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A type of prolongation structure for several general systems is discussed. They are based on a set of one forms for which the
underlying structure group of the integrability condition corresponds to the Lie algebra of SL(2, R), O(3), and SU(3). Each will be
considered in turn and the latter two systems represent larger 3 x 3 cases. This geometric approach is applied to all of the three of
these systems to obtain prolongation structures explicitly. In both 3 x 3 cases, the prolongation structure is reduced to the situation

of three smaller 2 x 2 problems.

1. Introduction

Geometric approaches have been found useful in producing
a great variety of results for nonlinear partial differential
equations [1]. A specific geometric approach discussed here
has been found to produce a very elegant, coherent, and
unified understanding of many ideas in nonlinear physics
by means of fundamental differential geometric concepts.
In fact, relationships between a geometric interpretation
of soliton equations, prolongation structure, Lax pairs, and
conservation laws can be clearly realized and made use of.
The interest in the approach, its generality, and the results
it produces do not depend on a specific equation at the
outset. The formalism in terms of differential forms [2]
can encompass large classes of nonlinear partial differential
equation, certainly the AKNS systems [3, 4], and it allows
the production of generic expressions for infinite numbers of
conservation laws. Moreover, it leads to the consequence that
many seemingly different equations turn out to be related by
a gauge transformation.

Here the discussion begins by studying prolongation
structures for a 2 x 2 SL(2, R) system discussed first by Sasaki
[5, 6] and Crampin [7] to present and illustrate the method.
This will also demonstrate the procedure and the kind of
prolongation results that emerge. It also provides a basis from
which to work out larger systems since they can generally be

reduced to 2 x 2 problems. Of greater complexity are a pair
of 3 x 3 problems which will be considered next. It is shown
how to construct an O(3) system based on three constituent
one forms as well as an SU(3) system composed of eight
fundamental one forms. The former has not appeared. The 3x
3 problem is less well known than the 2 x 2 problem; however,
some work has appeared in [8, 9]. In the first of these, the 3x3
solitons degenerate to the AKNS solitons in three ways, while
in the latter nondegenerate case, they do not. All of the results
are presented explicitly; that is, the coefficients of all the
forms and their higher exterior derivatives are calculated and
given explicitly. Maple is used to do this in the harder cases.
The approach is quite unified, and so once the formalism is
established for the SL(2, R) system, the overall procedure can
be carried over to the other Lie algebra cases as well.

Of course, the 3 x 3 problems will yield more types of
conservation laws. The prolongation structures of the 3 x 3
problems will be observed to be reduceable to the same type
as the 2 x 2 system considered at the beginning. However,
the Riccati representations become much more complicated
[10]. The generalization of this formalism to an n x n problem
then becomes straightforward after completing the study of
these smaller cases [11]. The prolongation structure of an nxn
problem is reduced to a collection of n smaller (n—1) x (n—1)
cases and finally at the end to a set of 2 x 2 problems such as
the SL(2, R) case at the beginning. Finally, to summarize at
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the end, a collection of conservation laws are developed from
one of the results and some speculation as to how this type
relates to other procedures [12, 13].

2. SL(2,R) Prolongations

The procedure begins by associating a system of Pfaffian
equations to the nonlinear system to be studied, namely,

(Xi=0,

o; =dy; - Qyp Lj=12 @)
In (1), Q is a traceless 2 x 2 matrix which consists of a
family of one forms, w;. At the end, it is desired to express
these one forms in terms of independent variables, which are
called x and ¢, the dependent variables and their derivatives.
However, no specific equation need be assumed at the start.
The underlying structure group is SL(2,R). Explicitly, the
matrix of one forms is given by the 2 x 2 matrix

Q= (“’1 “2 ) . )
W3 —w
The integrability conditions are expressed as the vanishing of
a traceless 2 x 2 matrix of two forms @ given by

®@=d0-QAQ. (3)

In terms of components, the left-hand side of (3) has the form

o=(0,)=(3 %) @

Substituting (2) into (3), a matrix which contains the integra-
bility equations in terms of the basis one forms is obtained.
The three equations are

9, =dw, — wy A\ w;, Y, =dw, - 2w, A w,,

©)

9; = dw; + 2w, A w;.

Of use in the theorems which follow, it is also useful to have
the dw; in (5) expressed explicitly in terms of the 9; as
dw, =9, + wy A\ w;, dw, =9, + 2w, A\ w,,

(6)

dwy = 9; — 2w, A\ ws.

Therefore, by selecting a particular choice for the set {w;}, the
nonlinear equation of interest can be written simply as

®@=0, 9=0 i=123. ?)
It is easy to see that the system is closed. Upon differentiating
O and substituting (3), we obtain

d®@=QNO-0AQ. (8)

This implies that the exterior derivatives of the set of {;} are
contained in the ring of two forms {9;}.

Now the differential ideal can be prolonged by including
the forms {«;, a,} given by (1).

Theorem 1. The differential one forms

o) =dy —w Y — w0, o, =dy, — w3y + w1y, (9)

have the following exterior derivatives:

doy = 0y Aoy +wy Aoy = 319 = 9,9,
(10)
day, = —wy Aoy + w3 Aoy + y,9; = y19;.

Hence, the exterior derivatives of the {o;} are contained in the
ring of forms {9, a;}.

Proof. The forms (9) follow by substituting (2) into (1).
Differentiating «; in (9) it is found that

doy = -y dw, + 0, Ndy, — y,dw, + w, Ady,. (1)

Obtaining dy, and dy, from (9) and dw,, dw, from (6), da,
becomes

doy = —y19) = 10, ANwy + 0 Aoy + 01 Aw, — 3,9,
= 29,01 Awy + Wy Ay + Vi, A3 — Y,w, A w,;

=w, Aoy +w, Ay — ¥19, — 1,9,

(12)
Similarly, beginning with «,,
da, = —y,dw; + wy ANdy, + y,dw, —w, ANdy,
= -9 +2y,0, ANwy + w3 Ay
+ yws Awy + Y05 AW, (13)
+ 3,9 + Y0 Aws —w; Aoy — Y0 A ws
=-w; Aoy + w3 Aoy + ¥,9, — 1,9,
as required. O

Corollary 2. The exterior derivatives of the «; in (9) can be
expressed concisely in terms of the matrix elements of ® and Q
as

doa; = -0,;y; + Qj Naj,

1

ij=1,2. (14)

The corollary is Theorem 1 after using the definitions of
the matrices in (2) and (4).

The forms «,, a, given in (9) lead to a natural Riccati
representation called a;, o, for this differential system. This
arises by taking the following linear combinations of «; and
oy

)’f“a = )16, — Y
= ydy, - y,dy; — yiws + 2y, 3,0, + Y0y, -

2
Y&y = Vo — Y1,

= yydy, = yidy, — Y30, = 2y, 3,0, + yiws.
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Two new functions, or pseudopotentials, y; and y, can be
introduced which are defined by the transformation

V2 N1
V3= Vo= """ 16
’ N ! Y2 as)
Then, from (15), the following forms which have a Riccati
structure result:

2
oy = dy; —w; +2y30; + Y30,

i (17)
oy = dy, —wy = 2y,w; + Y ;.

These equations could also be thought of as Riccati equations
for y; and y,.

Theorem 3. (i) The one forms s, oy given by (17) have exterior
derivatives

doy = 2y39, + y§82 -9 + 205 A (w; + y30,), 1)
day= —2y,9, -9, + )’293 + 20 A (~w; + y403).

Consequently, results (18) are contained in the ring spanned by
{9;} and {o}.

(ii) Define the forms o0, = w, + y;w, and 0, = —w, +
y,w5 appearing in (18). The exterior derivatives of 0, and o,
are found to be

doy =9, + y39, + a5 Aw,,
(19)
doy, = -9, + y39, + a4 N w,.

Therefore doy = 0 and do, = 0 mod {9, &}

The proof of this Theorem proceeds along exactly the
same lines as Theorem 1. The SL(2,R) structure and the
connection interpretation can be based on the forms «a;, «.

At this point, the process can be continued. Two more
pseudopotentials y; and y, can be introduced and the
differential system can be extended by including two more
one forms a; and «,. The specific structure of these forms is
suggested by Theorem 3.

Theorem 4. Define two one forms og and o as

a5 = dys — w; = y30,, A = dys + ) = yyw;. (20)

The exterior derivatives of the one forms (20) are given by the

expressions

dos = =9, — y39; — a3 A w,, dog =9, — y,9; — ay N\ ws.
(21)

Results (21) specify the closure properties of the forms a5 and
. This theorem is proved along similar lines keeping in mind
that the results for dy, and dy, are obtained from (17).

A final extension can be made by adding two additional
pseudopotentials y, and y,. At each stage, the ideal of forms is
being enlarged and is found to be closed over the underlying
subideal which does not contain the two new forms.

Theorem 5. Define the one forms o, and og by means of
ag = dyg — e Pow,, (22)

The exterior derivatives of the forms a, and ag are given by

_ —2Yys5
o; =dy, —e w,,

da, = 2¢ o Aw, — e 9,
(23)
dag = 2¢ sag A w, — e 9,

and are closed over the prolonged ideal.

3. O(3) Prolongations

The first 3 x 3 problem we consider is formulated in terms of
a set of one forms w; for i = 1,2, 3. The following system of
Pfaffian equations is to be associated to a specific nonlinear
equation

a =0, iji=1,23  (24)

In (24), Q is a traceless 3 x 3 matrix of one forms. The
nonlinear equation to emerge is expressed as the vanishing
of a traceless 3 x 3 matrix of two forms ©,

=0, O=d0-QAQ. (25)

These can be considered as integrability conditions for (24).
The closure property, the gauge transformation, and the gauge
theoretic interpretation can also hold for 3 x 3 systems.
Explicitly the matrix Q) is given by

0 -w w
Q= o, 0 -w;]. (26)

-w, w; 0

o; = dy; - Qiiyjs

Using (26) in (24) and (25), the following prolonged differen-
tial system is obtained:

dy; = oy = yw; + Y305, dw; = 9; - w, Nws,
dy, = o, + Y0, — Y3ws, dw, =9, —w; ANw,,  (27)
dy; = a3 = y1w; + Y03, dwy = 9; - w; Aw,.
By straightforward exterior differentiation of each «; and
using (27), the following Theorem results.

Theorem 6. The «; given in (27) have exterior derivatives
which are contained in the ring spanned by {9;}, and {ocj}? and
given explicitly as

doy = 9,9, — 39, —w ANy + w, Ao,
do, = — 9+ y39; + w0 Ay — w3 A g, (28)
doy = 919, — 1,95 —wy, Ay + ws Ay

3 . . . .
The one forms {;}; admit a series of Riccati representa-
tions which can be realized by defining six new one forms,

2 2
V1&g = Y16y = Yoy Y15 = Y1G&3 = V3049,

J’;‘Xs =)0 — Y16,
(29)

2 2
Yoy = Y3 = Y30, Y30 = Y3 — Y1 &3,

2
V3&g = Y30, = Yr(s.
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In effect, the larger 3x3 system is breaking up into several 2x2
systems. To write the new one forms explicitly, introduce the
new functions {y j}i which are defined in terms of the original

{y}3 as follows:

_ % _ 0 _n 0
Ya }’1’ Ys ” Ye 7, Y7 )’1
y y (30)
1 p)
Ys = "> Yo = —.
s Y3 ’ Y3

In terms of the functions defined in (30), the {aj}z are given
as

oy =dy, - (1 + J’i) Wy + Yy Y5, + Y503,
a5 = dys = yyysw; + (1 + )’;) W) = Y43

og = dyg + (1 + yé) Wy = Y700, = Ve Y7035 -
31

o = dy; + Yy,01 + Yew, — (1 + J’g) ws,
oy = dyg + yow; — (1 + )’;) Wy + Vg YoWs,
0y = dyy — YgW; = Y3 VoW, + (1 + )’;) W3-

To state the next theorem, we need to define the following
three matrices:

Q, = (2)/40.)1 ~ Vs,

—Y4Wy — Ws
Y5y + w3 ’

Yawy — 2y50,

Q, = (_2)’6“’1 + Y703

w, + y6w3 ) , (32)
YW — W

—Yew; + 2Y;w3

Q, = <2J’8“’2 ~ VoWs

W)~ YoWs )
Wy + Yo,

Vs, — 2Yow;3

®,=d0, -0, AQ,

_ <2y4\91 = Y59, + 20 Aw; — s A,

Y59, + 95 + a5 Awy

Similar matrix expressions can be found for the cases in which
Q, is replaced by Q, or Q;, respectively. O

Unlike Q given in (26), the Q; in (32) are not traceless.
Define their traces to be

K =trQy, i=123 (36)

These traces provide convenient ways of generating conser-
vation laws on account of the following Theorem.

Theorem 7. The closure properties for the forms {e}; given in
(31) can be summarized in the form

d<“4> _ (‘ (1 +)’Z)91 + Va5V, +)’5‘93>
%5 —Y4y59; + (1 + )’g) 9, = ¥4

+Q A <(X4>,
&s

d(%) _ <(1 +yé)91 - 79, _,Vs)’7‘93)

&7 Y6791 + Y69, — (1 + )’;) 9;

+Q, A <(x5>,
&

d(“s) _ ( 19 - (1 +)’§)92 + Y3 Y995 )

%y —¥391 = YsYo, + (1 + }’;) 9,
+ Q5 A (‘X8> :
X9

The exterior derivatives are therefore contained in the ring
spanned by {Si}f and the {ocj}i.

In terms of Q);, a corresponding matrix of two forms ©;
can be defined in terms of the corresponding Q; defined in
(32),

(33)

@, =d0, - Q;AQ, i=1,2,3. (34)

Theorem 8. The 2 x 2 matrix of two forms ©; defined by (34)

is contained in the ring of forms spanned by {9,}7 coupled with
either {oy, s}, {ag, o}, or {og, g} wheni = 1,2, 3, respectively.

Proof. Differentiating Q; and simplifying, we have

“¥49 - 95—y N w, (35)
Y9 =2y, v, Aw, — 205 Aw, )

Theorem 9. The exterior derivatives of traces (36) are given by

1

gdkl = 9,9, — ¥59, —w; Aoy + w, N,

1

gd’cz = =9 + »,95 +w, Aag —wy Aoy, (37)
1

gdzc3 = ygY, — Y995 —w, A ag + w3 A .

Results (37) are contained in the ring spanned by {9,}; and
{(Xj}z-
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4. SU(3) Prolongations

To formulate a 3 x 3 SU(3) problem, the set of Pfaffian
equations,

o = 0, o = dyl - Qt]y]’ 1,] =123, (38)

are associated with the nonlinear equation. In (38), Q is a
traceless 3 x 3 matrix consisting of a system of one forms.
The nonlinear equation to be considered is expressed as the
vanishing of a traceless 3 x 3 matrix of two forms ® exactly as
in (25) which constitute the integrability condition for (38).
A 3x3 matrix representation of the Lie algebra for SU(3) is

introduced by means of generators A for j = 1,..., 8, which
satisty the following set of commutation relations:
[/\l’/lm] =2i flmnAn' (39)

The structure constants fj,,, are totally antisymmetric in
I,m, n. The one form () is expressed in terms of the generators
A; as

8
Q= Z wlAl. (40)

I=1

Then the two forms ® can be written as

8
0= 9, G =dw ~ ifiy, Aw, (41)

=1

The nonlinear equation to be solved has the form 9, = 0 for
I=1,...,8.

It will be useful to display (40) and (41) by using the
nonzero structure constants given in (39), since these may not
be readily accessible. An explicit representation for the matrix
Q used here is given by

w; + —w w; — iw w, —iw
3 s 1 p) 4 5
V3 X
Q= w, +iw, —w;+ %ws wg—iw; |. (42)
Wy + iws wg + iw; ——wg

V3

Moreover, in order that the presentation can be easier to
follow, the eight forms dw; specified by (41) will be given
explicitly:

dw; =9, + 2w, N w; + iwy N\ w; — iws A\ W,
dw, = 9, — 2iw, N w; +iw, N we + iws A wy,
dwy = 9; + 2w, A w, + iw, N wg — iwg A w5,
dw, = 9, —iw, A w, —iwy A wg — iws A ws + V3iws A wg,
dws = 95 + iw, A wg — iw, A w, + iw; A w, — 3iw, A w,
dwg = 9 — iw; A ws + iw, A w, + iw; A w, + V3iw, A wg,
dw, = 9, +iw, A wy +iwy A ws — iws A wg — V3iwg A wg,

dwg = 9 + V3iw, A ws + V3iwg A w,.
(43)

Substituting (42) into (38), the following system of one forms
{oci}f is obtained,

1 . .

o =dy; - (“’3 + %ws))ﬁ — (@ —iw,) y, — (wy —iws) ys,
. 1 .

«, = dy, = (0, +iw,) y, + <‘U3 - %th) ¥ — (w5 = iw;) y3,

. . 2
a3 = dy; — (0, + iws) y, — (wg +iw;) y, + %wsk'
(44)

The increase in complexity of this system makes it often
necessary to resort to the use of symbolic manipulation to
carry out longer calculations, and for the most part, only
results are given.

Theorem 10. The exterior derivatives of the ; in (44) are given
by

da; = -y, (‘91 - i‘92) - 1195 -y (‘94 - i‘95)

1 1
- %y1‘98+ w; + %wg Aoy

+ () —iw,) AN ay + (wy — iws) A as,

day = -y, (9, +i9,) + y,9

1 . .
- 7)’2‘98 -3 (9 —19;) + (0, +iw,) Ay
3 (45)

1 .
—Nwy— —w | A, + (0 —iw,) A s,
< NS 8) > + (ws 7) A
doy, = =y, (9, +i95) — y, (9 +i9;)

2
+ — 9.9 + (w, +iw:) A
\/§y38 (4 5) 1

. 2
+ (wg +iw)) Aoy — —=wg A oty

V3

In order to keep the notation concise, an abbreviation will
be introduced. Suppose that {y;} is a system of forms, and i, j
are integers, then we make the abbreviation

YVije = Vi £1y;. (46)

At this point, quadratic pseudopotentials can be introduced
in terms of the homogeneous variables of the same form as



(30). In the same way that (31) was produced, the following
Pfaffian equations based on the set {cxi}f in (44) are obtained:

2
oy = dyy — wpy, +2y,05 + Y0150
= VsWe7— + V4 Y5Wys_»
o5 = dys — w5, + Y5 (w3 + \/§w8)
2
t VsWys = YaWezy + Y4 Y5Wip-s

2
o5 = dyg — w5 = 2Ysws + YsWiny

— V7Wys— t V6 V7We7->

(47)
o; = dy; — wer — ¥y (‘Us - \/§w8)

2
+ Yy We7- = YeWasy + V6 V7W124>

ag = dyg — w5 — ¥g (w3 + \/§w8)

2
t VgWysy = VoW t+ Vg VoWs7.»

oy = dyy — wg;_ + Yy (w3 - \/§w8)

2
t VoWe74 — YWy + Vg VoWys, -

These are coupled Riccati equations for the pairs of pseudopo-
tentials (¥, ¥5), (Vs> ¥7), and (yg, ¥o), respectively.

Define the following set of 2 x 2 matrices of one forms (),
fori=1,2,3as

Q= (—2w3 ~2Y4015-~ Y5Wys—

We7—— YaWys_ )
bl
We74 ~ Y5012

—3—Bwg—y4w15_ —2y5ws5_

Q, = (2‘03_2J’6“—’12+ — V7We7-
=

Wys5-~ YeWe7— )
b
Wys54 = Y7012+

w3 = \/5‘08 = Y6Wi2+ —2Y7We7-

Q. =% +V3wg —2Y3Wy54 — Yo7+
5=

Wip-~ YsWe7+ )
W12+~ YoWysy

—3+ 3wy — Ygwys4 —2Ye W7

(48)

Making use of the matrices (); defined in (48), the following
result can be stated.

Theorem 11. The closure properties of the set of forms {o;};
given by (47) can be expressed in terms of the Q; as follows:

(o)

_ ( (J’Z - 1)91—i(J2’Z + 1) 92+2J’§93+)’4J’5945——)’5‘967— >
}’4}’59127+}’593+(}’4 - 1) O,—i ()’5 + 1) 95— 497, + V359

Xy
+Q A (“5),

_ ( (J’é - 1)91*'"()’2 + 1) 9-2y693= 945+ Y6 ¥7967- >
679120 = ¥795 = Y6Ousa+ (75 = 1) 95=i (5 + 1) 9,+ 3y, 9

Xe
A (0‘7) ’
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“(a)

_ < —}’9912——)’893+(J’§ - 1)94+i ()’é + 1)95+)’8)’9967+—\5)’898 )
Y8912+ + Y993 +J’8J’9945++(J’§ - 1) Do +i (J’g + 1) 9;,=V3ys9%

+Q5 A (Zz) .

(49)

Based on the forms ; given in (48), we can differentiate
to define the following matrices of two forms &; given by

£ =dQ, - QA Q, (50)

Theorem 12. The forms &; defined in (50) are given explicitly
by the matrices

&

2W194 Ny +wys_ A ols
29,915 — 293 — y59y5-

wys- Noty= Y3945 +967_
Wiy Ny +2wy5 N s
Wip- Aas=Ys9-+967. a91,- =95 — 29,5 — V39
&

20154 N g+ e N a7 Wg7- N0 +9y5- = Y967

_ 2¥69124 + 95 = 79—

Wiy N e +20g7 Ntz =ysdiy |2

Wip N7 = ¥z O1gp + 945, +9; — 27,9 — V3%
&

2wy5, N Og+ Wz, N 0g+93
2Y595+ = Yo9s74 + V39
Wy N Og+2W67, N otg—I3
Y595t — 2¥997. + V39

(51)

We7y Nog+915_ — ygVr,

Wysy N ag+915, = Yoys,

From these results, it is concluded that &, is contained in
the ring of {oy, o5} and the {9}, &, is contained in the ring of
{ag, oy} and {9;}, and &5 is in the ring of {ag, oy} and {9;}.

The two forms {£,}] therefore vanish for the solutions of the
nonlinear equations (39) and of the coupled Riccati equations
{ocj = O}Z. As in the case of O(3), the one forms Q; are not
traceless. Denoting the trace of Q; by

T, =trQ);, (52)

the following theorem then follows.

Theorem 13. The closure properties of the exterior derivatives
of the traces T; are given by

1
gal‘r1 = W Aoy + Wy Ao

1
— Va9 =95 — ysOys_ — %‘9&
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1
§dT2 = W N0 + Wer_ Ny
1
— Y6124 + 95— ¥79%;_ — ﬁsg,
1
gd% = Wys, N0y + W7y A O

2
= Y3954 — Yo7y + %98'

(53)

The one forms (52) then can be used to generate con-
servation laws. Note that as in the O(3) case, a 3 x 3
problem Q has been reduced to three separate 2 x 2 problems
in terms of the matrices ;. Further prolongation can be
continued beginning with the one forms (), given in (48). To
briefly outline the further steps in the procedure, a system of
Pfaffians {&lj} is introduced which are based on the one forms
o

o =0, & =dy,; - (Ql)jkylk' (54)
The subscript [ in y;; and &;; indicates that they belong to the
subsystem defined by €);, and it is not summed over. Exterior
differentiation of &;; yields

da; = (Ql)jk NGy = (@)jk)’uc (55)

The {y;} are pseudopotentials for the original nonlinear
equation (39). Next, quadratic pseudopotentials are included
as the homogeneous variables and the prolongation can be
continued.

5. A Conservation Law and Summary

These types of results turn out to be very useful for further
study of integrable equations. They can be used for generating
infinite numbers of conservation laws. In addition, the results
are independent of any further structure of the forms w; in
all cases. In fact, the one form Q need not be thought of as
unique. This is due to the fact that 2 and © are form invariant
under the gauge transformation O — ' = dA A™' +AQA™
and ® — O’ = A®A™! where, in the SL(2,R) case, A is an
arbitrary 2 x 2 space-time-dependent matrix of determinant
one. The gauge transformation property holds in the 3 x 3
case as well. The pseudopotentials serve as potentials for
conservation laws in a generalized sense. They can be defined
under a choice of Pfaffian forms such as

o; =dy; + Fidx + G, dt, (56)

with the property that the exterior derivatives dw; are con-
tained in the ring spanned by {e;} and {9}

d(xi = Z Al] /\(X] + ; ril‘91- (57)
J

This can be thought of as a generalization of the Frobenius
Theorem for complete integrability of Pfaffian systems.

Theorem 3 implies that do; = 0 wheni = 1, 2 for solutions
of the original equation. If either of these forms is expressed
as 0 = Fdx + Fdt, then do = 0 implies that

0F 0fF
_9 . 58
ot ot G8)

Thus .7 is a conserved density and # a conserved current. Let
us finally represent w, = a,dx + b,dt, w, = a,dx + b,dt, and
w; = ydx + bydt, where 7 is a parameter. The x-dependent
piece of a; in (17) implies

Yix 20175+ @5 -1 =0. (59)

By substituting an asymptotic expansion around # = oo for
y5 in (59) of the form,

o0
ys =) 0", (60)
0

a recursion for the Y, is obtained. Thus (59) becomes,

Z Y.t 2(112 n"y,

2
+ a2<z 11"Yn> -n=0.

Expanding the power, collecting coefficients of #, and equat-
ing coeflicients of # to zero, we get

(61)

n—1
Yo +2a)Y, +a,) Y, Y, =0
k=1

Y +2aY, =1,
(62)

The consistency of solving «; by using just the x part is
guaranteed by complete integrability. The x part of the form
0, is expressed as

(01), = (al + Z ﬂ"Ynaz) dx. (63)

n=1
Consequently, from (58) the nth conserved density is
I, =aY,. (64)

The existence of links between the types of prolongation
here and other types of prolongations which are based on
closed differential systems is a subject for further work.
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