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We define GCR-lightlike submanifolds of indefinite cosymplectic manifolds and give an example.
Then, we study mixed geodesic GCR-lightlike submanifolds of indefinite cosymplectic manifolds
and obtain some characterization theorems for a GCR-lightlike submanifold to be a GCR-lightlike
product.

1. Introduction

To fill the gaps in the general theory of submanifolds, Duggal and Bejancu [1] introduced
lightlike (degenerate) geometry of submanifolds. Since the geometry of C R-submanifolds has
potential for applications in mathematical physics, particularly in general relativity, and the
geometry of lightlike submanifolds has extensive uses in mathematical physics and relativity,
Duggal and Bejancu [1] clubbed these two topics and introduced the theory of CR-lightlike
submanifolds of indefinite Kaehler manifolds and then Duggal and Sahin [2], introduced the
theory of CR-lightlike submanifolds of indefinite Sasakian manifolds, which were further
studied by Kumar et al. [3]. But CR-lightlike submanifolds do not include the complex
and real subcases contrary to the classical theory of CR-submanifolds [4]. Thus, later on,
Duggal and Sahin [5] introduced a new class of submanifolds, generalized-Cauchy-Riemann-
(GCR-) lightlike submanifolds of indefinite Kaehler manifolds and then of indefinite Sasakian
manifolds in [6]. This class of submanifolds acts as an umbrella of invariant, screen real,
contact CR-lightlike subcases and real hypersurfaces. Therefore, the study of GCR-lightlike
submanifolds is the topic of main discussion in the present scenario. In [7], the present
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authors studied totally contact umbilical GCR-lightlike submanifolds of indefinite Sasakian
manifolds.

In present paper, after defining GCR-lightlike submanifolds of indefinite cosymplectic
manifolds, we study mixed geodesic GCR-lightlike submanifolds of indefinite cosymplectic
manifolds. In [8, 9], Kumar et al. obtained some necessary and sufficient conditions for
a GCR-lightlike submanifold of indefinite Kaehler and Sasakian manifolds to be a GCR-
lightlike product, respectively. Thus, in this paper, we obtain some characterization theorems
for a GCR-lightlike submanifold of indefinite cosymplectic manifold to be a GCR-lightlike
product.

2. Lightlike Submanifolds

Let V be a real m-dimensional vector space with a symmetric bilinear mapping g: V xV —
R. The mapping g is called degenerate on V if there exists a vector ¢ #0 of V such that

g(¢,v)=0, YveVy, (2.1)

otherwise g is called nondegenerate. It is important to note that a non-degenerate symmetric
bilinear form on V' may induce either a non-degenerate or a degenerate symmetric bilinear
form on a subspace of V. Let W be a subspace of V and g | w degenerate; then W is called a
degenerate (lightlike) subspace of V.

Let (M, g) be areal (m + n)-dimensional semi-Riemannian manifold of constant index
gsuchthatm,n>1,1<g<m+n-1,and let (M, g) be an m-dimensional submanifold of
M and g the induced metric of g on M. Thus, if g is degenerate on the tangent bundle TM
of M, then M is called a lightlike (degenerate) submanifold of M (for detail see [1]). For a
degenerate metric g on M, TM™" is also a degenerate n-dimensional subspace of T, M. Thus,
both T, M and T, M* are degenerate orthogonal subspaces but no longer complementary. In
this case, there exists a subspace RadTyM = T,M N T, M*, which is known as radical (null)
subspace. If the mapping RadTM : x € M — Rad T, M defines a smooth distribution on M
of rank r > 0, then the submanifold M of M is called an r-lightlike submanifold and Rad T M
is called the radical distribution on M. Then, there exists a non-degenerate screen distribution
S(T'M) which is a complementary vector subbundle to Rad TM in T M. Therefore,

TM =RadTM L S(TM), (2.2)

where 1 denotes orthogonal direct sum. Let S(TM*4), called screen transversal vector bundle,
be a non-degenerate complementary vector subbundle to Rad TM in TM*. Let tr(T M) and

ltr(TM) be complementary (but not orthogonal) vector bundles to TM in TM|ym and to
Rad TM in S(TM*)*, called transversal vector bundle and lightlike transversal vector bundle
of M, respectively. Then, we have

tr(TM) = ltr(TM) L S(TML), (2.3)

TM]y = TM & tr(TM) = (Rad TM & ltr(TM)) L S(TM) L s(TMi>. (2.4)
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Let u be a local coordinate neighborhood of M and consider the local quasiorthonor-
mal fields of frames of M along Monuas {&1,...,& Wea,..., W, N1, ..., N, Xoi1, ., Xom
where {¢1,...,¢&} and {Nj,..., N,} arelocal lightlike bases of I'(Rad T M|,;) and I'(Itr(T M)|,,)
and {W,,1,...,W,} and {X,41,...,X,} are local orthonormal bases of I'(S(TM%)|,) and
I'(S(TM)|,), respectively. For these quasiorthonormal fields of frames, we have the following
theorem.

Theorem 2.1 (see [1]). Let (M, g, S(TM),S(TM*)) be an r-lightlike submanifold of a semi-

Riemannian manifold (M,g). Then there, exist a complementary vector bundle ltr(TM) of Rad TM
in S(TM*)* and a basis of I'(ltr (T M)|,,) consisting of smooth section {N;} of S(TM*)* |, where u
is a coordinate neighborhood of M, such that

g(Nllél) 261']', g(NI,N]) 20, fOT’ any i,jE {1,2,...,7"}, (25)

where {¢1,...,¢ ) is a lightlike basis of T' (Rad (T M)).

Let V be the Levi-Civita connection on M. Then, according to decomposition (2.4), the
Gauss and Weingarten formulas are given by

VxY =VxY +h(X,Y), VxU=-AuX+Vil, (2.6)

for any X,Y € I(TM) and U € I'(tr(TM)), where {VxY, AyX} and {h(X,Y), VxU} belong
to I'(TM) and I'(tr(T'M)), respectively. Here V is a torsion-free linear connection on M, h is
a symmetric bilinear form on I'(T M) that is called second fundamental form, and Ay is a
linear operator on M, known as shape operator.

According to (2.3), considering the projection morphisms L and S of tr(I'M) on
ltr(T M) and S(T M%), respectively, then (2.6) gives

VxY = VxY + B(X,Y) + K5(X,Y),  VxU =-AyX+ DU + DU, (2.7)

where we put h'(X,Y) = L(h(X,Y)), i*(X,Y) = S(h(X,Y)), Dé(ll = L(V§U), DU =
S(viU).

As h! and h* are T'(Itr(TM))-valued and T'(S(TM*'))-valued, respectively, they are
called the lightlike second fundamental form and the screen second fundamental form on
M. In particular,

VxN = -ANX + VAN +D*(X,N),  VxW = -AyX + ViW + D'(X, W), (2.8)

where X € I(TM), N € T(ltr(TM)), and W € T(S(TM%)). By using (2.3)-(2.4) and (2.7)-
(2.8), we obtain

T(h(X,Y), W) + §<Y, D'(X, W)> = 2(AwX,Y), (2.9)

g(Hx7),8) +2(XH(X,0) + (X, Vxd) = 0, (2.10)

forany ¢ € [(RadTM), W € ['(S(TM%)), and N, N’ € T(Itr(TM)).
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Let P be the projection morphism of TM on S(TM). Then, using (2.2), we can induce
some new geometric objects on the screen distribution S(I'M) on M as

VxPY = Vi PY + " (X,Y),  Vx¢=-AIX+ Vi, (2.11)

for any X,Y € I'(TM) and ¢ € I'(RadTM), where {V;}PY,AEX} and {h*(X,Y), Vi)
belong to I'(S(TM)) and T'(Rad TM), respectively. V* and V* are linear connections on

complementary distributions S(T M) and Rad T M, respectively. Then, using (2.7), (2.8), and
(2.11), we have

g(hl(x, PY),g) = g(AgX, PY), (1 (X, PY),N) = g(AnX, PY). (2.12)

Next, an odd-dimensional semi-Riemannian manifold M is said to be an indefinite
almost contact metric manifold if there exist structure tensors (¢, V,7,g), where ¢ is a (1,1)
tensor field, V is a vector field called structure vector field, 7 is a 1-form, and g is the semi-
Riemannian metric on M satisfying (see [10])

(2.13)
P*X =-X+n(X)V, nop=0, ¢V=0, nv) =1,
forany X,Y € I'(TM).

An indefinite almost contact metric manifold M is called an indefinite cosymplectic
manifold if (see [11])

Vxp =0, (2.14)

VxV =0. (2.15)

3. Generalized Cauchy-Riemann Lightlike Submanifolds

Calin [12] proved that if the characteristic vector field V is tangent to (M, g, S(TM)), then
it belongs to S(T M). We assume that the characteristic vector V is tangent to M throughout
this paper. Thus, we define the generalized Cauchy-Riemann lightlike submanifolds of an
indefinite cosymplectic manifold as follows.

Definition 3.1. Let (M, g, S(TM),S(TM%)) be a real lightlike submanifold of an indefinite
cosymplectic manifold (M, g) such that the structure vector field V is tangent to M; then
M is called a generalized-Cauchy-Riemann- (GCR-) lightlike submanifold if the following
conditions are satisfied:

(A) there exist two subbundles D; and D; of Rad(T M) such that

Rad(TM) = D1 @ D>, ¢(Dq) = Dy, $(Dy) C S(TM), (3.1)
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(B) there exist two subbundles Dy and D of S(T M) such that

S(TM) = {(})DZ@E} 1Dy LV, ¢<5) =LLS, (3.2)

where Dy is invariant nondegenerate distribution on M, {V'} is one-dimensional
distribution spanned by V, and L and S are vector subbundles of ltr(TM) and
S(TM)*, respectively.

Therefore, the tangent bundle TM of M is decomposed as
T™ = {D@B@{V}}, D =Rad(TM) & Dy @ (D). (3.3)

A contact GCR-lightlike submanifold is said to be proper if Dy # {0}, D1 # {0}, D, # {0}, and
L#{0}. Hence, from the definition of GCR-lightlike submanifolds, we have that

(a) condition (A) implies that dim(Rad TM) > 3,

(b) condition (B) implies that dim(D) > 2s > 6 and dim(D,) = dim(S), and thus
dim(M) > 9 and dim(M) > 13.

(c) any proper 9-dimensional contact GCR-lightlike submanifold is 3-lightlike,

(d) (a) and contact distribution (7 = 0) imply that index (M) > 4.

The following proposition shows that the class of GCR-lightlike submanifolds is an umbrella
of invariant, contact CR and contact SCR-lightlike submanifolds.

Proposition 3.2. A GCR-lightlike submanifold M of an indefinite cosymplectic manifold M is
contact CR-submanifold (resp., contact SCR-lightlike submanifold) if and only if D1 = {0} (resp.,
D, = {0}).

Proof. Let M be a contact CR-lightlike submanifold; then $RadTM is a distribution on
M such that RadTM (N ¢RadTM = {0}. Therefore, D, = RadTM and D; = {0}. Since
ltr(TM) N ¢(1tr(TM)) = {0}, this implies that ¢(ltr(TM)) C S(TM). Conversely, suppose
that M is a GCR-lightlike submanifold of an indefinite Cosymplectic manifold such that
Dy = {0}. Then, from (3.1), we have D, = Rad(I'M), and therefore Rad TM (¢RadTM =
{0}. Hence, ¢Rad T M is a vector subbundle of S(T'M). This implies that M is a contact CR-
lightlike submanifold of an indefinite cosymplectic manifold. Similarly the other assertion
follows.

The following construction helps in understanding the example of GCR-lightlike
submanifold. Let (R;’”*l, ¢o, V,1,g) be with its usual Cosymplectic structure and given by

1n=dz, V =0z,
g= q@q—Z(dx’ebdx’ +dyl®dy’> + > (dx’ ®dx' +dy' ®dyl>,
i=1 i=g+1 (34)
¢O(X1/ XZ/ cecy Xm*1/Xm1 Yl/ Y2/ cecy mell Ymr Z)

= (_XZI Xlr ceey _Xm1 Xm—lr _Y2/ Yl/ ceey _Ymr Ym—ll 0)/

where (x'; y'; z) are the Cartesian coordinates. O
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Example 3.3. Let M = (R.%,3) be a semi-Euclidean space and M a 9-dimensional submanifold
of M that is given by

x* = x'cosO - y'sing, y* = x'sin@ + y' cos O,

x* =y, x° =11+ (y5)2,

where g is of signature (-, —,+,+,+,+,—,— +, +,+,+,+) with respect to the canonical basis
{0x1,0x2,0x3,0x4,0x5,0x6, 0Y1, OY2, OY3, 0Ya, 0Y5, 0Ys, 0z}. Then, the local frame of TM is
given by

(3.5)

&1 = 0x1 + cos 00x4 + sin 00y, & = —sin 00xy + 0y + cos O0ys,
&3 = 0xp + 0y3,

(3.6)
X1 = 0x3 - 0y, X5 = 0xg, X3 = 0ys,

Xy = y56x5 + x56y5, X5 = 0x3 + 01y, Xe =V =0z.

Hence, M is a 3-lightlike as RadTM = span{¢;, &, &3}. Also, ¢oéi = —& and ¢oés = X,
these imply that Dy = span{¢;, &} and D, = span{¢s}, respectively. Since ¢oX» = —X3, Dy =
span{Xy, X3}. By straightforward calculations, we obtain

S(TML> = span{W = x°0uxs — y56y5}, (3.7)

where ¢o(W) = Xy; this implies that S = S(TM*'). Moreover, the lightlike transversal bundle
ltr(T M) is spanned by

N; = %(—axl + €08 00x4 + sin 00y4), N, = %(— sin 00x4 — Oy1 + cos 00ys),
(3.8)

1
N3 = E(—ax;g + a]/3),

where ¢o(N1) = —-N, and ¢o(N3) = Xs. Hence, L = span{N3}. Therefore, D =
span{¢o(N3), po(W)}. Thus, M is a GCR-lightlike submanifold of R;>.

Let Q, P1, P; be the projection morphism on D, ¢S = M,, ¢L = M;, respectively;
therefore

X =QX+V +PX+PX, (3.9)

for X € I'(TM). Applying ¢ to (3.9), we obtain

$X = fX + wP X + wPX, (3.10)

where fX € I'(D), wP; X € I'(L), and wP, X € I'(S), or, we can write (3.10) as

$X = fX + wX, (3.11)

where fX and wX are the tangential and transversal components of $X, respectively.
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Similarly,
¢oU =BU+CU, U eTI(tr(TM)), (3.12)

where BU and CU are the sections of TM and tr(T M), respectively. Differentiating (3.10)
and using (2.8)—(2.10) and (3.12), we have

D*(X,wP,Y) = -V5wPY + wPiVxY - h*(X, fY) + Ch*(X,Y),
(3.13)
D'(X,wP,Y) = -VLwP,)Y + wP,VxY - K (X, fY) + CH'(X,Y),

for all X,Y € T(TM). By using, cosymplectic property of V with (2.7), we have the following
lemmas.

Lemma 3.4. Let M be a GCR-lightlike submanifold of an indefinite cosymplectic manifold M; then
one has

(Vxf)Y = AwyX + Bh(X,Y), (Viw)Y = Ch(X,Y) - h(X, fY), (3.14)
where X, Y € T'(TM) and

(Vxf)Y = VxfY - fVxY,  (Viw)Y = ViwY - wVxY. (3.15)

Lemma 3.5. Let M be a GCR-lightlike submanifold of an indefinite cosymplectic manifold M; then
one has

(VxB)U = AcuX - fA X, (VLO)U = ~-wAuX - h(X, BU), (3.16)
where X € T(TM) and U € T'(tr(TM)) and

(VxB)U = VxBU - BV, U,  (VLC)U = V4CU - CVL UL (3.17)

4. Mixed Geodesic GCR-Lightlike Submanifolds

Definition 4.1. A GCR-lightlike submanifold of an indefinite cosymplectic manifold is called
mixed geodesic GCR-lightlike submanifold if its second fundamental form h satisfies
h(X,Y) =0, forany X e[(D®V)and Y € T(D).

Definition 4.2. A GCR-lightlike submanifold of an indefinite cosymplectic manifold is called
D geodesic GCR-lightlike submanifold if its second fundamental form h satisfies h(X,Y) =0,
forany X,Y € I'(D).

Theorem 4.3. Let M be a GCR-lightlike submanifold of an indefinite cosymplectic manifold M.
Then, M is mixed geodesic ifand only if A7X and AwX & I'(M, L ¢D), forany X e T(DaV), W €
[(S(TM%)) and ¢ € T(Rad (TM)).
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Proof. Using, definition of GCR-lightlike submanifolds, M is mixed geodesic if and only if

gh(X,Y), W) =gh(X,Y),¢) =0, for X eI(DaV),Y € I'(D),W € T(S(TM")), and ¢ €
I'(Rad(TM)). Using (2.8) and (2.11), we get

2(h(X, V), W) =g(Vx¥, W) = =g (Y, VxW) = g(¥, AwX),
(4.1)
g(h(X,Y),8) = 3(VxY,¢) = -g(¥,Vx¢) = g(¥, 4;X).

Therefore, from (4.1), the proof is complete. O

Theorem 4.4. Let M be a GCR-lightlike submanifold of an indefinite cosymplectic manifold M.
Then, M is D geodesic if and only if AAX and AwX ¢ T'(M, L ¢D,), for any X € r(D),¢ €
I' Rad(TM), and W € T(S(TM™4)).

Proof. The proof is similar to the proof of Theorem 4.3. O

Lemma 4.5. Let M be a mixed geodesic GCR-lightlike submanifold of an indefinite cosymplectic
manifold M. Then A;X € T($D,), for any X € I'(D), ¢ e T(D,).

Proof. For X € I'(D) and ¢ € I'(D>), using (2.7) we have
h($,X) = Vxpé — Vx§l = §Vxi + $h(X,¢) -~ Vxpé. (42)
Since M is mixed geodesic, we obtain ¢Vx¢ = Vx¢¢. Here, using (2.11), we get ¢p(-A7X +
Vié) = Vidé +h* (X, $¢), and then, by virtue of (3.11), we obtain —fAEX - wAEX + (V) =
Vs +h*(X, $5). Comparing the transversal components, we get wA?X = 0; this implies that
AEX eT (Do {V} L (D). (4.3)
If AEX € Dy, then the nondegeneracy of Dy implies that there must exist a Zy € Dy such that
§(A2X, Zy) #0. But using the hypothesis that M is a mixed geodesic with (2.7) and (2.11), we
get
3(A1X, 20) = -3(Vx¢, 20) =3(8, Vx20) = 3@ VxZo+ h(X, Z0) =0.  (44)
Therefore,
AEX ¢ T'(Dy). (4.5)

Also using (2.13), and (2.15), we get

2(AX,V) = 2(Vx, V) = 3(2 VxV) = 0. (46)
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Therefore,

AIX ¢ V). (4.7)

Hence, from (4.3), (4.5), and (4.7), the result follows. O

Corollary 4.6. Let M be a mixed geodesic GCR-lightlike submanifold of an indefinite cosymplectic
manifold M. Then, g(h'(X,Y),&) =0, forany X € T(D),Y € T(M,) and ¢ € T(Dy).

Proof. The result follows from (2.12) and Lemma 4.5. O

Theorem 4.7. Let M be a mixed geodesic GCR-lightlike submanifold of an indefinite cosymplectic
manifold M. Then, AyX € T(D & {V}) and ViU € I(L L S), for any X € T(D & {V}) and
UeT(LL1S).

Proof. Since M is mixed geodesic GCR-lightlike submanifold h(X,Y) =0 forany X e I'(D ®
{V}),Y €T(D), and thus (2.6) implies that

0=VxY-VyY. (4.8)

Since D is an anti-invariant distribution there exists a vector field U € T(L L S) such that
¢U =Y. Thus, from (2.8), (2.14), (3.11), and (3.12), we get

0=Vx¢U - VxY = ¢(-AyX + VL U) - VxY wo)
= —fAuX - wAuX + BVLU + CVLU - VyY. ’

Comparing the transversal components, we get wAy X = C V&U. Since wAyX € I'(L L S) and
CVLU € T(L L S)*, this implies that wAyX = 0 and CVLU = 0. Hence, AuX € (D @ {V})
and ViU eT(L L S). O

5. GCR-Lightlike Product

Definition 5.1. GCR-lightlike submanifold M of an indefinite cosymplectic manifold M is
called GCR-lightlike product if both the distributions D @ {V'} and D define totally geodesic
foliation in M.

Theorem 5.2. Let M be a GCR-lightlike submanifold of an indefinite cosymplectic manifold M.
Then, the distribution D ® {V'} define a totally geodesic foliation in M if and only if Bh(X, pY) =0,
forany X,Y e D& {V}.
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Proof. Since D = ¢(L L S), D@ {V} defines a totally geodesic foliation in M if and only if
3(VxY,¢¢) = g(VxY,¢W) =0, forany X,Y e (D& {V}), ¢ € I'(D;), and W € I'(S). Using
(2.7) and (2.14), we have

g(VxY,¢2) =-3(Vxp¥&) = -3 (K (X fY).8), (5.1)
g(VxY,¢W) = g(VxpY, W) = -3 (h* (X, fY), W). (5.2)
Hence, from (5.1) and (5.2), the assertion follows. O

Theorem 5.3. Let M be a GCR-lightlike submanifold of an indefinite cosymplectic manifold M.
Then, the distribution D defines a totally geodesic foliation in M if and only if ANX has no component
in S L ¢D; and A,y X has no component in Dy L Dy, for any X,Y € ['(D) and N € T'(ltr (TM)).

Proof. From the definition of a GCR-lightlike submanifold, we know that D defines a totally
geodesic foliation in M if and only if

g(VxY,N) = g(VxY,¢N1) = g(VxY, V) = g(VxY,¢Z) =0, (5.3)
for X,Y e T(D),N e T'(ltr(TM)), Z € T(Dy) and N; € T(L). Using (2.7) and (2.8), we have
2(VxY,N) =3(VxY,N) = g(Y, VxN) = g(¥, AnX). (5:4)

Using (2.7), (2.15), and (2.14), we obtain

g(VxY,¢N1) = —g(VxY, N1 ) = =g(VxwY, N1) = g(Awr X, N1), (55)

g(VxY,$Z) = -g($VxY, Z) = -g(VxwY, Z) = g(AwrX, 2), (5.6)

g(VxY,V) = g(Vx¥, V) = —g (¥, VxV) =0. (57)

Thus, from (5.4)—(5.7), the result follows. O

Theorem 5.4. Let M be a GCR-lightlike submanifold of an indefinite cosymplectic manifold M. If
(Vxf)Y =0, then M is a GCR lightlike product.

Proof. Let X,Y € I'(D); therefore fY = 0. Then using (3.15) with the hypothesis, we get
fVxY = 0. Therefore the distribution D defines a totally geodesic foliation. Next, let X,Y €
Do {V}; therefore wY = 0. Then using (3.14), we get Bh(X,Y) = 0. Therefore, D& {V'} defines
a totally geodesic foliation in M. Hence, M is a GCR lightlike product. O

Definition 5.5. A lightlike submanifold M of a semi-Riemannian manifold is said to be an
irrotational submanifold if Vx¢ € T(TM), for any X € I'(TM) and ¢ € I'Rad(TM). Thus, M
is an irrotational lightlike submanifold if and only if h!(X,¢) = 0 and h*(X, ¢) = 0.
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Theorem 5.6. Let M be an irrotational GCR-lightlike submanifold of an indefinite cosymplectic
manifold M. Then, M is a GCR lightlike product if the following conditions are satisfied:

(A) VxU € T(S(TMY)), for all X € T(TM),and U € T(tr(TM)),
(B) A[Y €T($(S)), for all Y €T(D).

Proof. Let (A) hold; then, using (2.8), we get ANX =0, AwX =0, D!(X,W) =0,and VZXN =0
for X € T(TM). These equations imply that the distribution D defines a totally geodesic
foliation in M, and, with (2.9), we get g(h°(X,Y),W) = 0. Hence, the non degeneracy of
S(TM*) implies that h*(X,Y) = 0. Therefore, h*(X,Y) has no component in S. Finally, from
(2.10) and the hypothesis that M is irrotational, we have g(h'(X,Y),¢) = g(Y, AEX), for X €
['(TM) and Y € I'(D). Assume that (B) holds; then h(X,Y) = 0. Therefore, h'(X,Y) has no
component in L. Thus, the distribution D @ {V} defines a totally geodesic foliation in M.
Hence, M is a GCR lightlike product. O

Definition 5.7 (see [13]). If the second fundamental form h of a submanifold, tangent to
characteristic vector field V, of a Sasakian manifold M is of the form

h(X,Y)={g(X,Y) - nX)n(Y)}a+nX)h(Y, V) +n(Y)h(X, V), (5.8)

for any X,Y € I'(TM), where a is a vector field transversal to M, then M is called a totally
contact umbilical submanifold of a Sasakian manifold.

Theorem 5.8. Let M be a totally contact umbilical GCR-lightlike submanifold of an indefinite
cosymplectic manifold M. Then, M is a GCR-lightlike product if Bh(X,Y) = 0, for any X,Y €
I[(TM).

Proof. Let X,Y € T(D @ {V}); then the hypothesis that Bh(X,Y) = 0 implies that the
distribution D @ {V'} defines a totally geodesic foliation in M.

If we assume that X, Y € 1"(5), then, using (3.14), we have - fVxY = A,y X+Bh(X,Y),
and taking inner product with Z € I'(Dy) and using (2.6) and (2.14), we obtain

~8(fVxY,Z) = g(AwrX + BR(X,Y), 2) = g(Vx¥,$Z) = -3(\,VxZ),  (59)

where ¢Z = Z' € T'(Dy). For any X € I'(D) from (3.14), we have wPVxZ = h(X, fZ) -
Ch(X, Z). Therefore, using the hypothesis with (5.8), we get wPVxZ = 0; this implies that
VxZ € I'(D), and thus (5.9) becomes g(fVxY,Z) = 0. Then, the nondegeneracy of the
distribution Dy implies that the distribution D defines a totally geodesic foliation in M.
Hence, the assertion follows. O

Theorem 5.9. Let M be a totally geodesic GCR-lightlike submanifold of an indefinite cosymplectic
manifold M. Suppose that there exists a transversal vector bundle of M which is parallel along D
with respect to Levi-Civita connection on M, that is, VxU € T(tr(TM)), forany U € I'(tr(TM)),
X e T(D). Then, M is a GCR-lightlike product.

Proof. Since M is a totally geodesic GCR-lightlike Bh(X,Y) =0, for X,Y € I'(D @ {V}); this
implies D @ {V'} defines a totally geodesic foliation in M.
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Next VxU € I'(tr(TM)) implies Ay X = 0, and hence, by Theorem 5.3, the distribution
D defines a totally geodesic foliation in M. Hence, the result follows. O
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