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We introduce a subclass Z(A, B) (-1 < B < A < 1) of functions which are analytic in the punctured

unit disk and meromorphically close-to-convex. We obtain some coefficients bounds and some
argument and convolution properties belonging to this class.

1. Introduction

Let H(U) be the set of all analytic functions on the open unit disk U := {z : |z| < 1}, and let «/
be the subclass of #(U) which contains the functions normalized by f(0) = 0 and f'(0) = 1.
A function f(z) € & is said to be starlike of order « if and only if

m{ Z}{((Z‘? } >a, (1.1)

for some a (0 < a < 1) and for all z € U. The class of starlike functions of order « is denoted
by S*(a).
If f and g are analytic in U, we say that f is subordinate to g, written as follows:
f<g inU or f(z)<g(z) (z€l), (1.2)

if there exists a Schwarz function w(z), which is analytic in U with

w(0) =0, lw(z)] <1 (ze€l) (1.3)
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such that
f(z) =g(w(z)) (z€l). (1.4)
In particular, if the function g is univalent in U, the above subordination is equivalent to
f(0)=g0),  f(U) cg). (1.5)

The Hadamard product (or convolution) of two series

f(Z) = Zanzn/ g(Z) = anzn (16)
n=0 n=0
is defined by
(f * g) (z) = Zanbnzn- (1.7)
n=0

For a convex function f, it follows from Alexander’s Theorem that z f'(z) = f(z)*(z/(1- z)%)
is a starlike function. In view of the identity f(z) = f(z) * (z/(1 — z)), it is then clear that the
classes of convex and starlike functions can be unified by considering functions f satisfying
f * g is starlike for a fixed function g € 4.

Though the convolution of two univalent (or starlike) functions does not need be
univalent, it is well-known that the classes of starlike, convex, and close-to-convex functions
are closed under convolution with convex functions. These results were later extended to
convolution with prestarlike functions. For &« < 1, the class R, of prestarlike functions of
order a is defined by

Ry = {fEJ:f*@ES*(a)}, (1.8)

while R; consists of f € o satisfying Rf(z)/z > 1/2.

By using the convex hull method [1, 2] and the method of differential subordination
[3], Shanmugam [4] introduced and investigated convolution properties of various sub-
classes of analytic functions. Ali et al. [5] and Supramaniam et al. [6] investigated these
properties for subclasses of multivalent starlike and convex functions. And Chandrashekar
etal. [7] also investigated these properties for the functions with respect to symmetric points,
conjugate, or symmetric conjugate points. More results using the convex hull method and the
method of differential subordination can be found in [8, 9].

Let X denote the class of all univalent meromorphic functions f(z) normalized by

@)= 1+ Sad, 19
k=1
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which are analytic in the punctured unit disk
U'=({z:2z€C,0<|z| <1} =U-{0}. (1.10)

We denote by X*(a) the subclass of X consisting of g(z) formed by
g(z) = = + D bz, (1.11)
Z =

which are meromorphic starlike of order a in U*. In particular, we denote by X*, when a = 0.
Also, a function f(z) of the form (1.9) is said to be meromorphic close-to-convex in U* if there
is a g(z) in Z* such that

zf'(z)
fR{ e } <0 (zel). (1.12)

We denote X the set of functions close-to-convex in U*.

In a recent paper, Gao and Zhou [10] introduced an interesting subclass X of the
analytic function class «# and the univalent function .S, which contains the functions f satis-
fying the following inequality:

2’ f'(z)
m{m} <0 (zel), (1.13)

for some g(z) € S*(1/2). Here, $*(1/2) is the class of starlike functions of order 1/2 in U.
After that, many classes related to X investigated and studied by some authors. Especially,
Wang et al. [11, 12], Kowalczyk and Les-Bomba [13], Xu et al. [14], and Seker [15] introduced
the generalized class of the class K. And they gave some properties of analytic functions in
each classes.

In this paper, we define a class of meromorphic functions of Janowski’s type, related
to the meromorphically close-to-convex functions as follows.

Definition 1.1. Let f € X and be given by (1.9) and -1 < B < A < 1. Then f € X(A, B), if there
exists g(z) € X*(1/2) such that for z € U,

f'(z) 1+ Az

¢(z)g(-z) 1+Bz’ (1.14)
Theorem A. If g(z) € X*(1/2), then —zg(z)g(-z) € X*.
Proof. At first, we know that
zg/(z) } 1
—R P 1.15
{ 8(2) 2 (115
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for z € U, since g € £*(1/2). And let h(z) = —zg(z)g(-z). Then

zh'(z) . zg'(z) ~ zg' (-z)

Mo @ gCa) (116)
So we have
zh'(z) | _ zg'(z) -zg'(-2) 1 1
Sa e R bl B b Sl ER R AL (17
Hence h € Z*. O

Therefore, we know that 3(A, B) is a subclass of X, by Theorem A.
We will obtain some coefficient bounds and some argument and convolution proper-
ties belonging to this class.

2. On the Coefficient Estimates of Functions in (A, B)

Now we give the coefficient estimates of functions in (A, B). We need the following Lemma
to estimate of coefficient of functions in X(A, B).

Lemma 2.1. Let g € ¥*(1/2) and be given by (1.11), then one has

|2b2n—1 = 2bgban-g + 2b1bays — -+ + (=1)" ' 2byaby + (-1)"02, | < % (2.1)
Proof. According to the Theorem A, we have —zg(z)g(-z) € £*, and if let
G(z) = -zg(z)g(-=2), (2.2)

we know that G(-z) = -G(z), so G(z) is an odd meromorphic starlike function. If we let
G(z) =~ + ic zZ (2.3)
Z - 2n-1 s .

it’s well-known [16, Volume 2, page 232] that

1
[Cona] € = (2.4)
n

Substituting the series expressions of g(z), G(z) in (2.2) and comparing the coefficients of
two side of this equation, using (2.3) we can get an equality:

C2n—1 = 2b2n_1 - Zbobzn_z + 2b1b2n_3 R (—1)n_12bn_2bn + (—1)nb2 (25)

n-17

and the proof of Lemma 2.1 is completed. O
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Theorem 2.2. Let f(z) given by (1.9) and -1 < B< A< 1. If

0

S{ @+ Bhnlan + (414D } < A-B, 26)

n=1

then f € %(A, B).
Proof. Let the functions f(z) and g(z) be given by (1.9) and (1.11), respectively. Furthermore,
we let g(z) € £*(1/2). Then

G(z) = —zg(z)g(-=) = % + iczn_lz””, (2.7)
n=1

where Cy,,_1 is given by (2.5) and |C2,-1| £ 1/n. Now we obtain

A= |zf'(z) - zg(2)g(-2)| - |Azf'(z) - Bzg(2)g(-2)|

= Znanzn + ZCzn_lzz’H - (B - A)% - ZACzn_lzz’H - ZBnanz" .
n=1 n=1 n=1 n=1
Thus, for |z| =7 (0 < r < 1), we have from (2.6)
=3 [ 1 o0 o0
A< Salalr + Y| Conlr ! - <<A = B)- — S ACo " - Zn|Ban|r">
n=1 n=1 n=1 n=1
(o) (o) 1
= > (1+[B)nlanlr" + > (1 +|A])|Copa|[r*"" = (A~ B) -
n=1 n=1 r (29)
< ia +|B|)n|a,|r" + ia + |A|)1r2”-1 —(A- B)1
- n=1 n=1 n r
<0.
Thus we have
|zf'(z) - zg(z)g(-2)| < |Azg(z)g(~z) — Bzf'(z)|, (2.10)
which is equivalent to
! !
'ﬂ_l Ja-p L@ | (2.11)
8(2)g(=2) 8(2)g(=2)

which implies that f € 3(A, B). O
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Theorem 2.3. Let f(z) € 2(A,B) (-1 < B < A<1)and g(z) is given by (1.9) and (1.11), respec-
tively. Then for k > 1 one has

k-1
4K an 2 + 24(1 - Bz>nz|azﬂ|2

n=1

+ ﬁ((l - B?) (21— 1)’|az1 +2(1 = AB)(2n = )R{ 201 Cot | + (1= A7) Cana)

n=1
S (A - B)Zr
(2.12)
where Cyr_1 is given by (2.5).
Proof. Let f(z) € 2(A, B). Then we have
zf'(z) 1+ Aw(z) (2.13)

" G(z) 1+Bw(z)’

where w is an analytic function in U, |w(z)| < 1 for z € U and G(z) = —zg(z)g(-z). Then,

~2f"(z) - G(z) = (A-G(2) + Bzf'(2))w(2). (2.14)
Thus, putting
w(z) = 2&2”, (2.15)
we obtain

[ee] [ee]
- Znanz" - ZCZn_lzZ"_l
n=1 n=1

(2.16)
1 0 [oe] 0
= {(A -B)— + ZA - Copg 2?1 4 ZnBanz"} {Ztnz"}.
z n=1 n=1 n=1
With comparing the coefficients, we can write
2k k »
- Znanz" - ZCzn,lzZ"’l + Z cz"
n=1 n=1 n=2k+1
(2.17)

Mis

t,z

1k 2k-1
= {(A - B)E + ZA - Copq 2?1 4 Z nBa,z"
n=1 n=1

Il
—_

n
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Then, squaring the modulus of the both sides of the above equality and integrating along
|z| = r and using the fact the |w(z)| < 1, we obtain

k k
Z|(2n ~1) a1 + Copa Fri"2 + Z|2"02n|27’4n
n=1

n=1
(2.18)
L k-1
< (A=B)*= + Y |ACou1 + B(2n = D)az,1['r*"? + Y |2Bnay,['r*".
r n=1 n=1
Letting r — 1 on the both sides, we obtain
k k
2@n=1)az1 + Conil’ = Y| ACou1 + B(2n = 1)az, [
n=1 n=1
(2.19)
k k-1
+ > |2naz[* - Y |2Bnay,|* < (A - B)?,
n=1 n=1
which implies the inequality (2.12). O

Lemma 2.4 (see [2, Ruscheweyh and Sheil-Small]). Let ¢ and ¢ be convex in U and suppose
f<@. Then g f <= g.

Theorem 2.5. If f € (A, B) (-1 < B < A <1), then there exists p < (1 + Az) /(1 + Bz) such that
forall s and t with |s| < 1and |t| <1,

Pf(tz)p(sz)  [1-tz\>
s2f'(sz)p(tz) < (1 - sz) : (2.20)

Proof. By definition, for f € (A, B), there exist g(z) and p(z) such that g € 3*(1/2),

1+ Az
PR < T
£ (2.21)
s@ga "
Put G(z) = —zg(z)g(-z), then
zf'(z) _
“C@ p(z). (2.22)
And (2.22) implies that
@), e, 6E) 02

@ p T GR)
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Since G(z) € 2¥,

_zG/(2) < 1+z
Gz) 1-z

hence
zG'(z) 2z

C G(z) 1z

For s and ¢t such that |s| < 1, |t| < 1, the function

hz) = Jj(l —Ssu 1 —ttu)du

is convex in U. Applying Lemma 2.4 with this h, we have

2z

< 2f'(2) zpl(2)

e e 2>*h(z)<

1-z

Given any function I(z) analytic in U with [(0) = 0, we have

Sz

(@ = [ 105 e,

tz

so (2.27) reduces to

2 f'(tz)p(sz) 1-tz\?
oo Speg) < (75

Exponentiating both sides of (2.29) leads to (2.20).

3. Argument and Convolution Properties of Functions in X(A, B)

* h(z).

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

In this section, we will solve some problems related to argument and convolution properties
of functions in the class X(A, B). To solve these problems, we need the following Lemmas.

Lemma 3.1 (see [17, Goluzin], [3, page 62]). Let f be an analytic function in U which is normal-

ized and starlike, then

z

SR{@}W > %

This inequality is sharp with extremal function f(z) = z/(1 - z)*.

(3.1)
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Lemma 3.2 (see [1, Ruscheweyh]). Let a <1, ¢ € R, and f € S*(a). Then

p+Hf
pxf

(U) cco(H(U)), (3.2)

for any analytic function H € H(U), where co(H (U)) denote the closed convex hull of H(U).

Theorem 3.3. Let f(z) € X(A,B) (-1 <B < A<1). Then

|arg<—zzf’(z)>| < arcsin % +2arcsin v (|z| = 7). (3.3)

Proof. Let f(z) € Z(A, B). Then there exists a function g(z) € 2*(1/2) satisfying

[z
= z), 3.4
@ " o
where
1+ Az
. 3.5
P(2) <52 (3:5)
And p(|z| < r) is contained in the disk
1-ABr?| (A-B)r
‘w_1—mﬂ 1- B2 (3.6)
from which it follows that
. (A-B)r
< —_— 3.7
larg p(z)| < arcsin AR (3.7)
Hence we can obtain the inequality:
|arg<—zzf’(z)>| < arcsin % + |arg(zg(z))| + |arg(-zg(-=2))|. (3.8)

Hence it suffices to find the upper bounds of | arg(zg(z))|. Since g € 2*(1/2), we have g(z) #0
forz € U and h = 1/g € S5*(1/2). If we define k(z) = (g(z))z/z, then k € $* and we can
apply Lemma 3.1 to obtain

%{@}1/2 > % (3.9)
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From the relation between g, h and k we obtain
zg(z)<1+z (zel),
which implies
|z8(z) -1| <1 (lzl =7).
Hence
larg(zg(z))| <arcsinr (|z| =71),

for z (|z| = r), and so the result is proved.

Theorem 3.4. Let f € (A, B) (-1 < B < A <1) satisfying the condition
1 zg'(z) 3 1
ARl R

and ¢ € S with z*¢(z) € R,. Then ¢ * f € (A, B).

Proof. Let f € (A, B) such that

f'(z) 1+ Az
3(z)g(-=2) < 1+ Bz

and define the functions G and H by

)

G(z) == —zg(2)g(-2), H(z) := G

Thus for any fixed z € U,

1+ Az

H(z) < T+ B

From the condition (3.13), we can easily obtain that

_ER{ ZCJ;((ZZ)) } <2-a,

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)
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and this inequality implies that z2G(z) € $*(a). Put ¢(z) = (¢ * G)(z). Since G(z) is an odd
meromorphic starlike function, so ¢(z) is. Define a function k by k(z) = \/z¢(z)/z. Since ¢
is an odd meromorphic starlike function, k € X*(1/2) and ¢(z) = —zk(z)k(-z). Hence

@*f) @) _-z(¢*f)(=)
k(z)k(-z) ¥(2)
_ =)= (-zf'(2))
(¢*G)(2)
$(z) x H(z)G(z)
(p*G)(2)
_ 22¢(z) » H(2)2°G(2)
T 22¢(z) * 22G(2)

(3.18)

Since z>¢(z) € R, and z2G(z) € $*(«), Lemma 3.2 yields

22¢(z) * H(z)z*G(=z)
22¢(z) * z22G(z)

€ o(H(U)), (3.19)

where co(H (U)) denote the closed convex hull of H(U), and because

1+ Az

H
() <1752

(z€U) (3.20)

and (1+ Az)/(1 + Bz) is convex in U, it follows that

(9+f)(2) 1+Az (3.21)
k(z)k(-z) 1+Bz

in U. Thus ¢ * f € 2(A, B) and the proof of Theorem 3.4 is completed. O
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