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We study the strong unique continuation property for solutions to the quasilinear elliptic equation
—div(|VulP®2Vy) + V(x)[ulP®2u = 0 in Q where V(x) € LN/PX(Q), Q is a smooth bounded
domain in RN, and 1 < p(x) < N for x in Q.

1. Introduction and Preliminary Results

Let Q be an open, connected subset in RV. Consider the Schrédinger Operator H = —A + V.
If Hu = 0, and if u vanishes of infinite order at one point xy € Q (see definitions in Section 3)
imply that u = 0 in Q, then H has the Strong Unique Continuation Property (S.U.C.P). If,
on the other hand, Hu = 0in Q, and u = 0 in &', an open subset of Q, imply that u = 0 in
Q, we say that H has the Weak Unique Continuation Property (W.U.C.P). In 1939 Carleman
[1] showed that H = —A + V has the S.U.C.P whenever V € L (R?). In order to prove
this result he introduced a method, the so-called Carleman estimates, which has permeated
almost all the subsequent works in the subject. For instance, Jerison and Kenig [2] showed
thatifn>2,p > N/2and V € Lfoc, then H has the S.U.C.P; Fabes et al. in [3] gave a positive
answer for a radial potential V' to Simon’s conjecture, which stated that for a potential V in the
Stummel-Kato class and u € H!(Q) then H has the S.U.C.P. Other results were obtained by de
Figueiredo and Gossez, but for Linear Elliptic Operators in the case V € LN/2(Q), N > 2, [4].
Also, Loulit extended this property to N = 2 [5]. More recently, Hadi and Tsouli [6] proved
Strong Unique Continuation Property for the p-Laplacian in the case V € LN/P(Q), p < N
and p constant.

Equations involving variable exponent growth conditions have been intensively
discussed in the last decade. A strong motivation in the study of such kind of problems is

due to the fact that they can model with high accuracy various phenomena which arise from
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the study of elastic mechanics, electrorheological fluids, or image restoration; for information
on modeling physical phenomena by equations involving p(x)-growth condition we refer
to [7-12]. The understanding of such physical models was facilitated by the development
of variable Lebesgue and Sobolev spaces, L™ and W'?®), where p(x) is a real-valued
function. Variable exponent Lebesgue spaces appeared for the first time in literature as early
as 1931 in an article by Orlicz [13]. The spaces L) are special cases of Orlicz spaces L¢
originated by Nakano [14] and developed by Musielak and Orlicz [15, 16], where f € LY
if and only if [¢(x,|f(x)|)dx < oo for a suitable ¢. For some interesting results on elliptic
equation involving variable exponent growth conditions see [17-19]. We point out the
presence of the p(x)-Laplace operator. This is a natural extension of the p-Laplace operator,
with p positive constant. However, such generalizations are not trivial since the p(x)-Laplace
operator possesses a more complicated structure than p-Laplace operator; for example, it is
inhomogeneous.

In this paper we prove Strong Unique Continuation Property of the solutions of the
quasilinear elliptic equation:

—div<|Vu|”(x)_2Vu> + V)P ?u=0 inQ, (1.1)

where 1 < p(x) < N,V € LNP®(Q) and Q ¢ RN is a bounded domain with smooth
boundary.
Finally, we recall some definitions and basic properties of the variable exponent

Lebesgue-Sobolev spaces LP*) (Q) and Wé’p © (Q), where Q is a bounded domain in RV.
Set C.(Q) = {h € C(Q) : min__sh(x) > 1}. For any h € C.(Q) we define

x€Q
h* = ilég h(x), h™ = Jicre1gf2h(x). (1.2)

For p € C,(Q), we introduce the variable exponent Lebesgue space:

LFO(Q) = {u : u is a measurable real-valued function such that J‘ () P dx < oo},
Q

(1.3)
endowed with the so-called Luxemburg norm:

ux)

p(x)
|u|p(,) = inf{y >0; I dx < 1}, (1.4)
Q

which is a separable and reflexive Banach space. For basic properties of the variable exponent
Lebesgue spaces we refer to [20]. If 0 < |Q| < oo and pi, pp are variable exponents in
C.(Q) such that p1 < p2 in Q, then the embedding L20)(Q) — LP0)(Q) is continuous
[20, Theorem 2.8].
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Let L") (Q) be the conjugate space of LP*)(Q), obtained by conjugating the exponent
pointwise, that is, 1/p(x) + 1/p'(x) = 1, [20, Corollary 2.7]. For any u € LPO)(Q) and v €
LP0O(Q) the following Holder type inequality

1 1
uvdx| < <— +—_)|u| Nien 1.5
JQ P PO () (1.5)

is valid.

An important role in manipulating the generalized Lebesgue-Sobolev spaces is played
by the p(-)-modular of the LP")(Q) space, which is the mapping pp() : LPV(Q) — R defined
by

o) = [ . (16)

If (u,), u € LPO(Q) then the following relations hold:

lulpy <1 EL > e ppp@) <1 (=1; >1), (1.7)
lulpy >1= |”|Z;-) < ppey(u) < |u|§z_), (1.8)

[y < 1= lull) < ppy () < luly, (1.9)

ln = 1ty — 0 = py(y (un — 1) — 0, (1.10)

since p* < oo. For a proof of these facts see [20]. Spaces with p* = oo have been studied by
Edmunds et al. [21].
Next, we define WS’P(X) (€2) as the closure of C{°(€2) under the norm

||u||p(x) = |vu|p(x)‘ (111)

The space (W;’p(x)(Q), [l ll,ix)) is a separable and reflexive Banach space. We note that if
g € C.(Q) and g(x) < p*(x) for all x € Q then the embedding W;’p(x) (Q) — LIM(Q) is
continuous, where p*(x) = Np(x)/(N - p(x)) if p(x) < N or p*(x) = +o0 if p(x) > N [20,
Theorems 3.9 and 3.3] (see also [22, Theorems 1.3 and 1.1]).

The bounded variable exponent p is said to be Log-Holder continuous if there is a
constant C > 0 such that

C

—_— 1.12
“log(lx-y]) (L.12)

lp(x) -p(y)]| <

for all x,y € RY, such that |x — y| < 1/2.
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A bounded exponent p is Log-Holder continuous in Q if and only if there exists a
constant C > 0 such that

|BIP¥Ps < C (1.13)

for every ball B C Q [23, Lemma 4.1.6, page 101].
As a result of the Log-Holder continuous condition we have

r P PE) < C,
(1.14)
ClrPW < P < CprW),

forall x,y € B := B(xg,r) C £ and the constant C depends only on the constant Log-Holder
continuous. It’s well known that Smooth Functions are dense in Variable Exponent Sobolev
Spaces if the exponent p satisfies the Log-Holder condition [23, Proposition 11.2.3, page 346].

2. On Fefferman’s Type Inequality

»()

For every u € Wé () the norm Poincaré inequality

[ulpo ) < ¢ diam(€2)[ V|0, (2.1)

¢ = C(N,Q,c log(p)) holds (we refer to [24] for notations and proofs). Nevertheless, the
modular inequality

f ulP® dx < CJ‘ IVulDdx, Yuew"(Q) (2.2)
Q Q

not always holds (see [18, Theorem 3.1]). It is known that (2.2) holds if, for instance (i) N > 1,
and the function f(f) := p(x, + tw) is monotone [18, Theorem 3.4] with x, + tw with an
appropriate setting in Q; (ii) if there exists a function ¢ > 0 such that Vp- V¢ >0, ||V¢|| #0 [25,
Theorem 1]; (iii) If there exists a : Q@ — RN bounded such that div a(x) > ao > 0 for all x € Q
and a(x) - Vp(x) = 0 for all x € Q, [26, Theorem 1]. To the best of our knowledge necessary
and sufficient conditions in order to ensure that

Jo Vul™ (2.3)
ueWLP(')(Q)/{O} J‘Q |u|P(X) .

have not been obtained yet, except in the case N = 1, [18, Theorem 3.2]. The following
definition is in order.



International Journal of Mathematics and Mathematical Sciences 5

Definition 2.1. We say that p(-) belongs to the Modular Poincaré Inequality Class, MPIC(£2),
if there exist necessary conditions to ensure that

f ul™ < cf VulP®, vuew," (@), (2.4)
Q Q

C = C(N, Q, ciog(p)) > 0 holds.

In [27] Fefferman proved the following inequality:
J [u(x)|P| f(x)|dx < CI [Vu(x)|Pdx VYue C§ <RN>. (2.5)
RN RN

in the case p = 2, assuming f in the Morrey’s space L"N"2(RN), with 1 < r < N/2.
Later in [28] Schechter showed the same result taking f in the Stummel-Kato class S(RY).
Chiarenza and Frasca [29] generalized Fefferman’s result proving (2.5) under the assumption
f e LN, (RN), with1 <7 < N/pand 1 < p < N. Zamboni in [30] generalized Schecter’s
result proving (2.5) under the assumption f € MP(RN ), with 1 < p < N. We stress out that it
is not possible to compare the assumptions f € L"N-7"(RN), the Morrey class, and f € S(RY),
the Stumel-Kato class. All the mentioned results were obtained for fixed p. The theory for
a variable exponent spaces is a growing area but Modular Fefferman-type inequalities are
more scarce than Poincaré inequalities in variable exponent setting. In [31] Cuadro and Lépez
proved inequality (2.6) for variable exponent spaces. We use such inequality in order to prove
S.U.C.P. We include the proof for the convenience of the reader.

Theorem 2.2. Let p be a Log-Holder continuous exponent with 1 < p(x) < N, and p € MPIC(Q).
Let V € Llloc(Q) with 0 < € < V(x) almost everywhere. Then there exists a positive constant C =
C(N, L, ciog(p)) such that

f V (%) |u(x) PP dx < CJ |V () PP dx (2.6)
Q Q

forany u € Wg’p(x) (Q).

Proof. Letu € W;’p(x)(Q) supported in B(xp, r). Given that V € Llloc(Q) the function

w(x) = <Jw1 V(gl,XQ, .. .,xn)dgl, . ,fx: V(xl, . ,xN_l,gN)d§N>, (27)

0
X N
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where x; = (x?,...,x?v) and x = (x1,...,xn) € B(xg,r), is well defined. Notice that
[5 V(e &, ..., xp)dé € Clx}, x;] fori=1,..., N (Lemme VIIL2 [32]) so that divw(x) =
N V (x). Moreover,

V@l > [ [ Vs di, 28)

where ¢ = (¢1,...,¢n). Therefore, |w(x)| < \/ﬁ|V(x)|L1(B(xO,)).
A direct calculation leads to

div<|u|’”(x)w(x)> = [u(x)[P® div w(x) +p(x)|u|p(x)_2uVu ~w(x)

(2.9)
+ uf® loguVp(x) - w(x).
Now the Divergence Theorem implies jB(xg,r) div(Julf®w(x)) = 0, and so
f ()" div w(x)dx < p* (o) P Vaa(0) [ () | dox
B(xo,r) B(xo,r)
(2.10)
o P g TP oo
B(xo,r
Set
— pt p(x)-1
Li:=p e |u(20) [P [V (x) || (x)|dx,
o 2.11)

I:= f b ()P loglu(x)| | Vp(x) | [w(x)|dx.

Now we estimate I, by distinguishing the case when |u(x)| < 1 and |u(x)| > 1. Notice
that the relations

sup t"|log t| < oo 2.12)

0<t<1 '
supt Tlogt < oo (2.13)
t>1 '

hold for 7 > 0.
Let Qi =: {x € B, : [u(x)| <1} and Q, =: {x € B, : |u(x)| > 1}, then for (2.12) and (2.13)
we have

L<C f Jew (20) |14 (o) [P0 dx + czf Jw ()| () P2 dxe, (2.14)

91 QZ
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We can choose k € N such that p(x) —1/k > p~. Since u € LV (B(xo,r)) and in Q, |u(x)| <1

we have
_1 —
()P < qu(x) P,

for n > k. The Lebesgue Dominated Convergence Theorem implies

lim [u(x) PO dy = f u(x)[P¥ dx.
n—ow Jo Q

For Q;, we can choose k' such that p(x) + 1/k’ < (p(x))* = Np(x)/(N - p(x)). So

() PO < () PO,

(2.15)

(2.16)

(2.17)

n>k',and x € Q. Since u € LP™)" (B(xo, 7)) [23, Theorem 8.3.1] we may use the Lebesgue

Theorem again to obtain
lim f |u(x) [P dx =J‘ () [P™) dx.
n— oo Q, Q,

Given that p € MPIC(2) we have

L<C [uP@dx < C |VulP ™ dx.
B(xo,r) B(xo,r)

Now we estimate I; by using the modular Young's inequality [24, equation (3.2.21)]:

|w(x)lp(x)/(P(x)—1) |u(x)|p(x) + P+C2 I |Vu(x) |P(x)'
B(xo,r)

I < P+C1J.

B(xo,r)

Again, since p € MPIC(Q) we obtain

L<C |VulP ™ dx.
B(xo,r)

Finally, recalling that divw(x) = NV (x) we get

N V(o) [u(x) P® < cf |Vu(x) P dx,

B(x,,r) B(xo,r)

which leads to the claim of the theorem.

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)
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3. Strong Unique Continuation

Consider the equation

Hu := diV(|Vu|p(x)_2Vu> + V(@) ufY%u=0, xeQ, (3.1)

ue W PQ), 1<p(x) <N, VeLNre(Q).

loc

A weak solution of (3.1) is the function u € Wll.f(x) (Q2) such that

f |VuP®2Vy - Vo dx + f V() [ulP®2u - pdx =0, (3.2)
Q Q

forall ¢ € W&’p(x) (Q).
The main interest of this section is to prove a unique continuation result for solutions
of (3.1) according to the following definition.

Definition 3.1. A function u € Lf(f:) (Q) has a zero of infinite order in the p(x)-mean at a point
xo € Qif, foreach k € N,

f |ulP® dx = O(Rk>. (3.3)
[x=x0| <R

Recall that Q ¢ RN is a bounded open set. We want to prove estimates’ independency
of p* for bounded solutions. For this purpose we assume throughout this section that 1 < p~ <
p" < o and p is Lipschitz continuous. In particular, p is Log-Holder continuous. The new
feature in the estimate is the choice of a test function which includes the variable exponent.
This has both advantages and disadvantages: we need to assume that p is differentiable
almost everywhere, but, on the other hand, we avoid terms involving p*, which would be
impossible to control later, see [24].

Before proving Theorem 3.5 which is the main result of this paper we require the
following Lemmas.

Lemma 3.2. Let p be a Log-Holder continuous exponent with 1 < p(x) < N, and p € MPIC(Q).

Let V € LN/P®™ 0 < € < V(x), almost everywhere and u € Wg’p(x) (Q). Then, for each €, > 0, there
exists K such that

f V§ulf®dx < eof |Vuf ™ + Kf [ulP™ dx. (3.4)
Q Q Q
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Proof. Let €, > 0 be given. We have
[ veowre = v e[ v
Q {x:V (x)>t} {x:V (x)<t}

< j V() [ulP™ + tf Juf™ (3.5)
{x:V (x)>t} Q

gcj |wwm+tfhmw,
{x:V (x)>t} Q

where the last inequality follows from Theorem 2.2. Now, notice that the measure A(E) =
[ |Vu[P® is absolutely continuous with respect to the Lebesgue measure . It follows that for
€1 := (€0/C) [ [Vu[P™ > 0 there exists 6 > 0 such that [ [VulP®du < e; whenever u(E) < 6.
Moreover, by Chebyshev’s type inequality,

#qx:vug>tngt4wff V (x) NP, (3.6)
Q

So taking t sufficiently big, we get the desired inequality. O

Lemma3.3. Letp : Q — (1, N) bean exponent with 1 < p~ < p* < oo and such that p € MPIC(Q)
is Lipschitz continuous. Let u be solution of (3.1) in Q, and B, and By, two concentric balls contained
in Q. Then

C
f Vul™ < (x)f jul™, (37)
Br rp 0 BZr

where the constant C does not depend on r, xg € By, and V € LN/P(),

Proof. Take 1 € CF(Q), with suppn C By, 0 < 7 < 1 such that 7(x) = 1 for any x € B,
and |V7| < C/r. We want to use as test function ¢ = 7P®u. To this end we show first that

(TS Wg’p(x) (Q); it is clear that ¢ € LP®(Q) since u is solution of (3.1). Furthermore, since
0 < 17 < 1 then |n7log#| < a for some constant a, so

V| < | Vaurn?®

+ |up(x)11p(x)_1V11| + |u11”(x) log an(x)|

< |Vu1,ll!’(x)

a9 [ pceymtos

< |Vu11"’(x)

" |up(x)11p(x)_1V11| + |qu(x)—1vp(x)|a (3.8)

+ [ @ (| Vrlp(x) + a] Vp() )
< |Vu| + |u|(Cp* + aL)

< |Vu| + C,,|u|.
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Hence, |V [P < 271 VyP™) + C$+2"’+‘1|u|p("). Therefore, |V¢| € LP®)(Q).
Now we can use ¢ = 77y as a test function to obtain

0= f |VulP® 2y - Vs dx + f VulP ) ug dx
BZr

By,

= f |Vu|p(x)71”(")dx +f
BZr

|VuP®2uvy - <p(x)7f’(")’1V7l +1P™ log an(x))dx (3.9)
By,

+ f Vi@ |uP®dx.
Bor

Let

I = JB VP2 v (p(x)q”(x)_lvn + 177 log qu(x))dx,
2 (3.10)
Iz = f Vql”(x)|u|p(x)dx.
BZY

We can estimate I; by

I < J |Vu|p(x)_2|u||Vu|<|p(x)11p(x)‘1V71| + |11p(") longp(x)Ddx

BV

< [ avallaly™ (uilval) (1p) |+ 9p)
< [ qwullaly ™ v + alyax @)

<G [ (ullaly™” (ull 7))
2r

b, (1Y p)
<G [ equullny () (ulvalax,

where the Young-type inequality

(x)-1
fg<eff®@/®O 4 (é)p g (3.12)

was used in the last inequality. Moreover,

1\ P)-1
h< e [ [urparc, [ (2) | vapPds
By,

By

1 (3.13)
1\"'~ .
< CPE_[ |Vu|p(x)11”’(x)dx + CP<E> f |u|P® |V11|P( ) dx.
B, Bay
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We estimate I5:

12=f Vrlp(x)|u|p(x)dx
BZ?
- f V|nu|P™ dx (3.14)
BZr

SEI |V(u71)|p(x)dx+C€J‘ |ru| "™ dx,
BZr

By,

where Lemma (3.2) was used in the last inequality.
Now using the estimates for I; and I;, we have

1\ .
f [VulPOnp® dx < CPGI |VulP S P dx + CP(E) f uP™ |V11|P( )dx dx
Bzy BZr

BZr

+ ef |V(url)|p(x) + CS.[ |11u|p(x)dx

B' BZ' (3.15)
<e(C1+Cy) |Vu|”(x)11p(x)dx
BZr
. <C1 + C2€P+> I |ufP™)| Vq|p(x)dx +C, f 7P P ™ dx
ep By, Ba

for 0 < € < 1. By choosing € < min{1,1/2(C; + Cy)}, we have

1
J‘ |VulP P dx < —J‘ |”|p(x)|V’Z|p(X)dx+2C€_[ |ulP ™) dx
By €’ ), B

2r

0 - (3.16)
1 C\F¥ C\’
< — f |ulP™ (-) dx+2C. | |uff® (-) dx.
ep By, r By, r
Since p(x) is Log-Holder r 7™ < CrP™) for all xy € By,, then
1 C\ Px0) C\Px0)
j IVulPP PP dx < — |ufP™) <—> dx +2C, |ulf ™ <—> dx
BZr ep BZr r BZr r
p(xo)
< i +C, < JulP™ dx (3.17)
ep 7P (x0) By,

<< f lulP™ dx.
rP(xo) By,
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Therefore,

C
f IVulfPdx < —— | [ufP@dx. (3.18)
B, rp(xU) B, D

Lemma 3.4. Let u € W' (B(xo, 1)), where B(xy,r) is the ball of radius r > 0 in RN and E = {x €
B(xo,r) : u(x) = 0}. Then there exists a constant p > 0 depending only on N, such that

N
f [u(x)|dx < ﬂr—|D|1/Nf [Vu(x)|dx (3.19)
D |E| B(xo,r)

for all B(xo,r), u as above, and all mensurable sets D C B(xo, 1).

Proof. See [33, Lemma 3.4, page 54]. O
Now we are ready to prove the main result in this paper.

Theorem 3.5. Let Q be a bounded domain in RN, p : Q — (1, N) an exponent with 1 < p~ < p* <

oo and such that p € MPPIC(Q) is Lipschitz continuous, and u € Wli’f(x) (Q) a solution of (3.1). If u
vanishes on set E C Q of positive measure, then u has a zero of infinite order in the p(x)-mean.

Proof. We know that almost every point of E is a point of density, let x be such a point, that
is,

E€NB
| (x0,7)| 0, [ENB(xo, )| . (3.20)
IB(XO/ r)| |B(x0/ T)|
asr — 0.
Let B, := B(xo, ). So for a given € > 0, there exists ry = ry(e) such that for r < ry,

ECNB

2 , (3.21)
IB,] IB,]

where E© denote the complement of E in Q. Taking r, smaller if necessary, we may assume
that B,, C Q. Since u = 0 on E, and using Lemma 3.4 we have

f u(x) PP dx = f |u(x)|r’<x)dx+f 1 () [P¥) dox
B, B,NEC B,NE

[ meorax
B,NEC

< ,BL

SPB AE|

B, N EC|”N IB |V (u)p) |da (3.22)

coplm i jBr|V<|u<x>|P<x>) |ax

- Cril_/]\; fBr|V<|u(x)|P(x)>'dx.
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But |V (Ju(x)[P™)] < |p(x0)[[u(x) PO Vaux)] + [Vp(x)l[[ux) P log |u(x)||. Hence,

1/N
f () P dx < Crf—e U pHu(x) P 1 Vu(x)|dx +f Llu(x)|P™ |log|u(x)||dx].
B, - B, B,

(3.23)
Let
hi= [ eGP vuclds,
B,
(3.24)
I = J '|u(x)|p(x) log|u(x)||dx.
Br
I can be estimated using the Young type inequality with e = 1/7:
f |1 (2) [P V() |dx < f %|u(x)|p(x)dx +f PO Vi (x) PP dx. (3.25)
B, B, B,

Now we estimate I, by distinguishing the case when |u(x)| < 1 and |u(x)| > 1, using the
relations (2.2) and (2.13).
Let Qq = {x € B, : lu(x)| <1} and Q; =: {x € B, : [u(x)| > 1}, then

L <G f (o) P dx + czj () P+ (3.26)
91 QZ

We can choose k € N such that p(x) —1/k > p~. Since u € L¥ (B(xo,r)) and in Q,|u(x)| < 1
we have

| (2) PO < Ju(x) P (3.27)

for n > k. The Lebesgue Dominated Convergence Theorem implies

n—oo

lim [u(x) [PV dy = f u(x) PP dx. (3.28)
1 Q

For Q;, we can choose k' such that p(x) + 1/k’ < (p(x))* = Np(x)/(N - p(x)). So

() PO < ()| PO (3.29)

forn > k', and x € Q. Since u € L¥®) (B(xy,r)) [23, Theorem 8.3.1] we may use the
Lebesgue Theorem again to obtain

lim |u(x)|’”(x)+1/"dx=f |u () PX dx. (3.30)
n— oo Q, Q,
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Therefore,

L<C f [ulP™ dx. (3.31)
B(xo,r)
Now, using estimates for I1 and I, and noticing that for 0 < 7 <1 we have P& < 1P we get

1/N
[ o< S—dcpt [ ueords
B, 1-¢ B,

(3.32)
+Cp*r? f |V (x) P dx + Cy J‘ |u(x)|p(x)dx}
B, X
and by Lemma (3.3) we have
/N )
I lu(x) PP dx < — Cp*f lu(x)[P®dx + Cp*rP r‘p(XO)J |u(x) PP dox
B, 1-e By By
+ cpf |u(x)|P<x>dx} (3.33)
BZr
1/N
<ci | mewrar
1-€ By

where C is independent of € and of r as 7 — 0. Note that r P < C where C is the Log-
Holder constant. From this point the argument in the proof is standard, see, for instance, in
[4] the proof of Lemma 1, page 344-345 from equation (10) to the end of the proof, or the
proof of Theorem 2.1 [6], from inequality (2.18) to (2.23), page 216; we include this last part
of the proof for the sake of completeness. Set f(r) := fBr lu(x)[P®) dx. Let us fix n € N and

choose € > 0 such that (Ce'/N)/(1 - €) < 27". Now, observe that ry depends on 7, hence by
the last inequality we deduce

f(r)<27"f(2r), forr<ry. (3.34)
Iterating (3.34), we get
flp) <27 f(2%p), i 2p <. (3.35)

Thus, given that 0 < r < ro(n) and choosing k € N such that

27k <1 <27y, (3.36)
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From (3.35), we conclude that
fr)y s f(25r) <27 f (2my), (3.37)

and since 2% < r/ry, we get

r n
s < (L) rem, (338)
which shows that x is a zero infinite order in p(x)-mean. O

Acknowledgments

The authors want thank to Peter Hésto for his careful reading and corrections to a draft of
this paper. ]. Cuadro was supported by CONACYT México’s Ph.D. Schoolarship.

References

[1] T. Carleman, “Sur un probléeme d’unicité pour les systemes d” equation aux dérivées partielles a deux
variables indépendantes,” Arkiv for Matematik B, vol. 26, pp. 1-9, 1939.

[2] D.Jerison and C. E. Kenig, “Unique continuation and absence of positive eigenvalues for Schrodinger
operators,” Annals of Mathematics, vol. 121, no. 3, pp. 463-494, 1985, With an appendix by E. M. Stein.

[3] E. B. Fabes, N. Garofalo, and F-H. Lin, “A partial answer to a conjecture of B. Simon concerning
unique continuation,” Journal of Functional Analysis, vol. 88, no. 1, pp. 194-210, 1990.

[4] D. G. de Figueiredo and J.-P. Gossez, “Strict monotonicity of eigenvalues and unique continuation,”
Communications in Partial Differential Equations, vol. 17, no. 1-2, pp. 339-346, 1992.

[5] A. Loulit, Inégalités avec poids et problémes de continuation unique [Ph.D. thesis], Université libre de
Bruxelles, 1995.

[6] I E. Hadi and N. Tsouli, “Strong unique continuation of eigenfunctions for p-Laplacian operator,”
International Journal of Mathematics and Mathematical Sciences, vol. 25, no. 3, pp. 213-216, 2001.

[7] E. Acerbi and G. Mingione, “Regularity results for a class of functionals with non-standard growth,”
Archive for Rational Mechanics and Analysis, vol. 156, no. 2, pp. 121-140, 2001.

[8] L.Diening, Theorical and numerical results for electrorheological uids [Ph.D. thesis], University of Freiburg,
Germany, 2002.

[9] T.C. Halsey, “Electrorheological fluids,” Science, vol. 258, no. 5083, pp. 761-766, 1992.

[10] C. Pfeiffer, C. Mavroidis, Y. Bar-Cohen, and B. Dolgin, “Electrorheological fluid based force feedback
device,” in Proceedings of the 6th SPIE Telemanipulator and Telepresence Technologies, vol. 3840, pp. 88-99,
Boston, Mass, USA, July 1999.

[11] M. Rauzi¢ka, Electrorheological Fluids: Modeling and Mathematical Theory, vol. 1748 of Lecture Notes in
Mathematics, Springer, Berlin, Germany, 2000.

[12] W. M. Winslow, “Induced fibration of suspensions,” Journal of Applied Physics, vol. 20, no. 12, pp.
1137-1140, 1949.

[13] W. Orlicz, “Uber konjugierte exponentenfolgen,” Studia Mathematica, vol. 3, pp. 200-211, 1931.

[14] H. Nakano, Modulared Semi-Ordered Linear Spaces, Maruzen, Tokyo, Japan, 1950.

[15] J. Musielak, Orlicz Spaces and Modular Spaces, vol. 1034 of Lecture Notes in Mathematics, Springer, Berlin,
Germany, 1983.

[16] J. Musielak and W. Orlicz, “On Modular Spaces,” Studia Mathematica, vol. 18, pp. 49-65, 1959.

[17] X.-L. Fan and Q.-H. Zhang, “Existence of solutions for p(x)-Laplacian Dirichlet problem,” Nonlinear
Analysis. Theory, Methods & Applications, vol. 52, no. 8, pp. 1843-1852, 2003.

[18] X. Fan, Q. Zhang, and D. Zhao, “Eigenvalues of p(x)-Laplacian Dirichlet problem,” Journal of
Mathematical Analysis and Applications, vol. 302, no. 2, pp. 306-317, 2005.

[19] M. Mihdilescu, “Elliptic problems in variable exponent spaces,” Bulletin of the Australian Mathematical
Society, vol. 74, no. 2, pp. 197-206, 2006.



16 International Journal of Mathematics and Mathematical Sciences

[20] O. Kovatik and J. Rakosnik, “On spaces LP*¥) and W'P™),” Czechoslovak Mathematical Journal, vol. 41,
no. 4, pp. 592-618, 1991.

[21] D. E. Edmunds, J. Lang, and A. Nekvinda, “On LP®) norms,” The Royal Society of London. Proceedings.
Series A, vol. 455, no. 1981, pp. 219-225, 1999.

[22] X. Fan, J. Shen, and D. Zhao, “Sobolev embedding theorems for spaces W*?™)(Q),” Journal of
Mathematical Analysis and Applications, vol. 262, no. 2, pp. 749-760, 2001.

[23] L. Diening, P. Harjulehto, P. Hasto, and M. Réuzicka, Lebesgue and Sobolev Spaces with Variable
Exponents, vol. 2017 of Lecture Notes in Mathematics, Springer, Heidelberg, Germany, 2011.

[24] P. Harjulehto, P. Hasto, and V. Latvala, “Harnack’s inequality for p(x)-harmonic functions with

unbounded exponent p,” Journal of Mathematical Analysis and Applications, vol. 352, no. 1, pp. 345-359,
2009.

[25] W. Allegretto, “Form estimates for the p(x)-Laplacean,” Proceedings of the American Mathematical
Society, vol. 135, no. 7, p. 2177-2185 (electronic), 2007.

[26] M. Mihilescu, V. Riddulescu, and D. Stancu-Dumitru, “A Caffarelli-Kohn-Nirenberg-type inequality
with variable exponent and applications to PDEs,” Complex Variables and Elliptic Equations, vol. 56, no.
7-9, pp. 659-669, 2011.

[27] C. L. Fefferman, “The uncertainty principle,” Bulletin of the American Mathematical Society, vol. 9, no.
2, pp. 129-206, 1983.

[28] M. Schechter, Spectra of Partial Differential Operators, vol. 14, North-Holland Publishing, New York,
NY, USA, 2nd edition, 1986.

[29] F. Chiarenza and M. Frasca, “A remark on a paper by C. Fefferman,” Proceedings of the American
Mathematical Society, vol. 108, no. 2, pp. 407-409, 1990.

[30] P. Zamboni, “Unique continuation for non-negative solutions of quasilinear elliptic equations,”
Bulletin of the Australian Mathematical Society, vol. 64, no. 1, pp. 149-156, 2001.

[31] J. Cuadro and G. Lopez, “Unique Continuation of a p(x)-Lapalcian Equations,” Electronic Journal of
Differential Equations, vol. 2012, no. 7, pp. 1-12, 2012.

[32] H. Brezis, Analyse Fonctionnelle: Théorie et Applications, Collection Mathématiques Appliquées pour la
Maitrise, Masson, Paris, France, 1983.

[33] O. A. Ladyzhenskaya and N. N. Ural’tseva, Linear and Quasilinear Elliptic Equations, Academic Press,
New York, NY, USA, 1968.



-

Advances in

Operations Research

/
—
)

Advances in

DeC|S|on SC|ences

Mathematical Problems
in Engineering

Algebra

2

Journal of
Probability and Statistics

The Scientific
\(\(orld Journal

International Journal of

Combinatorics

Journal of

Complex Analysis

International
Journal of
Mathematics and
Mathematical
Sciences

Hindawi

Submit your manuscripts at
http://www.hindawi.com

Journal of

Mathematics

Journal of

DISBJBLL alhematics

International Journal of

Stochastic Analysis

Journal of

Function Spaces

Abstract and
Applied Analysis

Journal of

Applied Mathematics

ol

w2 v (P
/

e

\jtl (1)@" W, E

International Journal of
Differential Equations

ces In

I\/lathémamcal Physics

Discrete Dynamics in
Nature and Society

Journal of

Optimization



