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ABSTRACT. We study the oscillatory behavior, the periodicity and the asymptotic behavior
of the positive solutions of the system of two nonlinear difference equations x,+1 = A+
Xn—-1/¥Yn and Yn+1 = A+ Yn—1/xn, where A is a positive constant, and n =0, 1,....
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1. Introduction. In [3] Kulenovic, Ladas and Sizer studied the global stability char-
acter and the periodic nature of the positive solutions of the difference equation

XXn +BXn-1

=0,1,... 1.1
yxntoxn 1’ 01,..., (1.1)

Xn+1 =
where «, 8,y,0 are positive constants and x_1,xo > 0.
In [1] Amlech, Grove, Ladas and Georgiou studied the global stability, the bounded-
ness and the periodic nature of the positive solutions of the difference equation

Xpsp = A+ 0L 1.2)
Xn
where A is a nonnegative constant and x_;,x( > 0. Equation (1.2) is different from (1.1)
since in this special case ¢ is considered equal to zero.
In this paper, we generalize the results concerning equation (1.2) to the system of
two nonlinear difference equations

X = A+L oy =Ar2EL n0,. (1.3)

n Xn

where A is a nonnegative constant and x_1, X9, Y-1, )0 are positive numbers.

We note that if (x,,y,) is a solution of (1.3) such that x_; = y_1, x¢o = »0, then
Xn = Yn, n=-—1,0,... and so x, is a solution of (1.2).

Moreover, if (uy, p2) is a positive equilibrium of system (1.3), then

(c,c)=(1+A,1+A), if A#1,

(py, p2) = ( (1.4)

U;ﬁ); UE(LOO), lfAzl-
Observe that if A =1 we have a continuous of positive equilibriums which lie on the
hyperbola p p> = py + p2. Moreover, if (x,,y,) is a solution of (1.3) eventually equal
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to (¢,c), then (xy,,yn) = (c,c) for all n = —1,0,.... We call this solution the trivial
solution.

A function z,, : N - R* oscillates about z € R* if for every T € N there exist s,m €
N, s > T, m > 7 such that (z; — z) (z;, —z) < 0. We say that a solution (x;, y,) of (1.3)
oscillates about (uy,u2) if x, (resp., v,) oscillates about p; (resp., po).

In this paper, first we find conditions so that a positive solution (xy,y,) of sys-
tem (1.3) oscillates about (u,u2). Moreover we prove that system (1.3) has periodic
solutions of period 2 if A =1 and we find necessary and sufficient conditions so that
a solution of system (1.3) is periodic of period 2. Also, we find conditions so that a
positive solution of system (1.3) tends to (ui,u2) as n — co. Furthermore, if A <1 we
prove that system (1.3) has unbounded solutions, if A = 1 every positive solution of
system (1.3) tends to a period 2 solution of (1.3) and if A > 1 the positive equilibrium
(c,c) of system (1.3) is globally asymptotically stable.

2. Main results. Now we prove our main results. In the first proposition we study
the oscillatory behavior of the positive solutions of (1.3).

PROPOSITION 2.1. A positive solution (xy,Yyn) of system (1.3) oscillates about
(u1,p2) if there exists an s € {0,1,...} such that one of the following conditions is
satisfied:

() x5 = p1, Vs = M2, Xsp1 < M1, Vi1 < Uz,
() x5 <1, Vs < M2, Xsi1 = M1, Vsl = M2,

(iil) X5 > pr, Yo = M2, Xop1 = M1, Yso1 < P2, Vs > —Axgr +(1/ (U1 —A))xZ,,,

(iv) Xs = p1, Vs < H2y Xs+1 = M1, Vi1 2 M2, Ysi1 > (1/ (11 — A)) X5,

(V) X5 = M1, Vs = U2y Xsi1 < H1, YVsi1 = M2, Xg > —AYsi1+(1/ (U2 *A))y52+1y

(Vi) X5 < M1, Ys = U2, Xsi1 = H1, Vsl = M2, X1 > (1/ (U2 — A)) ys,

(Vi) X5 < p1, Vs < M2y Xsa1 2 M1, Vse1 < Hz, Xs < —Aysir+(1/ (2 —A) y2,,,

(Viil) X5 < H1, Vs < Mo, Xs+1 < H1, Vo1 = M2, Vs < —Axeer + (1/ (11 —A)) x5,

(x) x5 > p1, Ys <Mz, Xs11 <M1, Vs+1 < M2, X541 < (1/ (2 —A)) ys,

(X) X5 <H1, Vs = Ho, Xs+1 < H1, Vse1 < M2, Ysr1 < (1/ (k1 —A)) X5,
(Xi) X5 = 1, Vs < M2, Xs41 < M1, Vs+1 = M2, Vse1 > (1/ (1 —A)) X5, Vs < —AXsi1 +
(1/ (1 —A))xE,y,
(i) x5 = p1, Ys < M2, Xg41 < M1, YVs+1 = U2, Xsq1 < (1/(H2 —A)) Vs, Xs > —AYsi1 +
(1/(p2—A))¥2,y,
(xill) x5 < p1, YVs = U2, Xgp1 = M1, Yse1 < M2, Xsq1 > (1/(H2 —A)) sy Xs < —AYsi1 +
(1/(u2—A)) 2.,
(Xiv) X5 < p1, Vs = M2y Xs+1 = M1, Ysi1 < M2, Ys1 < (1/ (1 —A)) X5, Vs > —AXgi1 +
(1/ (1 —A))x2, ).

PROOF. (i) Using (1.3) and (1.4) we can easily prove that
Xsiok Z M1, Vs+2k = M2, Xgi2ke1 < M1,  YVseok+1 < M2, k=0,1,... (2.1)

from which the solution (x,,y,) oscillates about (uy,u2).

(ii) The proof is similar to the proof of (i).

(iii) It holds, ys > —Axg1 + (1/ (i —A))xS2+1 > (U2 — A)Xs41. Then, from (1.3) and
(1.4), X542 > U1, Ys+2 > Up. Moreover, since vy > —Axs1+(1/( —A))fo, from (1.3)
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and (1.4) we have, xs43 < U1, Vi3 < H2. Therefore, from (i) the solution (x;,yy)
oscillates about (uq, u2).

(iv) From (1.3) and (1.4) and since y+1 > (1/(u1 —A))xs we have X2 < U1, Vsi2 <
Uo. Then, from (i) the solution (x;,yy) oscillates about (uy, o).

The proofs of (v), (vii), (viii) are similar to (iii), the proofs of (vi), (ix), (x) are similar
to (iv).

(xi) From (1.3) and (1.4) and since yg.1 > (1/(u; —A))Xs, Vs < —Axsi1+(1/ (1 —A))
fo < (Up —A) X541, we can prove that x.2 < U1, Ysi+2 < Uz. Then from (x) the solution
(xn,Yn) oscillates about (uy,uz2).

The proofs of (xii), (xiii), and (xiv) are similar to (xi). O

In the following proposition we study the existence of period 2 solutions of (1.3).

PROPOSITION 2.2. (i) Suppose that system (1.3) has a nontrivial solution (x,, yy) of
period 2. Then A = 1.

(ii) Let A = 1. Then the solution (x,,yy) of system (1.3) is periodic of period 2 if and
only if

-1 _ X1
y71_11 yo_xfl_l-

x_1#1, Yo #1, Xo = (2.2)

PROOF. (i) Let (xy, ) be a nontrivial solution of system (1.3) such that x> = x,,
and V42 = Yn, n € {0,1,...}. Then, from (1.3), we have for n € {0,1,...}

Xn-1(yn—1) =Ayn, SO Xu_1 <A+ In_ _ 1) = Ayy,
Xn-1
X (2.3)
Yn-1(Xn—1) = Axpn, SO Yn_1 (A+ n _1) = Ax,
Yn-1
from which it follows that
(A— 1)(Xn71 _yn) =0, (A- 1)(3’11—1 _xn) =0, n=0,1,.... (2.4)

Since (xy, ) is a nontrivial solution of (1.3) there exists an n € {0,1,...} such that
Xn-1+# Yn OF Yn_1 # Xn. Then, from (2.4), A = 1 and the proof of (i) is completed.

(ii) If x5, Yn, n=-1,0,... are periodic functions of period 2, then x_; = x1, y_1 =
1. Hence, from (1.3) for A = 1, it is obvious that (2.2) are satisfied. Conversely, if (2.2)
holds, we can easily prove by induction that x,+2 = X5, Yn+2 = ¥n, n=—-1,0,.... This
completes the proof of the proposition. O

In the following proposition we find positive solutions of system (1.3) which tend
to (M1, H2) as 1 — co.

PROPOSITION 2.3. Let (xy,Yn) be a positive solution of system (1.3). Then, if there
existsan s € {—1,0,...} such that forn > s, x, > ty, Yn = l2 (resp., Xn < U1, Yn < U2),
the solution (xy,yy) tends to the positive equilibrium (uy, u2) of system (1.3) asn — oo.

PROOF. Let (x5, V) be a positive solution of system (1.3) such that

Xn =, YnZ=ZH2, N5, (2.5)
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where s € {—1,0,...}. Then from (1.3) and (2.5) we get

Xn-1 Xn-1

Xnt1 =A+— <A+ , Mm>s. (2.6)
Yn H2
We can prove that the solution u,, of the difference equation
Unr = A+ 271 s 2.7)
H2
such that
Us = Xs, Usi1 = Xs+1 (2.8)
is the following:
Au- n/2 n/2
Up =0p+ H =0y + U, crn:cl(—> +cz<——> s (2.9)
H2—1 20 U2

where c1,c, depend on x;,Xxs.1. Moreover, relations (2.6) and (2.7) imply that
Xnpsl—Unsl < w, n>s. (2.10)
2

Then, using (2.8) and (2.10) and working inductively, it follows that
Xn<Unp, N=S. (2.11)

Therefore, from (2.5), (2.9), and (2.11) and since 0, — 0 as n — oo, it is obvious that

713_1}’1 Xn =M. (2.12)
Similarly we can prove that
lim 5y, = pio. (2.13)

So, from (2.12) and (2.13), the solution (x,,y,) tends to (u;,uz) as n — co.
Arguing as above we can easily prove thatif x,, < uy, v, < u2 forn = s, then (x,, v»)
tends to (uy,u2) as n — oo. This completes the proof of the proposition. O

In the following proposition we study the stability of the positive equilibrium (u1, p2)
of system (1.3).

PROPOSITION 2.4. Consider system (1.3). Then the following statements are true:
(i) If 0 < A < 1, the unique positive equilibrium (c,c) of (1.3) is not stable.
(ii) If A > 1, the unique positive equilibrium (c,c) of (1.3) is locally asymptotically
stable.
(iii) If A =1, then for every u € (1, ) there exist positive solutions (X, yn) of (1.3)
which tend to the positive equilibrium (u,pu/(u—1)).

PROOF. (i) The linearized system of (1.3) about (c,c) is the following

0 ¢! -t o
1 0 0 0
Vns1 =Bvy, B= 1 0 ¢!

_C_
0 1 0

0 (2.14)
0
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The characteristic equation of the matrix B is

42 2A+3 1

4
A (A+1)2 " (A+1)2

=0. (2.15)

Since 0 < A < 1, then from [2, Theorem 1.3.4, page 11] there exists a root of (2.15) of
modulus greater than 1. So (c,c) is not stable. This completes the proof of part (i).
(ii) Since A > 1, by applying again [2, Theorem 1.3.4, page 11] all the roots of (2.15)
are of modulus less than 1. Therefore (c, c) is locally asymptotically stable from which
the proof of part (ii) is completed.
(iii) Consider a u € (1, ). The linearized system of (1.3) about the positive equilib-
rium (u,p/(pu—1)) of (1.3) is

p-1 _(u-1)°

0 — 0
H H

1 0 0 0
Vnp+1 =Bvy,, B= 1 (2.16)

- 0 0 -1

p(p—1) H
0 0 1 0
The characteristic equation of the matrix B is
2 —_ _

x-ar(# o 1)+“u21 - 0. (2.17)

We can easily prove that equation (2.17) has the following roots: 1,-1, Ju—1/y,
—(y/u—1/u). Then since two roots of (2.17) are of modulus less than 1 there exist
positive solutions of (1.3) which tend to the positive equilibrium (u,u/(u—1)) of (1.3).
This completes the proof of the proposition. O

In what follows we study the asymptotic behavior of the positive solutions of sys-
tem (1.3) when0<A<1,A=1, A>1.

CASE 2.5 (0 < A < 1). Inthis case, we find positive solutions (x, ¥, ) of system (1.3)
which are not bounded.

PROPOSITION 2.6. Consider system (1.3) where 0 < A < 1. Let (xy,,Yn) be a positive
solution of system (1.3) such that

1
1 1 1> — _ . 2.1
o<1, Xo<l,  Xa>7377,  Ya>7T4 (2.18)
Then,
lim x2441 = o0, lim x7, = A, lim yoy11 = oo, lim y,, = A. (2.19)
n—oo n— oo Nn—oo n—oo

PROOF. We prove by induction that

Xontl > A+Xon-1, Xon <1, Yons1 >A+Yon-1, Y <1, n=0,1,.... (2.20)
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From (1.3) and (2.18) it is obvious that (2.20) are satisfied for n = 0. Suppose that (2.20)
hold for n € {0,1,...,s}. Then, from (1.3) and (2.18), we have

1
Xosso = A+ 2B A+ — <1, o<l 2.21)

Yos+1 -1
Therefore, relations (1.3) and (2.21) imply that

X25+1
Yos+2

Xos13 =A+ > A+ Xo541, Y2543 >A+_’)/25+1. (2.22)

Hence (2.20) are satisfied.
If A # 0, then, from (2.20), it is obvious that

lim xop1 =00, 1M yopi1 = co. (2.23)
From (1.3) we have
Xop= A+22022 o Ay 22 (2.24)
Yon-1 X2n-1

Relations (2.20), (2.23), and (2.24) imply that

lim x0, = A, lim y», = A. (2.25)

N—oo n—oo

Using (2.23) and (2.25) the proof is completed if A # 0.
Now let A = 0. Using (1.3), it holds

Xon+1 = %, Xon2 = y)::if Yol = y;;:l, Yons2 = XJ;Z:I (2.26)
From (2.18) and (2.20) there exist
}Lil'l;loXZn+l =1, }Ligrgoyzn+1 =Ly, Li,Lre(1,00]. (2.27)
If L1 < oo (resp., Ly < o), then from (2.26) we have,
1111_1.1303/2" =1, L, =1, (resp., Vllizr(}oxz” =1,L,=1) (2.28)
which contradicts to the fact that L; > 1 (resp., L, > 1). Hence
L; = oo, Ly = co. (2.29)
Then, from (2.20), (2.26), and (2.29), it follows that
71115510 Xop = %iII}OyZn =0. (2.30)

Therefore from (2.27), (2.29), and (2.30) the proof of the proposition is completed. O

CASE 2.7 (A =1). In this case, we prove that every positive solution of (1.3) tends
to a period 2 solution.

We need the following lemma.
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LEMMA 2.8. Let A =1 and (xy,Yn) be a positive solution of system (1.3). Then, the
following statements are true:
(i) If x_1y0 < yo+x_1 (resp., Xx_1Yo = Yo+ X_1), then the sequences Xy 11, YVon are
nondecreasing (resp., nonincreasing).
(ii) If y-1x0 < X0+ -1 (resp., y_1Xo = Xo + y-1), then the sequences X2y, Yon+1 are
nondecreasing (resp., nonincreasing).
(iii) There exist

. . L
lim xopiq =L, lim yop = —1T
M (2.31)
%ijfoloxm:M, }Liggloyzn+1=ﬁ, LM e (1,00).
PROOF. (i) If x_1y0 < yo+x_1, then from (1.3) we have
X_1 =< X1. (2.32)
Now, suppose that for a k € {0,1,...}
X2k-1 < X2k+1- (2.33)
Using (1.3), it follows that
+X 1- -
Xokes — Xopsy = 22k2 2kt (1= Yoke2) _ Yoreo = Yok (2.34)
V2k+2 Y2k+2
Similarly, we take
X — Xok—
Yok+2 = Yok = T2kl TRk (2.35)
X2k+1
Therefore relations (2.33), (2.34), and (2.35) imply that
X2k+1 < X2k+3- (2.36)

Since (2.32), (2.33), and (2.36) hold, then by induction we take that x,.1 is a nonde-
creasing function. Then from (2.35) y», is also a nondecreasing function. Similarly, if
X_1Y0 = Yo+ X_1, we can prove that x2,1, Y2, are nonincreasing functions.

(ii) The proof is similar to the proof of (i).

(iii) From (i) and (ii) we have that x25,+1, V2n (resp., X2n, YV2n+1) are both nondecreas-
ing or both nonincreasing functions.

Suppose first that x,,.1, V2, are nondecreasing functions. Then there exist

lim xop41 =L, lim 32, =N, LN & (1,00]. (2.37)

Furthermore, from (1.3) we get

Xon—
Xomer = 1+ 22050 =1 22 (2.38)
Yon X2n+1

From (2.37) and (2.38) we have

L#+o and N# o or L=o and N = oo. (2.39)
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Suppose that L = o0 and N = c. Then relations (2.38) imply that

lim X271 _ iy 221 _ (2.40)
n=0o Yon n— Xopt+1

from which it is obvious that

lim 2277 _ i 220 _ o (2.41)
n—=o0 Xopsl N7 Yopg2

which contradicts to the fact that x2,1, V2, are nondecreasing functions. Therefore
from (2.38) and (2.39) we have

L
L-1°

Similarly, if x2,, y2n+1 are nondecreasing functions, we can prove that there exist

L#o0o, N#oo, N= (2.42)

M
—, Me(1 . 2.4
T (1,00) (2.43)
Now, suppose that x7,,.1, Y2, are nonincreasing functions. Then there exist

lim xp, = M, lim you41 =
n—oo

Nn—oo

}}_{nXZnJrl =L, Vllignyzn =N, L, Ne[l, ). (2.44)
Then, from (2.38), it is obvious that
L41, N=-L_ (2.45)
’ T L-17 )

Similarly, if x>y, Y241 are nonincreasing functions, we have that (2.43) are satisfied.
Therefore, from (2.37), (2.42), (2.43), (2.44), and (2.45), the proof of (iii) is completed.
This completes the proof of the lemma. O

Using Proposition 2.3 and Lemma 2.8 the following proposition follows immedi-
ately.

PROPOSITION 2.9. Consider system (1.3) where A = 1. Then the following statements
are true:
(i) Every positive solution of system (1.3) tends to a period 2 solution as n — o.
(ii) Moreover, if for a positive solution (xy,y,) of system (1.3) there exist an s €
{=1,0,...} and a pu € (1,%) such that form > s xp, > U, yn = u/(u-1) (resp., x, <
U, yn < p/(u—1)) then xy,, (resp., yyn) tends to u (resp., u/(u—1)) asn — .

CASE 2.10 (A > 1). In the following proposition we prove that the positive equilib-
rium (c,c) of system (1.3) is globally asymptotically stable.

PROPOSITION 2.11. Consider system (1.3) where A > 1. Then the positive equilib-
rium (c,c) of system (1.3) is globally asymptotically stable.

PROOF. We prove that every positive solution (x;,yy) of system (1.3) tends to the
positive equilibrium (c,c) of (1.3) as n — . First we prove that for n =1,2,...,

n 1 n A2
Jorel-Gz) ity

n 1 n AZ
) rel-72) i

A<xy < cl(
(2.46)

o= -

A<ynSC3<
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where
cl—%(xo+\/ZxI—AA—_21(1+\/K)),
S )
cs = %(yOJrJXyl—AA_Zl (1+x/Z)),
= %(yo_\/zyl_AA—:(l_@))'

From (1.3) it is obvious that
A<xn,Yn, n=1.
Then, using (1.3) and (2.48), we get

Xn—
Xn+1 <A+ ’;‘1, n=1.

We can easily find that the solution u,, of the difference equation

Un-1
Uni1 = A+ 2 , nx=1,

such that 1y = xo, u; = x1, is the following

Up=c <L)n+c (—L>n+A72 n=0
n — t1 \/Z 2 \/Z A-1’ = U.

847

(2.47)

(2.48)

(2.49)

(2.50)

(2.51)

Then, from (2.48), (2.49), (2.50), and (2.51) and arguing as in Proposition 2.3, we can
prove that the first inequalities of (2.46) are satisfied. Similarly we can prove the sec-

ond inequalities of (2.46) are satisfied.
From (2.46), we can set

limsupx, =L, li%ninfxn =my, limsup y;, = Lo, liy{ninfyn =my.

Nn—o

Relations (1.3) and (2.52) imply that

n—oo

LlsA+1fT12, m12A+T—;, L25A+7];T21, m22A+T—12.
Relations (2.53) imply that
(A-1)(L1-m2) <0, (A-1)(Lp—m;) <O0.
Since A > 1 we have
Ly <mp <Ly, L <my <L,

from which

Li=L,=m; =mj.

(2.52)

(2.53)

(2.54)

(2.55)

(2.56)

Therefore every positive solution (x,,y,) of system (1.3) tends to (c,c) as n — oo.
Then, since, from (ii) of Proposition 2.4 the positive equilibrium (c, ¢) is locally asymp-

totically stable, the proof of the proposition is completed.

O



848 G. PAPASCHINOPOULOS AND C. J. SCHINAS

REFERENCES

[1] A.M. Amleh, E. A. Grove, G. Ladas, and D. A. Georgiou, On the recursive sequence x,+1 =
o + (Xp-1/xn), J. Math. Anal. Appl. 233 (1999), no. 2, 790-798. CMP 1 689 579.
Zbl 990.57643.

[2] V. L. Koci¢ and G. Ladas, Global Behavior of Nonlinear Difference Equations of Higher
Order with Applications, Mathematics and its Applications, 256, Kluwer Academic
Publishers Group, Dordrecht, 1993. MR 94k:39005. Zbl 787.39001.

[3]1 M. R. S. Kulenovi¢, G. Ladas, and W. S. Sizer, On the recursive sequence X, = (XXp +
Bxn-1)/(yxn+0xn-1), Math. Sci. Res. Hot-Line 2 (1998), no. 5, 1-16. MR 99g:39008.

PAPASCHINOPOULOS: DEPARTMENT OF ELECTRICAL AND COMPUTER ENGINEERING, DEMOCRI-
TUS UNIVERSITY OF THRACE, 67100 XANTHI, GREECE
E-mail address: gpapas@demskritos.cc.duth.gr

SCHINAS: DEPARTMENT OF APPLIED INFORMATICS, UNIVERSITY OF MACEDONIA, 54006 THES-
SALONIKI, GREECE


http://www.ams.org/mathscinet-getitem?mr=1+689+579
http://www.emis.de/cgi-bin/MATH-item?990.57643
http://www.ams.org/mathscinet-getitem?mr=94k:39005
http://www.emis.de/cgi-bin/MATH-item?787.39001
http://www.ams.org/mathscinet-getitem?mr=99g:39008
mailto:gpapas@demskritos.cc.duth.gr

