = Aag. (2.61)
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Based on relations (2.58), (2.60), (2.61), and (2.29), we, respectively, obtain

=(u,xZ1(x)) = Ag; =—<u'z§> = —AA; A2
N , X241 0 Y2 (1, %72 (x)) 1807,
(2.62)
u, Z* ALA,
YTL+3 = < ;+3> = 2 2 On+1, n 2 0
<u' Zn+2> An+1
We have proved (2.49) and (2.50).
When {Z, },5, is orthogonal, we have
po = (u);. (2.63)
By (2.16) and the orthogonality of {Zn},.,, we get
<u, xZ%(x)> =0 <u, Z%> +{(u,S271). (2.64)
By virtue of (2.13) and the regularity of u we obtain
(u,8:2,) = <x2u, zl> — (& + §1)<u, z§> = Mo, xZ1(x)) - (& + §1)<u, z§>
(2.65)
= Aby — (& + §1)<u, Z%>,
and consequently, we get the second result in (2.51) from (2.58), and (2.64).
From (2.16), and the orthogonality of {Z,},.,, we have
ﬂn+2<u, Zfl+2> = cn+2<u, Z,Zl+2> + (U, Spi3Zps2), n>0. (2.66)
Using (2.13), (2.16), and the the orthogonality of {S,},.,, we have
(U, SwiasZnia) = Wb (0,521 ) = et + &) (0, Z2,5), m20. (267)
Taking into account the previous relation, (2.66) becomes
Bz = urs = bt — ez + b Z51) (2.68)
n+2 = Cn+ n+ n+ n+ ’ 2 U .
<u’ Zi+2>
From (2.60) and (2.29), we have
<U' 52+1>
s = AT ALA O, 20 2.69
(u, Zi+2> et - ( :

Last equation and (2.68) give (2.52).
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Moreover, if the form u is regular, for (2.29), (2.30), and (2.31), we get

Dot = (D,,A2 + Hyh + 1,,)A;1 +Op2, 120,
cniz = =(Jud? + Lok + Ko ) A3t +&ua, 20,
where
D = $,0({2,531 ) = X1 (0)) = £n15020) (1) + 5.2,0))
=& (110 - 8,,20) (1n@ - (v,52)), n20,
Hy = ();S2(0) (24:1(0) = (0,531 )) +&n1 Sus2 (0) (xa(0))
+ (1), (15(0) + a(0)) + (1)18ne1xn(0) (S (0) = S,,5(0) )

+ 81 ((0,52) = Xn(0)) (Sui2(0) + (),5,.5(0)), n 20,

38,0601 + 3801 (520, 0) - S,aOO) |, 20,

o = 5120) (n(©) + 34,0 ) + (S84 (0 S,.2(0) (1a0) - (0,53)),
Ly = ()10n(0) (28,,:2(0) = S521(0)) = (1), S12(0) (4 (0) + x,,(0))
<v 52>(sn+2(0) + (1),S,,,(0)), n>0,

(u){ 5:2(0)s(0) — xu(0)S +2<0>} n>0.

In the sequel, we will assume that v is a symmetric linear form.
We need the following lemmas.

Lemma 2.7. If {y,},50 and {b,} 5o are sequences of complex numbers fulfilling

Yn+1 + Anln = by, n>0, a, #0, n >0,

Yo = by,

Yn = (-1)"a,' (ﬁay> i (-1)"a, <ﬁa;1> b,, n>0.
pn=0 v=0 pu=0

then

n>0,

11

(2.70)

(2.71)

(2.72)

(2.73)

(2.74)

(2.75)
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Lemma 2.8. When {S,},5, given by (2.13) is symmetric, one has

-1
S2n(0) = N Hﬁzwlf n20,  Sua(0)=0, n20,
O2n+1

n
5§1,3(0)=(—1)"Hoz,4, n>0, SI (0)=0, n>0,
.

(2.76)
S,2n+1 0) = (- n" <H 0'2/4> n>0, SIZn(O) =0, n>0,
(st)©=0, n>0,  $5,,0)=0, n>0
2n 4 = 2n+1 4 =
Proof. As v is symmetric, then ¢, = 0, n > 0, and therefore from (2.13) we have
S0 =1, Si(0)=0, SPO=1 50 =
Sp2(0) = =001Sn(0), 120,  S'2,(0) =-0,.25"(0), n>0,
S(0)=0,  Si(0)=1,  S§,,,(0) =-04:15,(0) + Sp1(0), n20, (2.77)
(s @=0, (5%) 0 =-cua(s") @ +58,0), n>0,
5,(0) =0, S1(0) =0, S0.2(0) = =0,.15,,(0) +2S,,,,(0), n>0.
Now, it is sufficient to use Lemma 2.7 in order to obtain the desired results. ]
Let
w = A" (u),. (2.78)
Corollary 2.9. If v is a symmetric form, one has
2
(_1)n+1 n n 2
Apy =V ——|( [ ooun [Too ) {(w-1A,+1)%, n>0,
O2n+1 ‘MZO #:0
(2.79)
2
Aopi = M=1)" <H 02y+1> <H 02ﬂ> , nx0,
n=0 =0
where
n v O
Ay = Vg2t 50, 0p=1. (2.80)
v=0 O2v+1 0 O
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Proof. Following Lemma 2.8, for (2.43) we have

(_1)n+1 n 2 n
Ez, = 1_[02,4 H02#+1 1-A,), n>0; Espi1 =0, n>0,
n=0

O2n+1 4=0
2
(_1)n+1 n n
Fo, = 20\ ~—— H O2u I_I o1 |(1=Ap)Apy, n20,
02n+1 ”:O ”:O
. (2.81)
n n
Fona = ()" JToo ){ [Joown ), n>0,
pn=0 n=0
2
(_1)n+1 n n
Gon = W X——| [ Jom [Towa )AL n>0;  Guia=0, n>0.
O2n+1 #:0 ‘MZO
As a consequence, relations (2.81) and (2.42) yield (2.79). O

Theorem 2.10. The form u is reqular if and only if (w — 1)A, + 1 #0, n > 0, where A, is defined in
(2.80).
In this case one has

O2n+1 2 2
Aoy = , a1 = —-Aoy O, (w-1)A,+1)°, n>0, (2.82)
b0, ((w = 1A, + 1) " 2= §
w-1Aq+1
boy = 01, n 20, bons1 = 02"+2((w—iTnzl+l' n>0, (2.83)
1
c =0, €1 =-wlh, Cons2 = >0,

10, (w - 1A, +1)*
Con13 = =A02,20, (W = D Api1 + 1) ((w-1)A, +1), n2>0,

2
0

_)L2a)4’ Yon+a = 1202 ((w - 1)An+1 + 1)2, n>0, (2.84)

n=-VYw, =

Yonss = 1202, 02 ((w — 1Ay + 1)* (w0 - 1) Aps1 +1)%, 120,

01
[50 w, ,31 w 2
1
2 = + 102,420, ((w - DA, + 1) ((w - 1Ay + 1),
Pans2 @ DA 1) 2n4209n (( ) )(( JAns1 +1)
Poss = ! 10220 (@ = DAy + 1) (@ =) Ay +1), 130,

101 (W = 1) Apiq +1)2
(2.85)

where ©,, = ]'[Z:O O/ 0241, 1 2 0.
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Proof. From Proposition 2.6 and Corollary 2.9, we can deduce that u is regular if and only if
(w-1)A,+1#0,n>0.

Moreover, from (2.70) we can deduce (2.82).

By (2.49), (2.51), (2.78), and (2.79), for (2.55), (2.56), and (2.57) we get

c=0, = —(u)l =-wl,
(2.86)
bo = 01.

When n > 0 by Lemma 2.8, for (2.73) we get

2
n
<H 02,4> <H 02,4+1> (1-An);  Dawn =0,
O'2n+1 i 4=0

2
H,, = wl & <H 02,4> <H 02y+1> (2An-1);  Haun =0,
O2n+1 =0 pu= 0

o, 2(_1)n+1 n n : ' B
Ly =2 [Tow ) [Town ) A Bua =0,
O2n+1 1=0 4=0

2
Jon =0; Jons1 = (=1)" 0242 <H 0'2y> <H G2/4+1> (1-An) (1= Api1), (2.87)
pn=0 pn=0

(_1)n+1 n n 2
Loy = [ 1o [1oown ).
O2n+1 #:0 ‘MZO

2
Lopi1 = wA(-1)"02p42 <H 02[4> <H 02[4+1> (Ans1 + (1 =2A011)An),

H=0 H=0

2
n n
Kyn=0, n20; Ky =wA*(-1)"0znr2 <H 02;4> <H 02y+1> AnApir.

p=0 p=0

Taking into account (2.79), (2.80), and (2.86)-(2.87), relations (2.70), (2.71) and (2.72) give
(2.82)—(2.84).
As a result of relations (2.82)—(2.84) and Proposition 2.6 we get (2.85). O

Corollary 2.11. (1) If v is a symmetric positive definite form, then the form u is reqular when w €
C-]-o0,1].
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(2) When u is regular, it is positive definite form if and only if

2
wr<0, Ao L (@-1DAm+1)?, n>0
/4 (,(]2 /4 ./\262 n+1 7 7

1 (2.88)

V202 LO2((w—1)Ay+1)* (W —1)Ap +1)?, n>0.

Proof. (1) If v is positive definite, then 0,.1 > 0, n > 0, therefore A, > 0, n > 0 and so
(w—-1)A, +1#0, n > 0 under the hypothesis of the corollary.

(2) If u is regular, it is positive definite if and only if y,,.1 > 0, n > 0. By Theorem 2.10,
we conclude the desired results. O

3. Some Results on the Semiclassical Case

Let us recall that a form v is called semiclassical when it is regular and its formal Stieltjes
function S(-; v) satisfies [15]

$(z)S'(z;v) = C(2)S(z;v) + D(z), (3.1)
where ¢ monic, C, and D are polynomials with
D(2) = ~(060$)'(2) + (06C) (2),

(3.2)
S(z;0) = —Z ©),

n+l”
n>0 z

The class of the semi-classical form v is s = max(deg ¢—2, deg C-1) if and only if the following
condition is satisfied [22]:

[ TdC@I+ID(e))) >0, (3.3)

where ¢ € {x : ¢(x) =0}, thatis, ¢, C, and D are coprime.
In the sequel, we will suppose that the form v is semi-classical of class s satisfying
(3.1).

Proposition 3.1. When u is reqular, it is also semi-classical and satisfies

$(2)S (z;u) = C(2)S(z;u) + D(z), (3.4)

where

$(z) = 22p(z),  C(z) = 2°C(2) - 2%$(2),
(3.5)
15(2) =z(z+ (u); —V)C(z) + /\zzD(z) + ((u), = V) p(2).

Moreover, the class of u depends on the zero x = 0 of ¢.
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Proof. We need the following formula:
S(z; fw) = fS(z;w) + (Wb f)(z), wefp, fep. (3.6)
From (2.7), we have S(z; x?u) = AS(z; xv). Using (3.6), we get

2°S(z;u) + z + (1), = AzS(z;v) + \. (3.7)

Differentiating the previous equation, we obtain

228 (z;u) +228(z;u) + 1 = AzS'(z;v) + AS(z; v). (3.8)

By (3.1) we can deduce (3.4) and (3.5).
Since v is a semi-classical, S(z; v) satisfies (3.1) where ¢, C and D are coprime.
Let c be a zero of $ different from 0, which implies that ¢(c) = 0. We know that |C(c)|+
ID(c)| £0. ) ) L
If C(c) #0, then C(c) #0. if C(c) = 0, then D(c) = Ac*D(c) #0. Hence |C(c)| +|D(c)| #0.
O

Corollary 3.2. Introducing

81 = (W) - MP(0), 8= (), - 1)(C(0) + $'(0)),
(3.9)
¥ := C(0) + ((w); — 1)(C'(0) + ¢"(0)) + AD(0),

(1) if 81 #0, thens =s+3;
(2) if 31 =0and 82 #£0, then s = s +2;
3)ifd1 =0 =0and ¢(0)#00r 83#0, then 5 =5+ 1.

Proof. (1) From (3.9) and (3.5), we obtain C(0) = 0, D(0) = ¥, #0. Therefore, it is not possible
to simplify, which means that the class of u is 5 + 3.

(2) If 81 = 0, then from (3.5) we have CN’(O) = f)(O) = 0. Consequently, (3.4)-(3.6) is
divisible by z. Thus, u fulfils (3.4) with

$(z) = 22¢(z),  C(2) = 22C(2) - zd(2),
(3.10)
15(z) = (z+ (u); - V)C(z) + AzD(z) + (1), — 1)Bop(z).

If D(0) = &, #0, it is not possible to simplify, which means that the class of u is s + 2.
(3) When 8 = &, = 0, then it is possible to simplify (3.4)—(3.10) by z. Thus, u fulfils
(3.4) with

$(z) =2p(z),  C(2) = zC(2) - P(2),
B (3.11)
D(z) = (), - \) <90C(z) - eg¢(z)) +1D(z) + C(=).
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Since we have (NZ(O) =-¢(0), 15(0) = U3, then we can deduce that if ¢(0) #0 or 83 #0, it is not
possible to simplify, which means that the class of uis s + 1. O

4. Some Examples

In the sequel the examples treated generalize some of the cases studied in [13].

4.1. v the Generalized Hermite Form

Let us describe the case v := H#(7), where H(7) is the generalized Hermite form. Here is [1]
¢, =0, n>0, Ops1 = %(n+1+7‘(1+(—1)")), n>0. (4.1)

From (4.1), we get

L T'(n+t+3/2) 1
= > = r 1 > . 4.2
gozwl T(r+1/2) n>0, g(fz# (n+1), n>0 (4.2)

Wewant A, = 37 1/00v41 HZ:002y+l /02, 12> 0.
But from (4.1) and (4.2), we have 1/02,41 HZ:OO'Z#H /02 = (1/T (7 +1/2))hv, with

I'n+t+1/2)
= "/ > ]
hy, T+l n>0, (4.3)
fulfilling
1
(n+1)hy —nhy, = (T + E)h"' n>0, (4.4)
and so
1 B 1 [(n+7+3/2)
= -vh, = >0. (4.
M= e 20 Y S s T Ty 20 49

Then we get Table 1.

Proposition 4.1. If v = H(7) is the generalized Hermite form, then the form u(t, w, \) given by
(2.9) has the following integral representation:

leT

; e f(x)dx, Vfep. (46)

(u(r,w, 1), f) = f(0) + Mw = 1) f'(0) + I'(T 31/2)PJ‘_00 |
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Table 1

2

A, A= (-1)™? Tn+71+1/2)P2n+1)(w-1)A, +1)%, n>0,

T(r+1/2)
Mgyt = (—1)"#1"2(n+7‘ +3/2T(n+1), n>0
S I2(r +1/2) T
(n+1+1/2)? i n+l )
L= , 120, @y =-AT(T+1/2 “DA,+1)%, n>0.
a, @ T 172 (@- DA, 117 n s (t+1/ )thr1 ((w-1)A,+1)°, n
(w_l)ArH—l"'l
= > = _— > 0.
b, byy=n+1t+1/2, n>0, byy=m+1) -, +1" n>0
o =0 o = —wl . _ln+T+1/2 hy,
Cn 0 y 1 7 2n+2 1 F(T+1/2) ((w—l)An+1)2’ 'y
_ (+DI(r+1/2)
Cons3 = m((w DA+ D((w-1)A, +1), n20.
(t+1/2)%
= -2, Y2 = Tt
212
Yol Yonss = —W((w ~ DA + 1> (w-1)A, +1)%, n>0,
n+l
~ 1 (n+7+3/2)°H, 0
V2 =TT (1 5 1/2) (w1 Ay + 1) '
+1/2
Po = wl, ﬂ1=—w)t—T)Lw2 ,
AMn+1)I(t+1/2) n+t+3/2 Ryt
3 =—— T ((w—-1)Ap +1 -DA,+1)— , n20,
ﬂn ﬂZ +3 (7’1+T+1/2)hn ((w ) +1+ )((w ) + ) )Lr(T+1/2) ((w—l)An+1+1)2 nz0
1 1 (n+7+1/2)h, AT(T+1/2)
ey = — + w-DA1+1D)((w-1)A,+1), n>0.
Pt = LT 7D (o D 1f T (@7 Dw # (@ =D+ 1)

1t is a quasi-antisymmetric ((u(T,w, A))2,.0 = 0, 1 > 0) and semi-classical form of class s satisfying

the following functional equation:

=0, w#l, 23S (zu0,w,\) =~z (222 + 1>S(z;u(0, w, 1))
—22° - 20wz + Mw-1), s=3,
7=0, w=1, zS(zu,1,1)= —<222 + 1>S(z;u(0,1,)u)) —2z-21, s=1,
0, w#l, z°S(zu(r,w,\)) =-z* <222 -27+ 1>S(z;u(T,w,J\)) -22°

“20wz? + 21z +2TA(w -1) + Mw -1), s=3,

(4.7)

7#0, w=1, ZZS’(z;u(T, 1,1) = z<—222 + 21 - 1>S(z;u(7',1,)t)) —22%2-2\z+271, s=2.

(4.8)
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Proof. It is well known that the generalized Hermite form possesses the following integral
representation [1]:

+oo 1

2 1
(v, f) = Iw m|x|2Te‘x f(x)dx, R(T) > ~5 Vfep. (4.9)

Following (2.11), we obtain (4.6). Also the form u is quasi-antisymmetric because it satisfies
<u, x2"+2> = .)L<U, x2"+1> =0, n>0, (4.10)

since v is symmetric by hypothesis.
When 7 = 0, v is classical and satisfies (3.4) with [22]

P(x) =1, C(z) = -2z, D(z) = -2. (4.11)

Then, & = Mw -1), 3, =0.
Now, it is sufficient to use Corollary 3.2 and Proposition 3.1 in order to obtain (4.7).
If 7 #0, the form v is semi-classical of class one and satisfies (3.4) with [23]

P(x) =x, C(z) = -22% + 27, D(z) = -2z. (4.12)

Therefore 31 =0, & = Mw - 1)(27 + 1), 83 = 27.
By Proposition 3.1 and Corollary 3.2 we can deduce (4.8). O

4.2. v the Corecursive of the Second Kind Chebychev Form

Let us describe the case v := J(_1/2,1/2); it is the corecursive of the second kind Chebychev
functional. Here is [1]

1 1
éo = _EI §n+1 = O/ nz 0/ On+1 = Z/ n2 0. (413)

In this case we have the following result.

Lemma 4.2. For n >0, one has

S =00 s =0 s

22n+1 7 22n ’ 2n+

D"

S2(0) =

1(0) =0,

_1\n+l _1\n ,
0= Sua0 =@, (sR) =0

, Cqn _qyntl _1)+1
(s,) (O)=(n+1)(2§31 SZn(0>=n(n+1)(2§%f 55n+l(0):”(”+1)(2i%'

(4.14)
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Proof. The proof is analogous for the demonstration of Lemma 2.8.

O
Following Lemma 4.2, for (2.44) we have
2n+1 n+1 ,
X2n(0) = w7 >0; X2n+1(0) = St T >0; X2,(0) =0, n>0;
, n+1 n n+1
Xona 0= =g n20 pn(0)=—p, n20 pown(0) =-757, n20.
(4.15)
Therefore, we get for (2.42)
(_1)n+l (_1)n
Apy =n(2n+1) 5 2+ Bnn+1)(u), -1) ST A
2(_1)n+1
+ D@D, n20,
(4.16)
(_1)n+1 )
Aoyl = (n+1)(2n+1) A

26n+3

)n+1

+ <8(n +1)%(u), + 1) (_1)n/\(n F1)(2n+3) (w2 S

D6n+4 17 96n+3 7 n20.

Then we obtain

(_1)n+1
Ay, = 4W(tn -x1)(tn-x2), n2>0,

(4.17)
(_1)n+1
Aopi1 = 4W(tﬂ —-x3)(tn —x4), n>0,
where
_1 2 2 1/2 1 ) ) 1/2
xp = Z{—3t—2x+ <t — 40— 4) —zm) } x; = Z{—3t—zx— <t — 40— 4) —zm) ,

1 ) 1/2 1 ) 1/2
xa_z{—5t—zx+<(t+zx) +4A> } x4—zl{—5t—2A—<(t+2J\) +4A) }

(u); =t+ A\

(4.18)

On account of Proposition 2.6, we can deduce that the form u given by (2.9) is regular if and
onlyiftn —x;#0,n>0,1<i<4.

In the sequel, we suppose that the last condition is satisfied.

By virtue of (4.17) and Lemma 4.2, relations (2.49)—(2.52), and (2.55)-(2.57), (2.70)—
(2.72) give Table 2.
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Table 2
1 (tn — x3) (tn — x4) 1 (tn — x1)(tn — x2)
N S VA b 7 > S S VA ™7 .
Gn G2 8 (tn—x1)(tn — x3)” n20, Ban1 8 (tn— x3)(tn — x4)’ 20
~ 1 1, 1t 2m+1)t-A
bn bo— ZX1XZ+Z §+(t+./\+§) , b2n+1—z+§m, nZO,
1 t (@n+3)t+A
=t > 0.
bansz 4+8(tn—x3)(tn—x4)' n20
1 1 12t2n+1)((n+1)t- 1) - A
= LR == >
cn €0 2 a1 3 t—A, Coni3 = g (tn = x3) (b1 — x3) , n2x0,
12t2n+1)((n+1)t+A) - A
- __ > 0.
Con2 8 (tn — x1) (tn — x3) , n20
=-2x1x = iﬂ
1= 1X2, Y2 = 16x%x§’
; Yomss = _1 (tn—x1)(t(n+1) —xlg(tn - xz)gt(n +1) —xz), 130,
m 4 (tn — x3)"(tn — x4)
1 (tn - tn+1) - tn — ttn+1) -
Y2n+4:__(71 x3)(E(n +1) xsg(n xy) (H(n 2) x4)’ n>0.
4 (tn+1)—x)"(t(n+1) —x7)
_te — - c2nm+ s - Leas by
Po=trd o pi= 2z, 2T T 2’V
_ 12t(2n+1)((n+1)t—)t)—/\ 1 (tn — x3) (tn — x4)
Pons = 8 (o= xy) (b - x1) 2(tm+1)—x)(t(m+1) —x3)
t n+3)t+A
- >
P IGmED -t -x) "2V
8 __12t(2n+1)((n+l)t+)t)—/\_l(tn—xl)(tn—xz)_i 2(n+1)t-A >0
w2 =g (tn — x1) (tn — x3) 2(tn-x3)(tn—x4) 4 (tnh—x3)(tn — xy)’ =7

Proposition 4.3. If v = 2(_1/2,1/2) is the corecursive of the second kind Chebychev form, then the
form u(t, X) given by (2.9) has the following integral representation:

1 —
<u(t,/\),f>=(1—)L)f(0)+tf’(0)+%Pf_ 1 L—if(x)dx, Vfep. (4.19)

1 x
It is a semi-classical form of class s satisfying the following functional equation:
t#0, 2° (z2 - 1>S’(z;u(t,/\)) = —zz<zz —z- 1>S(z;u(t,)t)) +t-20+ 1) +tz—t, s=3

=0, z(z2 - 1>S’(z;u(0,A)) = (—z2 +z+ 1>S(z;u(0,A)) —21+1, s=1.
(4.20)
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Proof. 1t is well known that v = 2_,2,1/2) possesses the following integral representation [1]:

Y1, 1-
W= \Tafwds fep @21)

From (2.11) we easily obtain (4.19).
The form v satisfies (3.4) with [15]

P(x) =x* -1, C(z)=1, D(z)=-2. (4.22)

Therefore, &1 = —t, 32 =, $(0) #0.
Now, we can simply use Proposition 3.1 and Corollary 3.2 in order to obtain (4.20). [

Corollary 4.4. When t = 0 and A = -1, one has

1 1

,Bn = (_1)n+1/ nz 0/ Yl = _E/ Yn+2 = _Z/ n2z O/
(4.23)
2 1oy _ 2 . -
z<z - 1>S (z;u(0,-1)) = (—z +z+ 1>S(z,u(0, -1)+3, s=1.
Proof. From Table 2, we reach the desired results. O

Remarks 4.5. (1) One has the form h_ u(0,-1) = £(-3/2,1/2), where £(a, ) is studied in
[24].
(2) Let {Zfll) Yns0 [15, 19] be the first associated sequence of {Z,} ., orthogonal with

respect to (0, -1) and ﬁill), yr(li)l the coefficients of the three-term recurrence relations; we have

1
B =Pua=(-1", n>0  y=y=-2, n>0. (4.24)
4

The sequence {Z,(,l) } 50 18 @ second-order self-associated sequence; that is, {Zfll) }ns0 18
identical to its associated orthogonal sequence of second kind (see [25]).
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