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ABSTRACT. Functional representation of a topological algebra (A, T) has been studied in
many papers under various assumptions for the topology T on A. Usually the image A
of the Gelfand map has been equipped with the compact-open topology. This leads, in
several cases, to such kind of difficulties as, for instance, that the Gelfand map is not
necessarily continuous or that the compact-open topology is not of the same type as the
topology T. In this paper, we study locally m-pseudoconvex algebras and provide A with
such kind of topology that the above two claims are fulfilled. By using this representation
the description of the closed ideals of (A, T) is studied.
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1. Introduction. Let A be a commutative locally m-pseudoconvex topological alge-
bra over the complex numbers. Let 2 = {gx | A € A} be a family of multiplicative k-
homogeneous seminorms defining a Hausdorff topology T(2) on A (k)-homogeneity
means that g (xx) = |x|¥2ga(x) for all x € A and x € C). If ky = 1, for all A € A,
then (A, T(2)) is a locally m-convex algebra. If A has unit element e, we assume that
gqa(e) =1, for all A € A. If A does not have unit and A, = s{(x,x) | x € A,x € C}
is the corresponding algebra with adjoint unit, we can define for each A € A the k-
homogeneous seminorm Qj on A, by Qa(x,x) = ga(x) + |«|*, (x,x) € A.. Denote
by T(2.) the topology on A, defined by these seminorms. Now, Qx(x,0) = ga(x) for
all x € A and (A, T(2)) can be considered as a closed maximal ideal of (A.,T(2.)).
It must be noted that if the seminorms g, satisfy some condition (for example they
can be square preserving), then the seminorms Q, defined above do not necessarily
satisfy this condition. In those cases (if it is possible), we define the seminorms Q) so
that the seminorms Q, satisfy this additional condition and Q;(x,0) = ga(x) for all
x € A.

Let A(A) be the set of all nontrivial continuous complex homomorphisms on A. We
assume that A(A) is nonempty. If x € A is given, then its Gelfand transform is defined
by

X(T)=T(x), TEAA). (1)

We equip the space A(A) with the weak topology generated by the functions A=
{X | x € A}. This is called the Gelfand topology. The set A(A) can also be equipped
with the so called hull-kernel topology. (See [9] or [15].)
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If g) € 2, then we can define a mapping p) on A by
1/ka
pa(x) =[ar(x)]"™, xeA. (2)

Let p be any (1-homogeneous) seminorm on A and let k € (0, 1] be fixed. If we define
a mapping g on A by q(x) = [p(x)]¥, x € A, we can see that g is a k-homogeneous
seminorm on A. However, the converse of this is not true in general. There are locally
m-pseudoconvex algebras (A,T(2)) such that p) = q)l\/ k\ is not a seminorm on A.
Namely, the triangle inequality is not necessarily valid for p,. But there are many
interesting pseudoconvex algebras for which p) = q;\/ *A is a seminorm for each A € A.
We say that (A,T(2)) has the property (LC) if p) defined in (2) is a seminorm for
every A € A. We show later that if, for example, each g, is square preserving, then
(A, T(92)) has the property (LC). Suppose, now, that (A, T(2)) has the property (LC).
Let T(%) be a topology on A defined by a family ? = {pax | A € A} of seminorms
on A. For any net {x,} on (A,T(2)), we have x, — x, for some x € A, if and only
if x, — x with respect to the topology T(?). Thus, these two topologies on A are
equivalent. This means that we have A(A,T(2)) = A(A, T(P)) = A(A). If g\ € 2, we
denote Ny = kergy = {x € A | ga(x) = 0}. Then N, is a closed ideal of (A,T(2)) for
each A € A. Obviously, N, = ker p, and thus, g) and p, have the same kernel.

Let Ay = A/N, be the quotient algebra of A modulo N,. We denote x) = x + N,
x € A, A € A. A, is ky-normed algebra with a ky-norm defined by ga(xa) = qa(x),
X\ € A).

We can define a partial ordering on A, as usual, by setting A < u if and only if
Pa < pu(pa(x) < pu(x) for all x € A). If we assume that ? is closed under taking
maxima of two of its members, then A is a directed set. Note that the condition A < u
does not necessarily imply that ga < g, as the following example shows.

EXAMPLE 1. Let A = C(R) and define a family of pseudonorms on Aby {g,, | n € N},
where g, = [SUP;c[_pn [X(8) ]/, x € Aand n € N. Fix n € N. If we, now, take a func-
tion x € A for which |x(s)| < sup;e(_y ) |x(t)| for all s € [-(n+1),n+1]\[-n,n],
then we have n < n+1, but gu (x) > @ns1(x).

In this paper, we study the Gelfand representation and ideal structure of (A, T (%))
when the topology T(%) is locally m-pseudoconvex. Functional representation of
topological algebras have been considered in many papers (started with Banach alge-
bras and then extended to the more general ones). Usually the image A of the Gelfand
mapping has been equipped with the compact-open topology (or in some cases with
Michael’s topology). See, for example, [9, 12, 14, 17, 16]. However, there is some diffi-
culties with the continuity of the Gelfand mapping or these topologies are not of the
same type as the original topology of A. We use, in this paper, such kind of topol-
ogy for A that there is no such kind of problems. We do not use the projective limits
at all either and, therefore, the assumption that the family % is directed is not nec-
essary. More important is the assumption that T (%) is a Hausdorff topology. Also,
note that if A is without unit, then the role of the complex homomorphism 7., where
T (x) =0 forall x € A, is more complicated here than in the normed case. What kind
of difficulties in this case, has been described in [10].
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2. Basic results. Now, we study the structure of the carrier space A(A).

LEMMA 1. Suppose that a locally m-pseudoconvex algebra (A,T(2)) does not have
unit and that it satisfies the property (LC). Then there is a family 2, of seminorms on
A, such that (A.,T(2.)) has the property (LC).

PROOF. For each g, € 2, we can define a k)-homogeneous seminorm Q) on A, by

Qa(x,00 = (pa(x) + )™, (x,) € A, 3)

where pa(x) = [ga(x)]*/*x. Then we can see that the mapping P defined by Py (x, ) =
[Qalx,x)]1M¥, (x,x) € A,, is a seminorm on A, for each A € A. So, if we take 9, the
family of seminorms defined in (3), then (A.,T(2.)) has the property (LC). O

Let 2, = {Qx | A € A} be the family of seminorms on A, defined by (3) and let
P, ={Pr| A €A}. Since Q) = P;l\“, we can see that the topologies T(2,) and T (%,) of
A, are equivalent and we have A(A,,T(2,)) = A(A, T(P.)) = A(A.). Note that we also
have Qa(x,0) = ga(x) for all x € A and A € A.

LEMMA 2. Let (A, T(2)) be a locally m-pseudoconvex algebra without unit. Let I be
a closed (proper) regular ideal of (A,T(2)). Then there is a unique closed ideal I, of
(Ao, T(2,)) such thatl =I,NnA and I, ¢ A.

PROOF. Letu beidentityin Amodulo I.If we,now, takel, = {y € A, | uy €1}, then
I=1I,nA, I is unique, and I, ¢ A. (See [13].) Let () be a net in I, for which y, — y
for some y € A,. Then uy, — uy. Since each uy, €I, we can see that uy € cl(I) =1
and, thus, I, is closed. O

COROLLARY 1. Let (A,T(2)) be as in Lemma 2. Then for each T € A(A) there is a
unique T, € A(A,) such that T,ja=T.

If (A, T(2)) does not have unit, then, by Corollary 1, for each T € A(A) there is
a unique extension T, on A.. So, the mapping T — T.,T € A(A), is a bijection from
A(A) onto A(A)e = {T. | T € A(A)}. If T € A(A), then we clearly have T,.(x,x) =
T(x)+ &, (x,x) € A.. Now, if we identify each T € A(A) with its extension T,, we can
formally write A(A) C A(A,). Let T be an element of A(A,) for which T (x, &) = «,
(x,0) € A,. If w € A(A,) is given, then either w4 € A(A) or w = T. Thus, we have
A(A,) = A(A)U{Tw}.(Tobe more exact each element w € A(A,) is either an extension
of some T € A(A) or w = T.) If (T) is a given net on A(A) for which 1, — T for some
T € A(A), then X(T1,) — X(7) for all x € A. Thus, (x,0)((Ty)e) = X(Ty) + X — X(T) +
x = (x,x)(T,) for all (x,x) € A,. This means that A(A) is homeomorphic to A(A),.
Thus, A(A) and A(A). can be identified as topological spaces. So, we can see that
A(Ae) =A(A)U{Tw} = A(A)U{T} within a homeomorphism. Note that A(A) U {T«}
is not a one-point compactification of A(A). To see more about the structure of the
carrier space A(A.), see [10] where a locally m-convex case without unit has been
studied.

Let I be an ideal of A. The set h(I) = {T € A(A) | X(T) = 0, x € I} is called the
hull of I. The kernel of a nonempty subset E of A(A) is defined by k(E) = {x € A |
x(t) = 0,7 € E} and for the empty set, we define k(J) = A.
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If (A, T(%)) is a commutative locally m-convex algebra with unit, it is known (see
[4]) that the family {h(N)) | A € A} is a compact cover of A(A), which is closed under
finite unions. Obviously, this result holds also for locally m-pseudoconvex algebras
with unit and with the property (LC). Suppose (A,T(2)) is without unit and has the
property (LC). Let My = {(x,x) € A, | Qa(x,x) = 0}. From the definition of Q,, it
follows that (x,x) € M, if and only if gy(x) = 0 and & = 0. Thus, M) = {(x,0) €
A, | x € N,}. Denote by h, the hull-operation on A(A,). Now, h,(M)) = {w € A(A,) |
(x,0)(w) =0, (x,0) e M} ={T €EAA)U{To} | X(T) =0, x € Nr} = h(N)) U{Tw}.
Since h,(M,) is compact for each A € A, we can see that h(N,) is either a locally
compact or a compact subset of A(A) depending on whether 7., is an isolated point
of h(N)) C A(A) U{T«} or not. Thus, we can write.

LEMMA 3. Let (A, T(2)) be a commutative locally m-pseudoconvex algebra with the
property (LC). If A has unit, then h(N,) is compact for each A € A. If A does not have
unit, then each h(Ny), A € A, is locally compact and h(M,) is a one-point compact-
ification of h(N,) for each A € A. If T« is an isolated point of h(N,), then h(N,) is
compact.

Note that h(N,) = {T € A(A) | T is pa-continuous}. Now, we can prove the main
result of this section.

THEOREM 1. Let (A,T(2)) be a commutative locally m-pseudoconvex algebra with
the property (LC). Then the family {h(N)) | A € A} forms a locally compact cover of
A(A) which is closed under finite unions. Furthermore, if T € h(Ny), then |X(T)|* <
ax(x) forall x € A.

PROOF. For each A € A, take p) = q;\/k". If T € A(A), then there is a A € A and
some positive constant M such that [T(x)| < Mpx(x) for all x € A. Thus, if x € N,
then |T(x)| < Mpa(x) = 0 and we can see that T € h(N,). This shows that A(A) =
Uaeah(Ny). Each h(N,) is locally compact by Lemma 3. Furthermore, the family
{h(Ny) | A € A} is closed under finite unions since we assumed that the family %
is directed. If T € h(N,), then we have, by [4], |T(x)| < pa(x) for all x € A. So,
IZ(T) [k = |T(x) % < [pa(x)]¥ = ga(x) for all x € A. 0

By Theorem 1, {h(N,) | A € A} forms a locally compact cover of the carrier space
A(A).In the literature, the corresponding cover in the locally m-convex case with unit
has been constructed by using the polars of the neighborhoods of zero. (See [16, 15]
or [9].) But it is important to notice that the role of the element T, differs in the locally
m-pseudoconvex case if we compare it with the normed case.

3. On locally m-pseudoconvex function algebras. Let X be a completely regular
space. The algebra C(X) of all continuous complex-valued functions can be equipped
by several kinds of topologies. Usually, the so called compact-open topology is defined
by the family ? (¥ (X)) = {pkx | K € H(X)} of seminorms, where pg(x) = sup;cx |x(t)|
for each x € C(X) and K € #(X) with ¥(X) the family of all compact subsets of X.
For our purposes, it is, however, better to consider a more general topology on C(X).
Let X C H(X) be a compact cover of X which is closed under finite unions. Let () =
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{pk | K € %}. Suppose that for each K € ¥ there is a fixed rx € (0,1] and let 2.(%) =
{ak | K € ¥}, where gk is defined by gx = [sup;cx |x(£)[]"%, x € C(X). Denote by
T(2) (correspondingly T (%)) the topology on C(X) defined by the family 2.(%) (cor-
respondingly by ?(¥)). Then (C(X),T(2)) is a locally m-pseudoconvex topological
algebra and, correspondingly, (C(X),T (%)) is a locally m-convex algebra. Note that
compact-open and point-open topologies of C(X) are special cases of the topology
T(92). Now, we give some properties of the algebra (C(X),T(2)).

LEMMA 4. Let X be a completely regular space. Then
(i) A(C(X), T(9Q)) ={1 |t e X}, where T = x(t), x € C(X).
(ii) IfI is a closed ideal of (C(X),T(2)), then k(h(I)) =1.

PROOF. These results can be shown like the corresponding results for the algebra
(C(X), T(%)). See [4, Lem. 2.1]. O

The condition (ii) of Lemma 4 means that, for each closed ideal I of (C(X),T(2)),
there is some closed subset E of X such that I = k(F) = {x € C(X) | x(t) =0, t € E}.

LEMMA 5. Let B be a symmetric subalgebra of C(X). If B separates the points of X,
then cl(B) = C(X) or cl(B) = I, for some ty, € X. (By cl(B), we mean the closure of B
with respect to the topology T (2)).

PROOF. This result can be proved like the corresponding result for the normed or
compact-open topologies. See [18]. O

Let to be a given point of X. Denote by Xy = X\ {to}. Furthermore, let C« (Xo) = {glx, |
geC(X),g(ty) =0}.LetHo = {K\{to} | K € H}, where I is a compact cover of X which
is closed under finite unions. We denote Ky = K\ {to}, K € #. So, each Ky € ¥ is locally
compact and, thus, ¥y forms a locally compact cover of X, which is closed under
finite unions. If x € Cw(Xp), then x|k, € Co(Ko) = the set of all bounded continuous
complex valued functions on X, vanishing at infinity. Note the difference between
Cw (Xp) and Co(Kp). The algebra C« (Xy) can also contain unbounded functions and
the space Xy is only completely regular but not locally compact. Obviously, K is a
one point compactification of Ky for each Ky € ¥y. Note that K, is compact if and
only if ¢y is not an element of K. Now, we provide the algebra C. (X() with a topology
given by the following family of seminorms 2 = {qx, | Ko € o}, where gk, (x) =
[suptGKO |x(t)]1%0, x € Co(Xo). For each Ky € ¥, ¥k, € (0,1] is fixed. Denote this
topology by T(92¢). Now, we give some properties of the algebra (C (Xo),T(20)).

The following properties of the algebra are easy to verify.

LEMMA 6. A(Cx(Xp)) = {1t |t € Xo}. Furthermore, A(C(Xp)) and Xy are homeo-
morphic.

LEMMA 7. Let B be a subalgebra of C«(Xy). If B is symmetric and for each t € X
there is x € B such that x(t) # 0, then cl(B) = C (X0).

LEMMA 8. LetI be a closed (proper) ideal of (C (X)), T(29)). Then there is a closed
subset E of Xo such that I = k(E) = {x € Co(Xp) | x(t) =0, t € E}. Furthermore, I is
regular if and only if ty is an isolated point of E.

PROOF. LetI be aclosed ideal of (Cw (Xp),T(29)). Let Ky € Ho be arbitrary. Denote
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by Ix, = {x|k, | x € I}. We show that Ik, is an ideal of (Cy(Ko), T (qk,)). Note that gk,
defines a 7¢,-homogeneous norm on Cy(Kjp). So, let g € Ix, and f € C(Ko) be given.
Now, f can also be considered as a continuous function on K if we define f(ty) = 0.
Since K is compact, there is an extension, say y € C(X), such that y|x, € C-(Xo) and
¥k, = f. Since I is an ideal of Cw(Xy), we have gy € I and, thus, gf = (gy)lk, €
Ix,. Obviously, Ik, is a subspace of Co(Ko). Thus, Ik, is an ideal of Co(Kp). Let E =
NrerZ(f), where Z(f) designates the zero set of f. It can be shown that cl(Ix,) =
k(ENKp), where cl is a closure in Cy(Ko) with respect to the topology T (qk,). (See the
proof of [15, Lem. 1.5, p. 221-222].) Now, it is easy to see that, for each x € k(E) and
Ko € ¥p and given € > 0, there is some y € I such that gk, (x — ) < €. This implies
that k(E) C I. Since we trivially have I C k(E), it follows that I = k(E). Suppose that
I is regular. Now, I can be considered as a closed ideal of (C(X),T(2)). By Lemma 2,
there is a closed ideal I; of (C(X),T(2)) such that I =1I; NCx(Xp) and I; ¢ C(Xp). By
Lemma 4, I is of the form I = {x € C(X) | x(t) = 0,t € E} for some closed subset E of
X. Since I1 ¢ C(Xp), it follows that ty & E. Because E is closed, it follows that t( is an
isolated point of E. If t( is an isolated point of E, then there is an element u € C (Xo)
such that 0 < u(t) < 1, for every t € Xp, u(t) =1, t € E, and u(ty) = 0. Now, u is
identity in C (Xo) modulo I and, thus, I is regular. O

By Lemma 6, each closed ideal I of (Cw (Xp), T(20)) is of the form I = k(E) = {x €
Co(Xo) | x(t) = 0,t € E} for some closed subset E of Xy. Obviously, C (Xy) can be
considered as a maximal closed ideal of (C(X),T(2)). Now, we give an example of
proper closed subalgebra B of some (C(X),T(2)), such that B is not an ideal of C(X),
B does not have unit and A(B) = A(C(X)).

EXAMPLE 2. Let R be the set of reals, equipped with the usual topology, and let
B={x € C(R) |lims_ox(t) =0}. We can define the topology on C(R) and B by the
sequence 2 = {q, | n € N} of seminorms, where g, (x) = [SUD;c[_pn n] Ix ()|, x e
C(R) or B. Obviously, B is a proper subalgebra of C(R) which is not anideal and B does
not have unit. It is easy to see that A(C(R)) = A(B) = {1 | t € R}. Note that we could
have also provided B with an equivalent topology defined by the family Q' = {q,, |
n € N} of seminorms, where g;, (x) = [Sup;_; ) [x(t) [1'/", x € B.If N;, = kerq,,, then
B/N,, = Co([—n, c0)) within a 1/n-homogeneous isometrical isomorphism. Obviously,
h(N,) = {1 |t € [-n,)}. Note that Stone-Weierstrass theorem holds for (B, T(2)) =
(B,T(2")). So, if B’ is a symmetric subalgebra of B that separates the points of X and,
for each t € X, there is x € B’ such that x(t) # 0, then cl(B’) = B. Clearly, (B,T(2"))
has the property of nuclear hullity. Furthermore, B, is the functions of B plus all
the constant functions. The carrier space A(B,) is homeomorphic to RuU {c}. Thus,
B, # C(R).

4. On Gelfand representation of locally m-pseudoconvex algebras. There are two
basic methods to study the structure of locally m-convex algebras. These are projec-
tive limits and functional representation. For projective (or inverse) limits of topo-
logical algebras, see [1, 9, 15], or [16]. In this paper, we study only functional repre-
sentation. Functional representation of a commutative topological algebra (A, T) has
been studied in several papers under various assumptions with the topology T. See,
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for example, [2, 4, 7, 9, 11, 14, 15, 17, 16, 19] or [21]. Usually (at least in the case
where T is given by the family of submultiplicative seminorms), the image A of the
Gelfand mapping has been endowed either with a compact-open topology or with a
topology of compact convergence on equicontinuous subsets of A(A) (this is the so
called Michael’s topology; see, e.g., [15]). The problem is that the Gelfand mapping
is not necessarily continuous with respect to these topologies. Now, when we pro-
vide the image A with a topology, we will require two properties for this topology.
First, it must be of the same type as the topology of A. Second, the Gelfand mapping
must be continuous with respect to this topology. In [4], A was endowed with a locally
m-convex topology and the algebra A was equipped with the topology of compact
convergence on the hulls of the kernels of the seminorms defining the topology on
A. The use of hulls suits for our topology better since by the well-known result for
normed algebras, we have (A/Np)"C Co(h(N,)). It must be noted that the Gelfand
mapping is automatically continuous with respect to this topology on A. This topol-
ogy is also useful in describing the ideal structure of A. See, for example, [7], where the
corresponding topology has been used for the vector valued function algebras. In this
paper, we extend the results obtained in [4] in such a way that A does not necessarily
have unit element and the topology on A is locally m-pseudoconvex. Functional repre-
sentation of the so called p-Banach algebras has been studied in [21]. Even though the
case where T (%) has the property (LC) could be treated also as the case where T (%)
is locally m-convex, we study the Gelfand representation in locally m-pseudoconvex
form to get the exact description of these type of algebras. Note that if the seminorms
defining the topology on A are not submultiplicative, then functional representation of
(A, T) is more complicated. Some particular cases of such kind of algebras have been
studied in [9, 11, 19]. Also, in these structures, the use of hulls to get the Gelfand
representation is very useful.

Let (A,T(2)) be a commutative locally m-pseudoconvex algebra with the property
(LC). Then by Theorem 1, A(A) = U{h(Ny) | A € A} and if T € h(N»), then |X(T) ¥ <
qx(x) for each x € A. Let A € A. We can define a ky-homogeneous seminorm 4§, on A
by Ga(X) = [Suprep(ny) |X(T) 1K, x € A. Denote by T(9) the topology on A defined
by the family 9 = {4 | A € A}. Now, we can easily prove

THEOREM 2. Let (A,T(2)) be a commutative locally m-pseudoconvex algebra with
the property (LC). Then ga(X) < qa(x) for each x € A and A € A and the Gelfand
mapping x — X, X € A, is a continuous homomorphism from (A, T(2)) onto (A, T(9)).

By Theorem 2, each commutative locally m-pseudoconvex algebra with the property
(LC) can be considered as a subalgebra of some locally m-pseudoconvex function
algebra.

If A does not have unit, then A C Ce (A(A)) = {glam) 1g € C(A(AL)), 9(T) =0} If
A has unit, then A ¢ C(A(A)). We say that A is full if A = C.(A(A)) (or A = C(A(A))
in the case A has unit).

Let (A,T(2)) be a commutative locally pseudoconvex algebra. If g (x2) = qa(x)?
for all x € A and A € A, then we say that (A,T(2)) is a square algebra.

It can be shown that each square preserving kj-homogeneous seminorm is automat-
ically submultiplicative. See [5, 6].
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LEMMA 9. If (A,T(2)) is a commutative locally pseudoconvex square algebra, then
it has the property (LC).

PROOF. Let A € A be arbitrary. Now, the quotient algebra Ay = A/N, is a com-
mutative kj-homogeneous normed algebra with a norm g,, where g, is defined by
da(xa) = qa(x), x) € Ax. By [21, Thm. 4.8] we have

ka
[ sup | Ra(Ta) |] = lim 2\ga (x3") =qa(xa) =qa(x) forallx e A. (4)
TAEA(AY) n-—eo
If T € h(N)), then we can define an element 1) of A(Ax) by Ta(x)) = T(x), XA € Ax.
The mapping T — Ta, T € h(N,), is a homeomorphism from h(N,) onto A(A,). (See
[15].) This implies that

ka ka
[ sup |32'(T7\)|:| =[ sup lfC(T)|] =4 (X). (5)

TAEA(A)) TEh(N))

Thus, we can see that g) (x) = ga(Xx) for all x € A. Since E[i/k" is a seminorm, we can
see that (A,T(2)) also has the property (LC). O

Furthermore, we have

LEMMA 10. Let (A,T(2)) be a commutative locally pseudoconvex square algebra
without unit. Then there is a family 2, = {Qx | A € A} of pseudonorms on A, such that
(Ae, T(2,)) is a square-algebra and Qx(x,0) = qx(x) for all x € A.

PROOF. For a given g) € 2, define Q) on A, by

Qirlx,x) = sup gqa(xy+ay) forall (x,x) € A,. (6)
a(y)=1
Now, it is easy to see that each such Q, is square preserving k)-homogeneous semi-
norm on A,. Furthermore, Q (x,0) = supy, (,)<1 4a(x). So, to see that Q, is an exten-
sion of g,, we have to show that ga(x) = supg, (,1<1 ga(xy) for all x € A and A € A.
If ga(x) = 0, then the right side of the equation is also zero. So, we have equality. If
qr(x) # 0, then

X 1 5
qu(lylilqA(xy) > g <xm> BPREIL (x°) = ar(x). @)
So, we have ga (x) < supy, (,)<1 4a(x¥). The inequality in the other direction is trivial,
since g, is submultiplicative. So, Q) satisfies the required conditions.

When (A,T(2)) is a locally convex square algebra without unit, we always provide
A, with the topology defined in Lemma 10. Note that if we denote M) = kerQ,, then
we have h,(M)) = h(N)) U {T«}. Since each Q, is square preserving, we have, in this
case,

Qa(x,x) = sup | %(T) + x| K forall (x,0) € A, and A € A. (8)
TER(NA)U{Tw}

If (A, T(2)) is a locally pseudoconvex square algebra, then (A,T(2)) and (A, T(3))
can be identified as topological algebras. Thus, the only locally pseudoconvex square
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algebras are subalgebras of the function algebra (C(X),T(2)) for some completely
regular space X. O

The properties of locally m-convex (= locally convex) square algebras have been
studied in [14, 8, 5, 6].

Let (A, T(2)) be a commutative locally pseudoconvex algebra with an involution
x — x*, x € A. We say that (A,T(2)) is a star algebra if

ar(xx*) =qa(x)?> forall x € Aand A € A. (9)

It is easy to see that a pseudoconvex star algebra is also a square algebra.

LEMMA 11. Let (A,T(2)) be a locally pseudoconvex star algebra without unit. Then
there is a family 9, of seminorms on A, such that (A.,T(2.)) is a star algebra and
Qa(x,0) =qa(x) forallx € A and A € A.

PROOF. This result can be shown similarly to the proof of Lemma 10. Also, we can
apply the proof of [12, Thm. 2.3]. O

If (A,T(2)) is a locally convex star algebra without unit, we always provide A, with
the topology defined in Lemma 10. It can be shown that if (A, T(2)) is complete, then
(A, T(2,)) is also complete. See [12].

THEOREM 3. Let (A, T(2)) be a commutative locally pseudoconvex star algebra.
Then cl(A) = Co(A(A)), where cl means the closure with respect to the topology T (9)).
In particular, if (A,T(2)) is complete, then A = C(A(A)). (Note that Ce(A(A)) =
C(A(A)) if A has unit.)

PROOF. The functions of A separate the point of A(A) and it follows from con-
dition (9) that A is a symmetric subset of C(A(A)). Obviously, for each T € A(A),
there is x € A such that X(1) # 0. Now, we can apply either Lemma 6 or Lemma 8
to show that cl(A) = C(A(A)) (if A has unit) or cl(A) = C»(A(A)) (in the case A is
without unit). If (A, T(2)) is complete, then (A, T(9)) is complete too. Thus, A is,
in this case, a closed subset of (C(A(A)),T(2)) from which it follows that A is full.

O

Theorem 3 is a generalization of the corresponding result for locally convex star
algebras. See [16] or [12]. Note that in both of these papers, the projective limits were
used to prove this result. Also, see [4].

THEOREM 4. Suppose that (A,T(2)) is full. Then (A, T(2.)) is also full.

PROOF. Suppose that A = C, (A(A)). Let g € C(A(A,)) = C(A(A) U {Tw}) be given.
Now, we have g(T«) < co. Thus, if we define a function s on A(A,) by s(1) = g(T) —
I9(Tx), T € A(A,), then s|a) € Co(A(A)). Since A is full, there is x € A such that
X = S|aa). Now, if we take o« = g(T), we can see that (x,x)"=g. O

COROLLARY 2. Let (A,T(2)) be a full locally pseudoconvex star algebra. Then the
quotient algebra (Ax, T({qa})) is complete, for each A € A.

PROOF. We show that the mapping x) ~ X|nw,), Xa € Aj, is an isometric
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isomorphism from (Ax, T ({ga})) onto (Co(h(Ny)),T({4a})). Since g (x) = 4a(x) for
each x € A, we can see that the mapping x, — X|n(,), Xa € Aa, is isometric. We show
that it is a surjection. Let g € Co(h(Ny)) be arbitrary. We can consider g also as a
continuous function on h(N,) U {T»} if we define g(7«) = 0. Since h(N)) U {7} is
compact, there is a function G € C(A(A,)) such that G|n,)uir.} = g- From the con-
ditions G(T«) = g(T«) = 0 and A, = C(A(A,)), it follows that there is x € A such that
X = G. So X|p(n,) = g which proves the surjectivity. Now, our result follows from the
fact that (Co(h(Ny)),T({da})) is, as a kx-Banach algebra, complete. O

EXAMPLE 3. Let X be a completely regular space and let t, be a given point of
X. Let (C(X),T(Q)) and (Cw(Xp),T(Qp)) be as in Lemmas 4 and 6. Let Mx = {x €
C(X) | gk(x) = 0} and Nk, = {x € Cw(Xo) | gk,(x) = 0}. By Lemmas 4 and 6, we
have A(C(X)) = {1: | t € K}, A(Cx(Xp)) = {1t | t € Ko}, h(Mg) = {1 | t € K}, and
h(Nk,) = {T¢ | t € Ko}. Obviously, both of the algebras above are square algebras. Let
g € Cx(A(Cwx(Xp))) be arbitrary. Now, each T € A(C«(Xp)) is of the form T = 1; for
some t € Xp. So, we can define a function x on Xy by x(t) = g(1) = g(1¢), t € Xp.
The function x is continuous and we have X = g. Thus, C«x(Xo) = Cx(A(Cx(Xp))).
Similarly, we get C(X)" = C(A(C(X))). Note that we did not assume that algebra
(Co(X0), T(99)) (or (C(X),T(2)))is complete. Thus, it may happen that A = C (A(A))
without the assumption that (A,T(2)) is complete. It is easy to see that C(X)/Mg
is isometrically isomorphic to C(K) and, correspondingly, C.(Xo)/Nkg, is isomet-
rically isomorphic to Cy(Ky) (topologies in these two algebras are defined by rk-
homogeneous supnorm). Thus, those two quotient algebras are complete.

Next, we study the ideal structure of locally convex star algebras.

THEOREM 5. Let (A, T(2)) be a commutative full locally pseudoconvex star algebra.
Then k(h(I)) =1 for all closed ideal of (A, T(2)). Furthermore, I is regular if and only
if T is an isolated point of h(I).

PROOF. We can apply Lemmas 5 or 8. O

COROLLARY 3. Let (A,T(2)) be a complete locally pseudoconvex star algebra. Then
k(h(I)) =1 for all closed ideal I of (A,T(2)).

We say that a locally m-pseudoconvex algebra is normal if the functions of A sepa-
rate any two disjoint closed subsets of A(A). (This means that, for each pair E; and
E; of disjoint closed subsets of A(A), there is x € A such that X(7t) = 1,7 € E; and
x(1)=0,T €E3.)

LEMMA 12. Suppose that (A,T(2)) is a commutative normal m-pseudoconvex alge-
bra without unit. Then (A.,T(2,.)) is also normal.

PROOF. Let E; and E» be two closed disjoint subsets of A(A,). Now, E; N A(A) =
E\{T»} = F;,i = 1,2 is a pair of closed disjoint subsets of A(A). Note that F; = E; if
T & E;. Since (A,T(2)) is normal, there is x € A such that X(t) = 1if T € F; and
x(t) =0if T € F». This means that (x,0) € A, separates the sets E; and E». Note that
we must have x (1) = 0,7 € E; if T, € E;. So, as above, we must assume that 7., & E;.

O
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Now, it is easy to see that the following lemma is valid.

LEMMA 13. Suppose that (A,T(2)) is a commutative normal m-pseudoconvex alge-
bra. Then A(A) and A(A,) are normal topological spaces.

Next, we prove a result which is known for locally convex algebras with unit (see [4])
and for B*-algebras (see [3]).

THEOREM 6. Let (A, T(2)) be a commutative full normal pseudoconvex star algebra.
IfI, and I, are closed ideals of (A, T(2)), then I + I, is either a closed ideal of (A, T(2))
orli+1, = A.

PROOF. We study only the case where A does not have unit. It suffices to show
that k(h(I; + 1)) C I + I. Let x € k(h(I; + 1)) be arbitrary. We have h(I; +I,) =
h(I;) nh(l>).Let g be a function on E = h(I;) Uh(I2) U {T«} defined by

o) :{x('r), if T €h(ly), 10

0, iftTeh(h)U{Ts}.

Now, g is continuous on the closed set E C A(A,) = A(A)U{T«}. By Lemma 12, A(A,)
is a normal topological space. So, by Tietze extension theorem, there is a function
G € C(A(Ap)) such that G|g = g. By Theorem 4, we have A, = C(A(A,)). So, there
is (y,x) € A, such that (y,x)" = G. Since 0 = g(T«) = Y(T») + X = &, We can see
that g = P|g. Thus, (x —¥)(7) = X(T) = ¥(7) = X(T) —g(7) = 0 for all T € h(I}).
This implies that x —y € k(h(I;)) = I;. Similarly, we can see that v € k(h(I2)) = I,.
So, x = (x —y)+y €I, + I,. This implies that I) + I, is a closed ideal of (A,T(9)).
If h(I;)nh(l;) =9, then ) +I, = k(D) = A. O

Thus, we get

COROLLARY 4. Let (A, T(2)) be as in Theorem 6. If I and I, are closed ideals of
(A, T(2)) for which h(I;) nh(l,) = &, thenI; + I = A.

COROLLARY 5. Let (A,T(2)) be as in Theorem 6. Then, for each closed ideal I C A,
we have I = n{I+Nx | A € Ao}, where Ag = {AeA|h(I)nh(N,) £ D}.

PROOF. If I is a closed ideal of (A,T(2)), then, for each A € A, we have I + N, =
k(h(I+Ny)) =k(h(I)nh(Ny)). Now, our result follows from Lemma 12. O

By Theorem 3, each complete locally pseudoconvex star algebra is full. On the other
hand, there are also noncomplete full locally convex star algebras (by Example 5).
Therefore, the assumption that A is full is more general than the assumption that
(A, T(9)) is complete.

5. On quotient algebras. Let (A,T(2)) be a commutative locally m-pseudoconvex
algebra with the property (LC). If I is a (proper) closed ideal of (A,T(2)), then the
quotient algebra A/I is also a locally m-pseudoconvex algebra, if we define the topol-
ogy on A/I by the family 9 = {4x | A € A} of pseudonorms, where g, is defined by
dr(x +I) =infye;ga(x +y) for x +1 € A/I and A € A. Denote this topology by T(9).
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Furthermore, let Ny = kerga. We can define for each w € A(A/I) the mapping T, on
Aby Ty (x) =w(x+I), x € A. Itis easy to see that the mapping w — Ty, w € A(A/I),
is a homeomorphism from A(A/I) onto h(I).

The following lemma is easy to prove.

LEMMA 14. Suppose that (A,T(2)) has the property (LC) and let I be a closed ideal
of (A, T(2)). Then also (A/I,T(9)) has the property (LC).

THEOREM 7. Let (A,T(2)) be a commutative locally m-pseudoconvex algebra with
the property (LC) and let I be a closed ideal of (A,T(2)) for which h(I) + @. Then

(Tw | w e (NA)} = h(I) Nh(Ny). (11)

PROOF. Let w be an arbitrary element of h(N,). By Theorem 1 and Lemma 14, we
have |w(x +I)|% < gr(x +1) < ga(x) for each x € A. Thus, if u € I and v € N, are
given, then |To(u+v) ¥ = Jw(u+v+1) ¥ = Jw(v +I)|% < gx(v) = 0 which shows
that T € h(I+Ny) = h(I) nh(Ny). Thus, {Te | @ € R(N)\)} € h(I) nh(Na).

To prove the converse, let T € h(I) nh(N,) be arbitrary. Now, T € h(I) and, thus,
there is some w € A(A/I) such that T = T,,. We must show that w € h(N,).Let x+1I
N, be arbitrary. Then for each € > 0, there is some 7y, € I such that ga(x + 1) < €.
Now,

[0 +D " = |10 () [ = [T() | = [T+ 20 [N <aa(x+30) <e. (12)
This proves that h(I) "h(Na) C {Tw | @ € h(Ny)}.

Note that it may happen that h(I) nh(N,) = &. O

COROLLARY 6. Let (A, T(2)) andI be as in Theorem 6. Then the mapping w — T,
w € h(Ny), is a homeomorphism from h(Nx) onto h(I) nh(Ny).

Next, we consider the functional representation of the commutative locally m-
pseudoconvex algebra (A/I,T(2)). The Gelfand function (x + 1) on A(A/I) satisfies
the equation

(x +D(w) =X(Tw), weAA/D. (13)

Since h(I) = {1y, | W € A(A/I)}, we can see that (x +1)"= X|p) for each x+1 € A/I.
Thus, (A/I)"C Cs(h(I)). Lgt Ex = h(I) n h(Ny). Now, we can define the topology on
(A/IY" by using the family 9 = {&A | A € A} of seminorms, where fz,\, is defined by

qy=sup |X(T)[*, xecAandAecA. (14)

TEE)

We, obviously, have

THEOREM 8. Let (A,T(2)) be a commutative locally m-pseudoconvex algebra and
let I be a closed ideal of (A,T(2)) for which h(I) +# @. Then the Gelfand mapping
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X+1 = (x+I1)"= Xlpny), X +1 € A/l is a continuous homomorphism from (A/1,T(9))
into (Cw (h(I)),T(9)).

It is easy to see that the Gelfand mapping of A/I is an injection if and only if
k(h(I)) = I. Now, we give a sufficient condition for the property (A/I)"= C (h(I)).

THEOREM 9. Let (A, T(2)) be a normal locally pseudoconvex full star algebra and
let I be a closed ideal of (A, T(2)). Then the Gelfand mapping of A/I has the properties
@) (A/I)"=Cw Eh(I))-
(i) ga(x+1) =q,(X) foreachx+I1€ A/I and A € A.

PROOF. To prove (i), let g € C(h(I)) be arbitrary. We can consider g also as a
continuous functionon h(I) U {7} if we define g(T«) = 0. Now, h(I) U {T«} is a closed
subset of the normal space A(A,) = A(A) U{T}.By Tietze theorem, there is a function
G € C(A(A,)) such that Glu)uire; = g- Since A is full, we have A, = C(A(A,)). So,
there is an element (x,«) € A, such that (x,®)"= G. From the condition g(7«) = 0,
we get & = 0. Thus, there is x € A for which X, = g.

To prove (ii), we first assume that A has unit. Let x € A and v €I be arbitrary. Now,
y(t) =0forall T € h(I) nh(N,). Thus, we get

(X +y)=a (X +F) = 4\ (X+F) = G, (%). (15)
This implies that
ar(x+1) = infay(x +y) = q,(%) forallx+I€A/Iand A €A. (16)
ye

To prove the converse inequality let x € A, A € A, and € > 0 be given. Let U, = {1 €
A(A) | |®(T) =R (T")|* < € for some T’ € Ex}. Then U, is an open subset of A(A)
and, obviously, Ex ¢ Ux. Now, for each T € Uy, there is T' € E, such that |X(T)|* <
|%(T") %A + €. This follows from the definition of U, and from the obvious fact that
[|R(T)|* = |R(T") |} | < |R(T) =K (T')|*". Similarly, we can get an open neighborhood
V of h(I) such that, for each T € V, there is some T’ € h(I) such that |X(T)|* <
|%(T") ¥ + €. By Urysohn lemma, there is an element y € A such that 0 < 9(7) < 1 for
every T € A(A) and ¥(t1) =1 for each T € h(I) and ¥(71) =0, for each T € A(A)\V.
Let Vi = VnU,. Now, we can see that (xy) (1) = X(7) for all T € h(I) and, therefore,
x—xy €k(h())=1.So, x+I=xy+I and we get

A(x+1) =ar(xy +I) < qa(xy) = @A (XP) = sup [R(T)y(T) [
TAEVA (17)
= sup |R(T) K < sup |R(T) [ +€ = 4, (X) +e.
TEV) TEE)

Thus, ga(x +1) < &A(x), x +1 € A/I. Suppose that A does not have unit. Let I, =

{(x,0) € A, | x € I}. Now, we have (A./I,)"= C(h(I) U {T»}). Furthermore, let F) =
h(I) Uh(N)) U {Tw}. Then

ar(x+1) = Qa((x,0) +I) = sup | (T) ¥ = sup R (T) [ = 4, (%). (18)

TEF, TEE)

O

Theorem 9 is a generalization of the corresponding results for B*-algebras, (see
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[18, Ch. III, Cor. 10] or [20, Thm. 4.2.4]) and for locally convex star algebras with unit
(see [4]). There seems to be a mistake in [20] in the proof of Theorem 4.2.4. Namely,
it is not possible, in general, to take an element of A such that 7 (1) = 1 for every
T € h(I). This is possible if either I is regular or A has unit.
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