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The purpose of this paper is to give some identities on the Frobenius-Euler numbers and
polynomials by using the fermionic p-adic g-integral equation on Z,.

1. Introduction

Let p be a fixed odd prime number. Throughout this paper, Z,, Q,, and C, will denote the
ring of p-adic rational integers, the field of p-adic rational numbers, and the completion of
algebraic closure of Q,, respectively. Let N be the set of natural numbers and Z, = NU {0}.
The p-adic absolute value on C, is normalized so that [p|, = 1/p. Assume that g € C,, with
1-4g|, <1

pLet f be a continuous function on Z,. Then the fermionic p-adic g-integral on Z, for f
is defined by Kim as follows:

1+gqg
1+qF’N

pN-1
L4(f) =fz f(x)dpq(x) = lim 2(]) f(x)(-q)", (see [1]). (1.1)

From (1.1), we note that

n-1
q'I(fn) = (CD"Lo(f) + (1+q) D (1) f(1)q, (1.2)
1=0
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wheren € Nand f,(x) = f(x+n) (see [1]). The ordinary Euler polynomials E, (x) are defined
by

2
et +1

o) tn
et = gEt = ZEn(x)ﬁ, (1.3)
n=0 .

with the usual convention about replacing E"(x) by E,(x) (see [1-10]). In the special case,
x =0, E,(0) = E, is called the nth Euler number.
As the extension of (1.3), the Frobenius-Euler polynomials are defined by

1-

ﬁext = z_(:)Hn (q,x):l—n!, (see [2]). (1.4)

In the special case, x = 0, H,(q,0) = H,(q) is called the nth Frobenius-Euler number.
By (1.3) and (1.4), we easily get H, (-1, x) = E, (x).
From (1.4), we note that

N n n-l1 n
H,(g,x) = % l Hi(q)x"" = (H(q) +x)", (see [2]), (1.5)

with the usual convention about replacing H(q)" by H,(g).

In this paper, we consider the fermionic p-adic g-integral on Z, for the Frobenius-
Euler numbers and polynomials. From these p-adic g-integrals on Z,, we derive some new
and interesting identities on the Frobenius-Euler numbers and polynomials.

2. Identities on the Frobenius-Euler Numbers

From (1.2) and (1.4), we can derive the following:

1+ q‘1 > "
(x+y)t _ xt _ _g1 _
Jpe Y dy_q(y)_etJrq_le _nZ=oHn< q ,x>n!. (2.1)
Thus, by (2.1), we get Witt’s formula for H,(—-g !, x) as follows:
IZ (x+y)"dp-g(y) = Hi(-q7",%), nez. (2.2)
P
By (1.5) and (2.1), we get
n 1+g7%, ifn=0,
H(-g')+1) +q'H,(-q") = (2.3)

with the usual convention about replacing H(-g7!)" by H,(-q").
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From (1.5) and (2.3), we note that

Hy(-g") =1,  Hu(-q"1)+q'Hy(-q") =0, ifn>0.

By (2.1) and (2.2), we get
f (y+1-x)"dp4(y) = (-1)" f (v +x)"dp_g ().
Z, Z

Therefore, by (2.5), we obtain the following lemma.

Lemma 2.1. For n € Z., one has
-1 _ n
Hn<—q 1 —x) = (-1)"H,(~q,x).

From (2.3), we can derive the following;:

where 6k ,, is the Kronecker symbol.
Therefore, by (2.7), we obtain the following theorem.

Theorem 2.2. For n € Z.., one has

H, (—q’1,2> =1+q"'-q%*(1+q)80.+q *Hy, <—q’1>.

(2.4)

(2.5)

(2.6)

(2.7)

(2.8)
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First we consider the fermionic p-adic g-integral on Z, for the nth Frobenius-Euler
polynomials as follows:

L=

N

=

H, <—q’1, x> dp_g(x)

SOUEHIRe

P

= :0 <1l1> H, <—q‘1>Hn_l<—q‘1>, where n € Z,.

On the other hand, by (2.5) and Lemma 2.1, we get

I = Hn<—q_1,x>d‘u_q(x) = (-1)" fz H, (=g, 1 - x)dp_y(x)

Zp

= (—1)"§n] <7> H,i1(-9) fz (1-x)'dp_y(x)

1=0
(2.10)
-3 ("> (-1)" ' Hy1(~q) f (= 1)'dpu_y (x)
1=0 l Zp
- i (7) (-1)"'H,_(~q) H, (—q-l, —1).
1=0
From Lemma 2.1, Theorem 2.2, and (2.10), we note that
I = Z <Tll> (—1)n_lHn—l(—q)Hl<—q_1,—1>
1=0
n /n
= Z<l>(—1)"Hn—l(—q)Hl(—qf2)
1=0
> (7) (1" Hys (=) {1+ 9= 42 (1+47")B0s + 4*Hi(~q) } 240

= (-1)"(1+9) (1 + 960, — qHn(-9)) = Hu(=q) (a + ¢°) (1"
ccre3 () o),

Therefore, by (2.10) and (2.11), we obtain the following theorem.
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Theorem 2.3. For n € Z., one has

> <l> Hi(=q7" ) Hua(=47) = (-1)"(1+q) (1 + 9)80.s — 24Hu(=q))

1=0

(2.12)
s S atama)
1=0
In particular, for n € N, one has
)y (7) Hi(=q7")Hua(=47") = 2(-1""q(1 + 9) Hu(~q)
0 (2.13)

w3 () oo

Let us consider the following fermionic p-adic g-integral on Z, for the product of
Bernoulli and Frobenius-Euler polynomials as follows:

I = fz By (x)Hy (—q’lfx) dp—q(x)

=3 <TZ> <7> By Hyoi (—q‘l) fz My (x) (2.14)

_ ii <TZ> <7> B, H, | (—q_1>Hk+1 (—q_1>.

It is known that B,,(x) = (-1)"B,(1 - x).
On the other hand, by Lemma 2.1, we get

L= (—1)"””J Bu(1 - x)Hu(-q,1 - x)dp_q(x)

ZP
= ()™ <m> <n> B-kHn-1(—q) J‘ (1= x)dp_g(x)
kcoi-0 \ k ! Zy

n

= (—D"”"iz <7:> <7> Bk Hut (=) { (1+9) = (1 + 47 ) Bo + 4*Hicur (-9) }
k=01=0
= (1™ (1 +q)Bu(1) Ha(=4,1) = (¢ +4) (-1)"" B Hy(-4)

S <TZ> <7> Bun-icHy1 (=) Hicri (=4)-

k=01=0
(2.15)

Therefore, by (2.14) and (2.15), we obtain the following theorem.
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Theorem 2.4. For m,n € Z., one has

2

m
k=0

()

= (<1)"™"(1 +q)Bu(1)Hy(-4,1) = (4% + 9) (=1)"" BnHy (-q) (2.16)

+ qz(—l)””"ii <1;:> <7> By «Hu1(=q) Hri1(—9).

k=01=0

In particular, for m € N - {1}, n € N, one has

2

m
k=0

)

= 2(=1)""" (¢ + q) BuHu(-q) (217)

o <’:> <l> By iy 1(~4) Hia (-9).

k=01=0

It is known that x” = (1/(n + 1)) 31,("')Bi(x). Let us consider the following
fermionic p-adic g-integral on Zy:

1 n+1\ L /1 .
_n+1§< , >é<k>31_kfsz dp_g(x) (2.18)

Therefore by (2.18), we obtain the following theorem.
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Theorem 2.5. For n € Z., one has

<Il<> By Hi (—q_1>. (2.19)

From (1.3), we can derive the following:

x" =E,(x)+ %nzl< >E1(x). (2.20)

1=0

Let us take the fermionic p-adic g-integral on Z, in (2.20) as follows:
" 1 n-1 n
[ v, - [ Ewd,w 33 (1) [ E@dew
P Zp =0 l Zy
n 1 n-1/n 1 1
- o Hi (=) + = E «Hi(-q").
§< > ) l< ! >+21=0<l>kz=o<k> o k< ! )

Therefore, by (2.21), we obtain the following theorem.

(2.21)

Theorem 2.6. For n € N, one has

H,(-q") = i <7> EviHi(~q7) + %”‘1 <111> i < Il( > EvxHi(~q7"). (2.22)

k=0

By Theorems 2.5 and 2.6, we obtain the following corollary.

Corollary 2.7. For n € N, one has

2 )R
50 R

By (1.3), we easily get E,,(x) = (-1)"E, (1 — x).

(2.23)
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Thus, we have

j X" dpq(x)

Zy

1 n-1 n !
= ()" | Ea(1 - x)dpy(x) + §Z< ><—1> f Ei(1 - x)dp_g(x)
=0 \! z,

Zp

-3 (e [, 09l
1= \! z,

15 111 lE 1-x)kd
+§1—0<l>(_ )kz—(:)<k> I-k zp( —x) dp_q(x)

n n . ~ 1n—1 n 1 1 - ~
S )R-y

=0 k=0

- i <111> E,i(-1)"H;(-4q,2) + %nzl (’;) i <Il<> Er-k(-1)'Hi(-4,2).

1=0 k=0

(2.24)

Therefore, by (2.24), we obtain the following theorem.

Theorem 2.8. For n € N, one has

Hy(-q7") = Z<7> Eu-1(-1)"Hi(-4,2)

111—1 n 1 1 ;

(2.25)
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