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AN APPLICATION OF ALMOST INCREASING SEQUENCES
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ABSTRACT. We extended a theorem of Mishra and Srivastava (1983-1984) on |C, 1|} sum-
mability factors, using almost increasing sequences, to |N, pn |, summability under weaker
conditions.
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Let > a, be a given infinite series with partial sums (s,). We denote by z, the nth
(C,1) mean of the sequence (s;,). The series > a,, is said to be summable |C,1|;, k > 1,
if (see [2])
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>kt z, -z |f < . (1)
n=1
Let (py) be a sequence of positive numbers such that

Pn:va_.oo, asn—oo, (P.i=p_;=0,i>1). (2)

tn = o Z PvSv (3)

defines the sequence (t,) of the (N, p,) mean of the sequence (s;), generated by the
sequence of coefficients (py,) (see [3]). The series > a,, is said to be summable [N, py |,
k > 1, if (see [1])

0 k-1
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In the special case when p,, = 1 for all values of n (resp., pn = 1/(n+1)), IN,puly
summability is the same as |C, 1| (resp., |N,1/(n+1)|x) summability.
Concerning the |C, 1|, summability factors the following theorem is known.

THEOREM 1 (see [4]). Let (X,) be a positive nondecreasing sequence and let (B;,)
and (A,) be sequences such that

|AAR| < By, (5)

Bn — 0, asn— oo, (6)
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> nIABl Xy < o, (7)
n=1
[AnlXn=0(1), asn— oo. (8)
If
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=splk=0(Xm), asm — oo, 9)
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then the series > ay A, is summable |C,1|y, k > 1.

The aim of this paper is to extend Theorem 1 to |N, p, |, summability under weaker
conditions. Thus we need the concept of almost increasing sequence. A positive se-
quence (b,) is said to be almost increasing if there exists a positive increasing se-
quence (¢, ) and two positive constants A and B such that Ac,, < b,, < Bcy,. Obviously
every increasing sequence is almost increasing but the converse need not be true as
can be seen from the example b, = ne-".

Now, we shall prove the following theorem.

THEOREM 2. Let (X,) be an almost increasing sequence and let the condition (9) of
Theorem 1 be satisfied. If the sequences (B,) and (A,,) such that conditions (5), (6), (7),
and (8) of Theorem 1 are satisfied. If (p») is a sequence such that

m
S P, = 0(Xm), asm — o, (10)
n=1 Py

then the series Y anAy is summable |N,py i, k = 1.
We need the following lemma for the proof of our theorem.

LEMMA 3. Under the conditions on (X,), (Bn), and (A,) as taken in the statement
of the theorem, the following conditions hold, when (7) is satisfied,

NPnXn=0(1), asn — oo, (11)
z BnXn < oo. (12)
n=1

PROOF. let Acy, < X,, < Bcy,, where (c;,) is an increasing sequence. In this case,

nX,Bn < NBcy

<nBcy, Z |ABy |
v=n

> ABy
v=n (13)

00

> v|ABy] Xo.

v=n

o

<B > vcy |ABy | =3
v=n

Hence nf, X, = O(1) as n — . Again
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Z an— Z n n*BZICn Z
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=

Hence > 1 Xy Bn < 0.

PROOF OF THE THEOREM. Let (T,) be the sequence of (N, p,) mean of the series
> anAy. Then, by definition, we have

1 n v 1 n
Tn=5 2. Pv . ufpr ~Pr-)avdy. (13)
ny=0 i=0 v=0

Then, for n > 1, we have

Tp—Tno1 = ZPV 13y Ay. (16)

PnPn 1.
By Abel’s transformation, we have

PnSndn

zA (Py_1Ay)sy + 5,

v=1

Tn_Tnflz_P Pp1
ntn-

pnsnAn 17)
Z PuSvAy — PnPn o Z PysyAdy + P,

PnPn 1,

= Tn,l + Tn,Z + Tn,S;

let us denote the three terms in (17) by Ty, 1, Tn2, and Ty, 3.
Since

k
[ Tt + T+ Tus |- <35I Tt ¥+ [ Ty X + | T3 1%), (18)

to complete the proof of the theorem, it is sufficient to show that
. k-1
> (P") | Ty |¥ < 00, forr=1,2,3. (19)
=1 pn

Since |A,| = O(1/X,) = O(1), by (8), applying Holder’s inequality with indices k and
k', where (1/k)+(1/k’) =1 and k > 1, we get
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=0(1), asm — oo,

by virtue of (5), (8), (10), and (12). Again applying Holder’s inequality, as in T, we
have

m+1 P k-1 ' m+1 p k
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m—1
=0(1) > |A(VBy) | Xy +O(1)MPBmXm
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=0(1) D> v|ABy Xy +0(1) D Byi1 Xy +O0(1)MBmXm
v=1 v=1

=0(1), asm — o, (21)

by virtue of (5), (7), (9), (11), and (12). Finally, as in T, we have that

m k-1 m
Z(P") 1 Tus| =0 Y P2 An] [sa“ = 0(1), asm—o.  (22)

n=1 Pn n=1"1n
Therefore we get (19). This completes the proof of the theorem. O

It should be noted that if we take (X,) is a positive nondecreasing sequence and
pn = 1 for all values of n in this theorem, then we get Theorem 1. In this case the
condition (10) reduces to the condition (9). Also, if we take p,, = 1/(n + 1) in this
theorem, then we get a result concerning the |N,1/(n+ 1)|; summability factors.
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