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We give some interesting identities on the Bernoulli numbers and polynomials, on the Genocchi

numbers and polynomials by using symmetric properties of the Bernoulli and Genocchi
polynomials.

1. Introduction

Let p be a fixed odd prime number. Throughout this paper Z,, Q,, and C, will denote the
ring of p-adic rational integers, the field of p-adic rational numbers, and the completion of
the algebraic closure of Q,. Let N be the set of natural numbers and Z, = NU {0}. The p-adic
norm on C, is normalized so that |p|, = p~'. Let C(Z,) be the space of continuous functions
on Zy. For f € C(Z,), the fermionic p-adic integral on Z,, is defined by Kim as follows:

pN-1
Ii(f) = fz f()dpa(x) = lim Z;) F(x)(-1)" (1.1)

(see [1-16]). From (1.1), we have
L2(f1) = ~La(f) +2£(0) (12)

(see [1-16]), where fi(x) = f(x +1).
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Let us take f(x) = e*. Then, by (1.2), we get

2t & "
t tdu_ == =, .
fzpe p1(x) et +1 nZ:OG n! (1.3)

where G,, are the nth ordinary Genocchi numbers (see [8, 15]).
From the same method of (1.3), we can also derive the following equation:

2t & t"
(x+y)t - = xt_ L
tJZ e tdu_4 (y) S 1¢ nE:O G"(x)n!' (1.4)

P

where G, (x) are called the nth Genocchi polynomials (see [14, 15]).
By (1.3), we easily see that

Gn(x) = En] <’;> Gix™! (1.5)

1=0

(see [15]). By (1.3) and (1.4), we get Witt’s formula for the nth Genocchi numbers and
polynomials as follows:

J‘Zp x"dp_1(x) = 1 J;p (x+y)'duq(y) = 1 forne€Z,. (1.6)
From (1.2), we have
[ erevapae | st =25, (1.7)
Z, Z,
where the symbol &, is the Kronecker symbol (see [4, 5]).
Thus, by (1.5) and (1.7), we get
(G+1)"+ Gy =261 (1.8)

(see [15]). From (1.4), we can derive the following equation:
[ G-y i) =0 [ erw)dua ). 1.9
P P

By (1.6) and (1.9), we see that

Gn+1 (1 - x)

_ 1 Gt (X)
1 = (-1 = (1.10)

n+1

Thus, by (1.10), we get G,11(2)/(n+1) = (-1)"(Gus1(-1)/(n + 1)).
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From (1.5) and (1.8), we have

Gn+1 (2) Gn+1 (1) Gn+1
— 7 =2 =2+ -26 1.11
1 1 1 1,n+1- ( )

The Bernoulli polynomials B, (x) are defined by

t
et —1

0 n
et = Bt :Z B, (x)ﬁ (1.12)
n=0 :

(see [6, 9, 12]) with the usual convention about replacing B"(x) by B, (x).
In the special case, x = 0, B,(0) = B, is called the n-th Bernoulli number. By (1.12), we
easily see that

n

Bu(x) = Y (’;) x"B; = (B+x)" (1.13)

1=0

(see [6]). Thus, by (1.12) and (1.13), we get reflection symmetric formula for the Bernoulli
polynomials as follows:
Bu(1-x) = (-1)"Bu(x), (1.14)

Bo=1, (B+1)"—B, =061, (1.15)

(see [6,9,12]). From (1.14) and (1.15), we can also derive the following identity:

(=1)"Bp(~1) = B4(2) = n+ By(1) = n+ By, + 61.. (1.16)

In this paper, we investigate some properties of the fermionic p-adic integrals on Z,,. By using
these properties, we give some new identities on the Bernoulli and the Euler numbers which
are useful in studying combinatorics.

2. Identities on the Bernoulli and Genocchi Numbers and Polynomials

Let us consider the following fermionic p-adic integral on Z, as follows:

h= [ B = 3(7) B ij xldji (x)

Zy 1=0 (2 1)

<n>Bn_l%, forn e Z, =NU{0}.
i l I+1
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On the other hand, by (1.14) and (1.15), we get

= (1" | Bu(l-x)dpa(x)

Zp

n

=0 ()8 | -0

1=0

1)nz< > e 1)1Gl+1( 1) 2.2)

= (—
1=0
n . G+
= (-1) a (7)3 <2 + l-il- ! -26; l+1>
_ n n - [N G1+1 n+1
= 2(-1)"(By + 610) + (-1)" D] 1) B +2(-1)""B,.
1=0

Equating (2.1) and (2.2), we obtain the following theorem.

Theorem 2.1. For n € Z,, one has

( n+1>i< > G1+1 _2( 161 0. (23)

1=0

By using the reflection symmetric property for the Euler polynomials, we can also
obtain some interesting identities on the Euler numbers.
Now, we consider the fermionic p-adic integral on Z,, for the polynomials as follows:

L= j Ga () dpir ()

Zy

_ l};(’}) Go fzp Xy (x) (2.4)
i( ) GM, forneZ,.

On the other hand, by (1.8), (1.10), and (1.11), we get

- G- (x)

P

- - 1)’”2() nzf (1= x)dp s ()
13 (1) Gy D

1=0
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n-1 o n Gl 1
= (-1) 120: ( l)cn,, (2 + l+—+1 - 251,”1)

= 2(-1)""1 (261, - G,) +2(-1)"G,

nixa (1 G
+ (—1) §<Z>Gn_lm

Equating (2.4) and (2.5), we obtain the following theorem.

Theorem 2.2. Forn € Z., one has

(1+(-1)" )Z( ) G+’+1 = 4(-1)"G, + 4(-1)""'61 ,.

(2.5)

(2.6)

Let us consider the fermionic p-adic integral on Z,, for the product of B,(x) and G,(x)

as follows:

I3

fz By ()G () i1 ()

P

5 (2) (o] 0

0 [=0 Zy

LZ Gk+l+1
m—an—l .

-2 2(0) () s

On the other hand, by (1.10) and (1.14), we get

I = f B ()G (x)dji1 ()

Zy

= (0" B =261 - D) (0

Zy
— n+m-1 3 K+l
( 1) ;}%( >< ) m—an—l J;p (1 .X') d[/l_l(.X')
= 2(_1)n+m—1Bm(1)Gn(1) +2(_1)m+anGn

nem-1x o (1M (1 Gris1
+ (=) Z'§:<k><Z>Bm"kcn_lk+l+1'

k=0 I=0

2.7)

(2.8)
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By (2.7) and (2.8), we easily see that

n+m+ R Gk+l+1
<1+( D 1>Zz= < )( ) m_kG"_lk+l+l

k=0
= 2(=1)"""(61,m + Bum) (2611 — Gy) +2(-1)"*"B,,G,, (2.9)
= 4(=1)"" " By6in + 2(=1)""BuGy + 4(=1)"" 161 b1
+2(=1)""61,,Gp + 2(=1)"" B Gy

Therefore, by (2.9), we obtain the following theorem.

Theorem 2.3. For n,m € Z,, one has

(e o) B () ()P

k=0 1=0

+ +n—-1 +n—-1 (210)
= 4(_1)m anGn +4(_1)m " Bm61,n +4(_1)m " 61,m61,n
+ 2(—1)m+"51,mGn
Corollary 2.4. For n,m € N, one has
2m 2n
2m\ [/2n Grils1
24 24 ( K > ( I >B2m—kG2n—lk el 2B5,,,Goy. (2.11)

Let us consider the fermionic p-adic integral on Z, for the product of the Bernoulli
polynomials and the Bernstein polynomials. For n,k € Z., with 0 < k < n, Bin(x) =

(F)xk(1 - x)"_k are called the Bernstein polynomials of degree 1, see [11]. It is easy to show
that Bk,n (x) = ank,n (1 - x),

L= f Bn () Bin (x) i ()

>1 (") B fz 11 = x)"dpy (x)

P

nek (2.12)

¥
E G ey gee
¥

P

nk i Gk+l+'+1
(-1)' By ——
), Z:j( >< ) lk+l+]+1

.



International Journal of Mathematics and Mathematical Sciences 7

On the other hand, by (1.14) and (2.12), we get

L = (-1)™ fz Bu(1 = x)Bpien(1 — x)dp_1(x)

P EEE ) 0-
rOEEE(rm

/ (2.13)
Gn—k+l+j+1 )

X <2 _261,n—k+l+j+1 + — +l+j+ 1

\

=2(-1)" <Z> B (1)8px +2(-1)"™*! (Z) Bk

e (SO

1=0 j=0

Equating (2.12) and (2.13), we see that

m n-k
n-k Y Gk+l+j+1
ZZ( )( j >( 1)Bm_lk+l+j+1

1=0 j=0
=2(~1)"B(1)80x + 2(=1)" "' B,6 (2.14)
m k
_q\m m k Y Gn—k+l+j+1
+=D %};O(l)(])( b Bm’ln—k+l+j+1'

Thus, from (2.14), we obtain the following theorem.

Theorem 2.5. For n,m € N, one has

]z”“(zmx >( 1) Boy-i Gl;ml _2B2m(1)+z< > zm_znci”;’fl. (2.15)

Finally, we consider the fermionic p-adic integral on Z, for the product of the Euler
polynomials and the Bernstein polynomials as follows:

Is = jz G (%) By (x)dp_1 (x)

(DR -

1=0 p
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~OFZ()(5 e[, e

Zp

n\ 2a "k rm\ /n -k j Grl4j+1
-2 ey

(2.16)

On the other hand, by (1.10) and (2.12), we get

Is = (-1)™! f Gm(1 = x)By (1= x)dp_1(x)

Zy

- ()%(7) cm_zﬁo () [ a-wrerige e
2

1=0 p

“ (EZ() () e

Gn—k+l+j+1
24 ——————— — 261 pktlsi
X< +Tl—k+l+j+1 1,nk+l+]+1>

(2.17)

= 260" ()G 60s + 201" () G

m k
me (1 m\ [k ; Guk+1+j+1
HeD 1<k>z.=O<l><j>(_l)lcmln—k+l+j+1'

1=0 j

Equating (2.16) and (2.17), we obtain

m n-k _ ) G it
Z <T7> <n _k) (—1)]Gm—lL].1
i j k+l+j+1

1=0 j=

=2(-1)""'Gp(1)60x + 2(=1)"G 6k (2.18)

m k
ymel m\ (k\, . Grk+l+j+1
+(=1) Z_0<l><]’>( 1)Gm_ln—k+l+j+1'

1=0 j

Therefore, by (2.18), we obtain the following theorem.

Theorem 2.6. For n,m € N, one has

L 2m\ /n j Grjs1 2 om Gpilsi
ZZ( I )<j>(_l) GZm—ll+].+1 = 2Gom(1) - D, ] G2m71n+l+1' (2.19)

1=0
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