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GENERALIZATIONS OF HARDY’S INTEGRAL INEQUALITIES
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ABSTRACT. This paper deals with some new generalizations of Hardy’s integral inequal-
ities. Some cases concerning whether the constant factors involved in these inequalities
are best possible are discussed in some detail.
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1. Introduction. Hardy et al. ([2, Ch. 9]) proved the following integral inequalities:
if
1 1 0
p>1, E+a:1, f(x)=0, and O<J fP(x)dx < o, (1.1)
0
then
00 1 X 14 00
J (71 f(t)dt) dx <q’”J fP(t)dt, (1.2)
o \x Jo 0

where the constant g” in (1.2) is best possible.
The dual form of (1.2) is as follows:
if
O<I (xf(x))Pdx < oo, (1.3)
0

then

I: (J:f(t)dt>pdx <p? J: (tf()"dt, (1.4)

where the constant p? in (1.4) is still best possible.

Both inequalities (1.2) and (1.4) are known as Hardy’s integral inequalities. They play
an important role in mathematical analysis and its applications. Recently, Yang et al.
[1] gave some new generalizations of (1.2) which can be stated as follows:

For any a and b, (0 < a < b < ), the following inequalities hold:

Jo Gl roae) ax<ar 1= (5) T [ 1w 0

J: (%fo(t)dtydx<qu:[1_9n(t)]f”(t)dt(0<9p(t) <1); (1.6

[ pwae) ax<ar 1 (1) "] o .
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The main objective of this paper is to consider some cases whether the constant
factors involved in (1.5), (1.6), and (1.7) are best possible. This is followed by some
more new generalizations of (1.4), (1.5), (1.6), and (1.7).

2. Best possible constant factors. This section deals with calculations of the best
possible constant factors involved in (1.5), (1.6), and (1.7).

THEOREM 2.1. Ifb>a>0,p>1,(1/p)+(1/q) =1, f(x)=0,and0 < fabfp(x)dx
< o0, then

J: (% fo(t)dt)pdx <a’ny(a,b) J:f”(t)dt, @.1)
where the constant
np(a,b) _({2?37{;t1/q beflfl/Q[l— (i)l/q]pldx} 2.2)
and
) wen<[-@)T e

PROOF. In view of the proof given in [1, Thm. 2.1], we have

(2 s avsa [ {Jonfi(2)"] aemon

Y (2.4)
=61”J gp (D) fP (t)dt,
a
where the weight function g, (t) is defined by
1 b a 1/gqp-1
gp(t) = at””’f x’l’”q[l— (;) ] dx, tela,bl. (2.5)
t

Setting np(a,b) := max,<i<p gp (), since g, (t) is a nonconstant continuous function,
then by (2.4), we have (2.1). Since g, (b) = 0, and for any ¢ € [a,b),

1 b a 1/qqp-1
gp(t)<ft1/qJ( x’l’”q[17<f) ] dx
a t b

_ _tllq[l_(%)Uq]pil[b%/q_t*l/q] (2.6)

-3 <)

then n,(a,b) < [1-(a/b)'/4]P. Since
(&) Fa- (&) T a2
@ -G T

and g, (a) > 0, then we have n,(a,b) > gy(a) = 1/p[1 - (a/b)'/1]?. This completes
the proof. O
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REMARK. This theorem implies that the constant factor g?[1— (a/b)'/1]? in (1.5)
is not best possible, and the best value of k,(a,b) for which (1.5) exists is bounded.
More precisely,

a 1/aqp
0 <ky(a,b) <a’n,(a,b) <q”[1—(5) ] . 2.8)

THEOREM 2.2. For any a,b > 0, the same constant factor q¥ in (1.6) and (1.7) is best
possible.

PRrROOF. If the constant g¥ in (1.6) is not best possible, then there exists K(0 < K <
q"), such that

Lw (L J:f(t)dt)pdx < KJ: [1-0,()]f7 (1)dt < KJ: fFmde. 29

Since {q/[1—-€(q—1)]}P(1 —epq/(1 +€)) — g” (e — 0F), then there exists a small
number €(0 < € < p—1), such that {g/[1-€(g—1)]1}?[1-(epq/(1+€))] > K. Setting
fe(t) =t=1+6/P t € [a, ), we obtain

Jmfe”(t)dt = éa*f, (2.10)

and by Bernoulli’s inequality (see [4, Ch. 2.4]),

J, G [rwar) ax=(1-25) " [T i (5) T

-p (oo 1-(1+e)/p
><1fli) J x’”*“[lqo(g) ]dx (2.11)
p x

a

et (- 2 e

This is a contradiction, and hence the constant factor g” in (1.6) is best possible.
If the constant factor g” in (1.7) is not best possible, then there exists K(0 < K < g¥),
such that

J: (%J;ff(t)dtydx < KJ:fp(t)dt- 2.12)

There exists a number € (> 0), such that [q/(1+eq—€)]? > K. Setting f.(t) = t-1-€)/p,
t € (0,b], then we obtain féafep(t)dt = (1/€)b¢, and

(L1 pwar) a a1y " 2.13

— t)ydt =|——] -b*>K t)dt. .

Jo (xjofE() ) X <1+eq—e) € IofE() (2.13)

This is a contradiction, and the constant factor g” in (1.7) is best possible. The theorem

is proved. O
3. Some new general inequalities. We first prove two lemmas.

LEMMA 3.1. Leth>0,p>1,(1/p)+(1/q) =1, f(x) =0, and0 < [} (x.f(x))Pdx <
co. Then there exists a number xq € (0,b), such that for any x € (0,xg), the following
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inequality is true:

b 14 1 b
(J f(t)dt) <pP=D(x"VP _p-lr)P- J tPLP £P (1) dt. (3.1)

PROOF. For any x € (0,b), by Holder’s inequality, we have

v 14 b p
<I f(t)dt) =[J t(l”+1>/an(t)t—(ml)/pth]
b b ria
sj t(”“”qf”(t)dt” t’“’“””dt) (3.2)
x x

b
= pr (=P [ el e at,
X

We have to show that there exists xg € (0,b) such that for any x in 0 < x < xg, the
equality in (3.2) does not hold. Otherwise, there exists x = x, € (0,b), n =1,2,3,...
and the sequence {x,} decreases to zero such that (3.2) becomes an equality. More-
over, there exist ¢,, and d,, which are not always zero such that (see [3, p. 29])

cu[tPTVIPAF(1)])P = dp (t- PP ae.in [xp,b]. (3.3)

But f(t) # 0, a.e. in [0,b], then there exists an integer N, such that for any n > N,
f(t) 0, a.e. in [xy,b]. Hence both ¢, = ¢ # 0, and d,, = d # 0, for any n > N, and
then

b b d b
J (tf(t))Pdt = limJ (tf(t))Pdt = - lim | ¢'dt = . (3.4)
0 n=oJxy n—co

Xn

This contradicts the fact that fé’ (xf(x))Pdx < co. Thus, (3.1) is valid. The lemma is
proved. O

LEMMA 3.2. Leta>0,p>1,(1/p)+(1/q) =1, f(x) =0,and0 < [ (xf(x))"dx <
o0. Then there exists xg € (a, ), such that for any x € (a,xy),

(J:of(t)dt)p <pPlxl/a thﬂ*”ﬁfﬂ(t)dt. (3.5)

PROOF. We have, by Holder’s inequality as in Lemma 3.1, and for any x € (a, ),

(J:of(t)dt)p <pPix-la thﬂ*”ﬁfﬂ(t)dt. (3.6)

We show that there exists x( € (a, ), such that (3.6) does not assume equality for
any x € (a,xo). Otherwise, there exists x = x,, € (a,»)(n = 1,2,...), x, ! a, such
that (3.6) becomes an equality. By the same argument as in Lemma 3.1, there exists
¢ > 0and N, such that for any n > N, [tP+D/Paf(1)]? = c(t-P+D/PD)4 g.e,in [x,, ),
and hence [, (tf(t))Pdt = clim,_« [, (1/t) dt = . This is a contradiction. Inequality
(3.5) is true. The lemma is proved. O

THEOREM 3.1. Let b>a>0, p>1,(1/p)+(1/q)=1, f(x)=0, and 0<[’ (x f (x))Pdx <
o0

Then

Lb (ij(t)dt>”dx <pPuy(a,b) J: (L () dt, 3.7)
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where
t
Up(a,b) = max{lt’l/pj (x’””—b’”"’)”*ldx} (3.8)
ast<b L P a
and
1 a\l/rir a\i’/ryr
;[1‘(5) | smian <[1-(3) 7] (3-9)

PROOF. Using inequality (3.2), we obtain

Jj (ij(t)dt)pdx <pP! Lb (x~1p ,hfl/p)ﬁfl Jb PP £P (1) dt dx

X

b t
:pp—lL {t—l/pj (X—I/P_b—l/P)”’ldx}(tf(t))”dt (3.10)

) a
- p”L Iy (1) (L (D) dt,

where the weight function h, (t) is defined by
t
hy(t) = %t’”pj (x~YP —b’”’”)p*ldx, tela,bl]. (3.11)
a

Setting py(a,b) := maxa<t<p hp (1), by (3.10), we have (3.7). Since h,(a) = 0, and for
any t € (a,b],

t 1/pqp-1
hp(t)=lt’””J x’“”’”[l—(f) ] dx
p b

a

1 t a\l/pp-1
<*t_wf X—1+1/n[1_<,> ] dx (3.12)
P b

a

3B )<l

then we have p,(a,b) < [1-(a/b)'/P]?. Since

== (5) LG - (6)

(3.13)
1/t\P a\l/rir t\/PqP
@) -G -G T
then we have
1 a\l/rir
Hp(@,b) = max by (t) = hy (b) = 5[17(5) ] . (3.14)
This completes the proof. O

REMARK. It follows from this theorem that the best value A, (a,b) for which in-
equality (3.7) exists is bounded, that is,

O<?\p(a,b)sp"’up(a,b)<p”[1—(%)up]p. (3.15)



540 Y. BICHENG AND L. DEBNATH

THEOREM 3.2. Leta>0,p>1,(1/p)+(1/q)=1, f(x)=0,and0< [; (xf(x))Pdx <

co. Then
Lm (J:f(t)dt>pdx < J: [1_ (%)W](tﬂt))”dt, (3.16)

where the constant factor p? in inequality (3.16) is best possible.

PROOF. By inequality (3.5), we have

J: (J:f(t)dt)pdx<ppflj:xfl/qjmtnfl/pfp(t)dtdx

X

=pr! J: (J:xl/qu)t""””f”(t)dt (3.17)

[ [(8) Jerora

Inequality (3.16) is true. If p? in (3.16) is not possible, then there exists K(0 < K < p¥?),
such that

a

J: (J:f(t)dt)pdx < KJ: [1 - <?)W] (tf()Fdt < KJ: (tf()Pdt.  (3.18)

There exists a small number € > 0, such that p?[1/(1 +€)P] > K. Setting fc(t) =
t~1-1+9/P t € [a, ), then we have [ (tfe(t))?dt = (1/€)a"¢, and

([ st ax=pr A Lok Sy 6o

(1+€)? €
This is a contradiction, and the constant factor p? in (3.16) is best possible. This
proves the theorem. O

THEOREM 3.3. Leth>0,p>1, (1/p)+(1/q) =1, f(x)=0, and 0< [ (xf(x))Pdx <
o, Then

J:(ij(t)dt)"dx<pn J:up(t)(tf(t))”dt, (3.20)

where the weight function p, (t) = (1/p){1—[1-(t/b)YP1P}(b/t)'/P, t € (0,b], and
0 < up(t) < 1; the constant p? in inequality (3.20) is best possible. When p = 2, inequal-
ity reduces to the form

J:(ij(t)dt>zdx<4jj (1;\/5)(tf(t))2dt_ 3.21)

PROOF. In view of (3.1), we find

b b p b , b

J (J f(t)dt) dx<p"’"lj (x~VP —p=liry? J tPUP fP ()dt dx
0 X 0 X

_pp-i Jh Ut (x- 1P _b—l/n)r’*ldx] tP=UP P (1) dt
0 0

) ppflj(f{ﬁx*lﬂ/ﬂ[l— (%)Hp]p—ldx}(%)UP(tf(t))pdt

b
= v”fo tp () (t£ (1)) dt,
(3.22)
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where
1 (\LPPy s p\ P
Hp (£) .—;{1—[1—(5> ] }(;) , te(0,b]. (3.23)
By Bernoulli’s inequality, we have
1 t 1/p b 1/p

Inequality (3.20) is true. Since u»(t) =1-(1/2)+/t/b, inequality (3.21) is also true.
If the constant factor p? in (3.20) is not best possible, then there exists K(0 < K <
p¥?), such that

Jb (be(t)dt>pdx < Kjobup(t)(tf(t))pdt < KJ: (tf()Pat. (3.25)

0 X

There exists a small number €, (0 < € < 1), such that p?(1/(1-€)?){1—€ep/le+ (1 -
€)/p]} > K. Setting f.(t) = t"1-0-9/P t € (0,b], we obtain f(f’(tf(t))”dt = (1/€e)bE,
and by Bernoulli’s inequality,

Job (ijf(”dt)pd’“ =P —le)v Johx_“e !

b
>p"’71 J x’”e[l—

|
—
RS
N———
n
2
<
[
=
ISV
<

p
(3.26)
1 €Ep
. 4 —
=p (1—€)r {1 6+(1€):|

b
>KJ (tfe(t))Fdt.
0

This is a contradiction, and the constant factor p? in (3.20) is best possible. This
completes the proof. O

REMARK. (1) In the limits a — 0, b — oo, inequalities (3.7), (3.10), (3.16), and (3.20)
reduce to (1.4).

(2) Inequalities (3.7), (3.10), (3.16), and (3.20) are new generalizations of (1.4).

(3) Inequalities (1.4), (3.7), (3.10), (3.16), and (3.20) represent a class, whereas (1.2),
(1.6), (1.7), and (2.1) form another class. The constant factors involved in these two
classes of inequalities are shown to be best possible except (2.1) and (3.7).
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