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INEQUALITIES VIA CONVEX FUNCTIONS
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ABSTRACT. A general inequality is proved using the definition of convex functions. Many
major inequalities are deduced as applications.
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1. Introduction. Kapur and Kumer (1986) have used the principle of dynamical
programming to prove major inequalities due to Shannon, Renyi, and Holder. See [1].
In this note, we prove a general inequality using convex functions. As a result, the
inequalities of Shannon, Renyi, Holder, and others are all deduced.

Let I be an interval in R, f: I — R is said to be convex if and only if, for all x, y €1,
allA,0<A <1,

fIAx+ A=Ay <Af(x)+(1=-A)y. (1)

Here, we give the following new definitions:
(@) Let f and g be two functions and let I be an interval in R for which f o g is
defined, then f is said to be g-convex if and only if, for all x, y € I, all A,
0<A<l1,

fIAGX)+(1-0)g(y)] <Afogx)+(1-A)fog(y). (2)

(b) If the inequality is reversed, then f is said to be g-concave.
If g(x) = x, the two definitions of g-convex and convex functions become identical.

THEOREM 1.1. Let f be g-convex, then
(i) if g is linear, then f o g is convex, and
(ii) if f is increasing and g is convex, then f o g is convex.

PROOEF.
()
feglAx+(1-2)y]=fl[Ag(x)+(1-2)g(y)]

3
<Afog(x)+(1=A)fog(y). 3)

(i)

feglAx+(1-2)y] < f[Ag(x)+(1-A)g(»)]

4
<Afog(x)+(1=A)fog(y). @
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LEMMA 1.1. Let f be g-convex and let >} 1 t;=T,=1,t;>0,i=1,2,...,n, then

f(ztigm)) =S tfeg(x). G)
i=1 i=1
PROOF
7S tiated) =4(1s S, 71 gt )
= 1 1 n-— = Tn_l 1 n n
n-1 )
STnlf( > Ttl g(xi)) +tnfog(xn)
i=1 “n-l
n-2 )
:Tn-zf<;::i l:zl Til_zg(xl-)+;;'_11g(xn_1)) +tnfog(xn) ©)

n-2 )
<Tn2f<. L g(Xi)) +tno1fog(xn-1)+tunfog(xn)

LEMMA 1.2. For any function g, the exponential function f(x) = e* is g-convex.

PROOF. Define

F(x) = AedX) 4 (1 _A)eg(y) —eAX)+(1-0g () 7)
Let
Gt)=0=-A)+At—t*, t>0. (8)
It follows that
G'(t)=A1-t""), G =A1-2)tM 2 9)

Thus, G'(t) = 0when t =1 and G (1) = A(1 — A) > 0. Hence, G has its minimum
value 0 at t = 1 and this implies G(t) = 0, t > 0. The result follows by putting F(x) =
eI G(edX)-9»)), O

COROLLARY 1.3. The function f(x) = In(x) is concave for if h(x) = e*, then, by
Lemma 1.2, h is f-convex. Hence,

M)+ A=IY < Aelnx 4 (1 —Q)e!™Y = Ax + (1-Ay). (10)
It follows that
Alnx+(1-A)Iny <In[Ax+(1-A)y]. (11)

2. Main inequality
THEOREM 2.1.

i f—"l (pi,)qi/z?ilqi - > Z?:l Piqu‘. (12)
j=1i=1 ! Yitiai

PROOF. If f(x)=e* and g(x) =Inx, then f is g-convex. By Lemma 1.2, we have
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17’_"1[ i ‘h/zl 19 _ eln(ﬂﬁl(pu)qi/zmlqi)

-
[

— eZﬁlln(mﬁq‘/Zl:lq' — eZﬂl(Qi/Zfﬁlqi)lnvu (13)

g ( ) Inp;j _ it 4ibij
i-1 >t ai >4

IA

Therefore,

if_n[ ) th/zl 19i ZJ lz-l 1Pijdi _ Zt IZJ lpllql (14)
1 Zl 14i Zl 149i

j=li=

3. Applications

THEOREM 3.1 (Shannon’s inequality). Given > a; = a, >.i2, b; = b, then

aln( ) ZaJn( ), ai, b; = 0. (15)

PROOF. Applying Theorem 2.1 by putting

b‘ m m
pij=— Jj=1, ai=a dai=a, > b;=b, (16)
ai : :
i=1 i=1
we have
mo ai/ 1) a; S™ b
[T(= <S5 (17)
o1 Nai Zizl ai
That is
m N\ aila
11 (&) b (18)
o1 i a
It follows that
a & /a;\%e
2<T1(3) (19)
b \bi
Hence, we get
a Ui a;
aln(f) < Zailn(i). (20)
b i=1 b;
O

THEOREM 3.2 (Renyi’s inequality). Given > %, a; = a, >ty b; = b, then, for c > 0,
x#1,
1 ol l-x S 1 x1,]l-x
ﬁ(a b —a) < gﬁ(ai bi —ai), al‘,bl‘ZO. (21)

PROOF. Applying Theorem 2.1 with i = 2, p1j =cj, p2j =dj, g1 = A, g2 = 1 = A,
0 < A <1, we have

[\/]§

m

A l*)\
. cldj
j=1

(Acj+(1-A)d,). 22)

[
Il
—_
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On putting ¢ = (a;/ X, a;) and d; = (b;/ XL, b;), inequality (22) implies
m Mmoo NA,m o\ 1-A
Sa s (Sa) () 3

and this gives

Apl-A m
ab LS, (24)

Thus, for the case 0 < & < 1, the theorem follows from inequality (24) by setting A = «.
Now, inequality (23) implies

A, m =12 m
(Za"bl A) (ij) <> aj. (25)
i i
Let a}b; ™" = ej, A = 1/, then inequality (25) gives
1 m X, m 1-«x 1 m
M(Zej) (Z%‘) = aop2ebi e (26)
i i i

This completes the proof of the theorem. O

THEOREM 3.3 (Generalization of Holder’s inequality).
n m ) m n ai m
ZH(PL'J')%SH(ZPU') . >ai=1. (27)
j=li=1 i=1 \j=1 i=1
PROOF. Applying Theorem 2.1 with p;;/>_; pi; instead of p;;, we get
pi ai m n pii m
zn( L) <3 (3 () )a- Samn, 8)
j=1 2j-1Pij i=1

21 1Pij i=1

which implies

a;
pij) . (29)

m 1/m m
(nxi) < %in. (30)
i=1 i

PROOF. Applying Theorem 2.1, with j =1, p;j = x4, q; = 1. O
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