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We relate a deterministic Kalman filter on semi-infinite interval to linear-quadratic tracking control
model with unfixed initial condition.

1. Introduction

In [1], Sontag considered the deterministic analogue of Kalman filtering problem on finite
interval. The deterministic model allows a natural extension to semi-infinite interval. Itis of a
special interest because for the standard linear-quadratic stochastic control problem extension
to semi-infinite interval leads to complications with the standard quadratic objective function
(see, e.g., [2]). According to [1], the model which we are going to consider has the following
form:

J(x, 1, X0) = Jm [ Ru+ (Cx-y)"Q(Cx-7)| at, (1.1)
0

x = Ax + Bu, (1.2)

x(0) = xo. (1.3)

Here we assume that the pair (x,u) € a(xg) + Z, where Z is a vector subspace of the Hilbert
space L7 [0,+o0) x L7'[0, +o0) (with L7[0, +o0) a Hilbert space of R"-value square integrable
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functions) is defined as follows:

Z = {(x,u) € L}[0,+00) x LY'[0, +c0) : x is absolutely continuous,
(1.4)
% € L}[0,+00), x = Ax + Bu,x(0) = 0}.

Here A is an n by n matrix; B is an n by m matrix; R = R” is an n by n and positive definite; Q =
QT is an r by r and positive definite; C is an r by n matrix; y € L} [0, +o0). Notice that in (1.1)-
(1.3) x is not fixed and we minimize over all triple (x,u, xo) € L}[0,+o0) x LJ*[0,+o0) x R"
satisfying our assumption.

Notice also that we interpret (1.1)—(1.3) as an estimation problem of the form

x = Ax + Bu,
(1.5)
y=Cx+o,

where we try to estimate x with the help of observation ¥ by minimizing perturbations u,
v and choosing an appropriate initial condition xj.

2. Solution of the Deterministic Problem

Consider the algebraic Riccati equation
KA+ ATK + KLK -CTQC =0, (2.1)

where L = BR™'BT. Assuming that the pair (A, B) is stabilizable and the pair (C, A) is detec-
table, there exists a negative definite symmetric solution K to (2.1) such that the matrix
A+ LKy is stable (see, e.g., Theorem 12.3 in [3]). According to [4], we have described a com-
plete solution of the linear-quadratic control problem on a semi-infinite interval with the
linear term in the objective function. The major motivation for this extension comes from [5]
where we consider applications of primal-dual interior-point algorithms to the computational
analysis of multicriteria linear-quadratic control problems in mini-max form. To compute a
primal-dual direction it is required to solve linear-quadratic control problems with the same
quadratic and different linear parts on each iteration. Using the results in [5], we can describe
the optimal solution to (1.1)—(1.3) with fixed xq as follows.
There exists a unique solution py € L7 [0, o) satisfying the differential equation

p=-(A+LKy)p-C'Qy. (22)

Moreover, pg can be explicitly described as follows:

po(t) = Lw exp[(A + LKSt)TT] CTQy(t+T) dr. (2.3)
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The optimal solution (x, u) to (1.1)—(1.3) has the form

X =(A+LKg)x+Lpy, x(0)=xo, (2.4)
u=R"'B"(Kgx + po). (2.5)

For details see [5].
Notice that py does not depend on xy. To solve the original problem (1.1)—(1.3) we need

to express the minimal value of the functional (1.1) in term of xo.

Theorem 2.1. Let (x,u) be an optimal solution of (1.1)—(1.3) with fixed x given by (2.2)—(2.5).
Then

+00

J(x, 1, x0) = & — xt Kgexo = 2p0(0) xp + f

O [7' Qv - plLpo] at. (2.6)

Remark 2.2. Notice that J(x,u, x¢) is a strictly convex function of xy and hence minimum of J
as a function of xy is attained at

P = —K 5 po(0). (2.7)

Hence (2.2)-(2.5) gives a complete solution of the original problem (1.1)—(1.3).

Proof. Let (y, w) € a(xg) + Z be feasible solution to (1.1)—(1.3), where x is fixed. Consider
T
Ay, w) = [w - R'BT (Kqy + po)] ‘R- [w - R'B" (Kqy + po)], (2.8)

where we suppressed an explicit dependence on time. Notice that by (2.5)

A(x,u) =0, 29)
A(y,w) =0, .

for any feasible solution (y,w) implies that (y, w) = (x,u). Furthermore, let A(y, w) = Ay +
Ar + A3 , where

Al = wTRw,
Ay = —2(Kyy +po)' Bw, (2.10)

Az = (Ko +po) L(Kay +po).
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Now Bw = y - Ay, and consequently

Ar= -2(y"Ka+p) (v - Ay) = y" (KaA+ ATKa)y - 2y" Kay - 2p7y +2p" Ay,
(2.11)
Az = yTKstLKst]/ + Pngo + ZngKsty.

Consequently,

A(y,w) = w'Rw + pj Lpo +y" (KStLKSt + Ky A+ ATKSt>y - %(yTKSty> - 2% (p%y)

+ 2p§y + ZngKsty + ZPOTAy.
(2.12)

Using (2.1) and (2.2), we obtain

A(y,w) = w'Rw +pyLpo +y' C"QCy - 2% (ply) - % (v"Kay) - Z(CTQ?)Ty

d d T o
= w'Rw + pLpo -2 (i) - 5 (v Kay) + (7 - C») QW - Cy) - 7' Q.
(2.13)

Hence, taking into account that po(t) — 0, y(t) — 0, t — +oo (see, for details [5]), we
obtain

[T aww ar= [ “[uRe+ @- i) 0@ - cy)a

e T 2.14
+ ’[ [ngpO - yTQy] dt + 2/)0 (O)TX() + onstxo ( )
0

= J(y,w,x0) +2p0(0)" x0 + x0Ksx0 + c,

where ¢ = [;*[pFLpo - 5" Qy] dt.
Notice, that A(y,w) > 0 and A(x,u) = 0. This shows that, indeed, (x, ) is an optimal
solution to (1.1)—(1.3) (with fixed x) and proves (2.6). O

Remark 2.3. By (2.14) and A(x,u) = 0, we have J(y,w,x9) > J(x,u,x9) and the equality
occurs if and only if (y, w) = (x,u) (see also (2.9)). Hence (x,u) is a unique solution to the
problem (1.1)—(1.3). Similary reasoning works in discrete time case.
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3. Steady-State Deterministic Kalman Filtering

In light of (2.7), it is natural to consider the process
z(t) = -K'po(t), te€[0,+o0) (3.1)

as a natural estimate for the optimal solution to problem (1.1)—(1.3). Let us find the differen-
tial equation for z.

Proposition 3.1. One has
z=Az+K;C'Q(y - Cz). (32)
Remark 3.2. Notice that K is a solution to the algebraic equation
L-PCTQCP + AP + PAT = 0. (3.3)

In other words, the differential equation (3.2) is a precise deterministic analogue for the
stochastic differential equation describing the optimal (steady-state) estimation in Kalman
filtering problem. See, for example, [2].

Proof. Using (2.2) and (3.1), we obtain

2= K} (A+LKy) po+ K]CTQy

(3.4)
= - (KJAT + L) (Kyz) + K CTQy.
Since K is a solution to (2.1), we have
-K!ATKy - LKy = A- K/CTQC. (3.5)
Hence,
z=Az-K!/CTQCz + K;!C"Qy. (3.6)
Hence, we obtain (3.2). O

Remark 3.3. Notice that due to (3.1) A(z,0) = 0 and consequently (z,0) would be an optimal
solution to (1.1)—(1.3) if it were feasible for this problem.
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4, The Solution of the Discrete Deterministic Problem

It is natural to consider the discrete version for the problem (1.1)—(1.3). In this case, the pro-
blem can be reformulated as follows:

1& _ — .
J (e u,x0) = 5 3| Rux + (Cx = 9,)"Q(Cxe = )| — min, (4.1)
k=1
Xk+1 = Axk + Buy, (4.2)
Xp = Xo. (4.3)

Here we let x denote a sequence {xx} C R” for k = 0,...,00. We say that x € I(N)
if >%, ||lxi||* < oo, where || - || is a norm induced by an inner product (, ) in R". Let (x,u) €
I} (N) x I(N).

Like in the continuous case, we assume that the pair (x,u) € a(xp) + Z, where Z is a
vector subspace of the Hilbert space I5(N) x IJ*(N).

Observe now the inner product in H has the following form:

o]

((x,9), (0,0)) = D {(xk,ux) + (vi, vk) }- (4.4)

k=0
The vector subspace Z now takes the following form:

Z={(x,u) e H: xy41 =Axx+Buy, k=0,1,..., x9=0}. (4.5)

Here A is an n by n matrix. B is an n by m matrix. R = R is an n by n and positive definite.
Q = Q" isan r by r and positive definite. C is an r by n matrix and i € I;(N).

As in the continuous case, we interpret (4.1)-(4.3) as an estimation problem of the
form

Xk+1 = AXxy + Bug,
(4.6)
Y, = Cxg + vy,

where we try to estimate x with the help of observation ¥ by minimizing perturbations u,
v and choosing an appropriate initial condition x;.

According to [4], a general cost function for a discrete linear-quadratic control problem
with linear term on the cost function has the following form:

1 .
J(x,u,xq) = ZE [x{ka + u{Ruk] + X} ¢k + U P — min, 4.7)
k=1

0
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where ¢ € I(N) and ¢ € IJ'(N). The solution to the particular class of problems can be com-
pletely described by solving several system of recurrence relations and the following discrete
algebraic Riccati equation (DARE):

K=ATKA - <ATKB> <R + BTKB>_1 <ATKB>T +0Q. (4.8)

We assume that this equation has a positive definite stabilizing solution K. For sufficient
conditions, see [6].
In our situation, we have

J (¢, 1, x0) = Z[ TRuy + (Cxi ~,) " Q(Cxic - )| — min. (4.9)

It is easy to see that g5 = —-CTQy, and ¢x = 0,k = 0,1,.... By [4], there is a unique solution
p = {p,} € Z(N) of the following recurrence relations

[AT ATKStB> (R +BT KstB ]pk+1 +CTQy,. (4.10)

For details on an explicit solution of the above recurrence relation, see [4]. For simplicity, we
let

R= (R + BTKstB>, (4.11)
and we also let
L=BR B (4.12)
So our recurrence relation for p now takes the form
Pk = [AT - ATKStL] pr1 +CTQY, (4.13)
with the corresponding DARE

K= ATKA- (ATKB)R ' (ATKB)" +CTQC,

(4.14)
K =ATKA-ATKLKA +CTQC.
The optimal solution to (4.1)—(4.3) has the following form:
T
w1 = (AT = ATKGL) xc+ [Py, (4.15)

ug=-R B KyAxc+R B'p,,,. (4.16)
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For details, see [4]. To solve the original problem (4.1)—(4.3) we need to express the minimal
value of the functional (4.1) in terms of xo.

Theorem 4.1. Let (x,u) be an optimal solution of (4.1)—(4.3) with fixed xo given by (4.15)-(4.16).
Then

1 — 1 &[T - T =
J(x,u,x0) = 530 Kagxo = Poxo + 5 3 [274 QW = Pl L |- (4.17)
k=0
Proof. For simplicity of notation, we use K for K;. Let

—-1 _ T _— —=-1 _
A(yrwi) = [wi+ R BT (KAyk = ppy)| R [on + R BT (KAyi - By

(4.18)
= Al + Az + A3,
where
A = wzﬁwk,
Ap = 2(K Ay _ﬁk+1)TBwk
— \T
= 2(KAYk = Pr) (Vo1 = Ayk)
(4.19)

= 2y{ ATKyii1 = 2y ATK Ay = 25 1Ykt + 2P AV,

— T —
Az = (KAyk = pr1) L(KAYk = pyi1)

—-T — —
= Yo ATKLK Ay + Py Lpyy — 2y ATKLpy,;.-

We assume that (y,w) € a(xp) + Z. Since ATKA - ATKLKA = K - CTQC and [AT -
ATKL]p,,; = pr — CTQy,, we have
Ay, wi) = w,{ﬁwk - 2y£ [ATKA - ATKLKA] Vi — yzATKLKAyk
= eV + i AYk + P Lpiy = 20 ATKLpy .y + 2y ATKykn
= w] Ruw - 2y] [K - CTQC|yx - yf ATKLK Ay - 2p, Y
F 2T ATE, 4 PPy - 20T ATK LRy + 2T AT Ky
= w] Ruw - 2y} [K - CTQC|yx - yf ATKLK Ay - 2P, Y

+2y1 [AT - ATKL]ﬁkH + PraLPi + 2vL ATKykn
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= wzﬁwk - 2]/,{ [K - CTQC] Yk — y,{ATKLKAyk - 2p£+1yk+1
+2y1 [P - CTQT| + Phaa s + 29E AT Ky
= wl Ruwi - 2y} [K - CTQC|yx - yf ATKLK Ay - 2P, Y

+ 23 Py — 2V CT QY + P Loy + 2vf ATKyjean.

(4.20)
By recalling now the definition of R, we have
T, _ T T
w] Rwy = wf (R + B'KB)wy
= szwk + w{BTKBwk
(4.21)
= w! Rwi + (Y1 — Ayi) K (Yrs1 — Ayi)
= wZka + yLlekH + yiATKAyk - Zy,ZATKka.
Therefore,
Ay, wi) = wi Rwi — yi Ky = y{ CTQCyk = 2, it + 20, Py w2

_ —-T —
=2y, CT QY + P LPia * Vi Ky
We then rearrange the terms and complete the square to obtain a useful expression for A:

A(yk, Wi) = W] R = y{ Ky + Y, Kyt = 20,1 Ykt +2P3 ik

+ I_7£+1L/_’k+1 + y{CTQCyk - Zychka

(4.23)
= wi Rwi = YKy + Vi Kyko = 2pes1 Vi + 2P Y
_ _ _\T _ T
+ P LPin + (Cyk — i) Q(Cyx — 7y) — 29,Q¥;
Notice, since we fixed xj, we let 179 = xp and take summation of both sides:
STA (Y we) = - x]Kxo + 2500+ 3 [wf Rwi + (Cyi = 7,) ' Q(Cyi - 7|
k=0 k=0
(4.24)

> [P LPin — 27,Q7, -
=0



10 International Journal of Mathematics and Mathematical Sciences

By the definition of A(yx, wk), A(xk, ux) = 0. Therefore,

0 =~ Koxg + 270 x0 + 2] (x4, 0) + ki [P 1Ly - 2705, (425)

As a result,
P, ) = 55F K =P+ S TQF sl P (426)
Then the proof is completed. O

As in continuous case, for the discrete case, J(x,u, x¢) is a strictly convex function of
x¢ and hence minimum of | as a function of x is attained at

xgpt =K', (4.27)

where p is the unique I, solution to (4.13).
Since we have (4.27), it is natural to consider the process

zv = K3'p,, (4.28)

as an estimate for the optimal solution to problem (4.1)—(4.3). Let us find the recurrence rela-
tion for zj.

Proposition 4.2. Assuming that the closed loop matrix A-LK A is invertible, one has
Zi1 = Az - K3 [AT - ATKstL]_l (- Czk). (429)
Proof. We can rewrite (4.13) in the form
Kazx = [AT - ATKStL] Kazin + CTQY,. (4.30)
Using the algebraic Riccati equation
Ko =ATKy4A - ATK4LK4A + CTQC, (4.31)
we can rewrite (4.30) in the form

CTQCzi + <ATKSt - ATKstLKst>Azk - (AT - ATKstL> Kz + CTQY,, (4.32)
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which is equivalent to
<AT - ATKstL> Kytzks1 = (AT - ATKstL> KyAzi - CTQ(¥, - Czi). (4.33)

The result follows. O

Remark 4.3. Notice that (4.29) is the analogue of the “limiting” discrete Kalman filter [6, Page
384, (17.6.1)].

5. Concluding Remarks

In this paper, we relate a deterministic Kalman filter on semi-infinite interval to linear-quad-
ratic tracking control model with unfixed initial condition. Solutions of the deterministic pro-
blems both continuous and discrete cases are described. This extends the result of Sontag to
semi-infinite interval.
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