Internat. J. Math. & Math. Sci.
Vol. 23, No. 3 (2000) 205-210
S0161171200001599
© Hindawi Publishing Corp.

RELATED FIXED POINTS FOR SET VALUED MAPPINGS
ON TWO METRIC SPACES

BRIAN FISHER and DURAN TURKOGLU

(Received 30 July 1998)

ABSTRACT. Some related fixed points theorems for set valued mappings on two complete
and compact metric spaces are proved.
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We let (X,d) be a complete metric space and let B(X) be the set of all nonempty sub-
sets of X. Asin [1, 2], we define the function 6 (A, B) with A and B in B(X) by 6(A,B) =
sup{d(a,b):a € A,b € B}.If A consists of a single point a we write 6(A,B) = d(a,B).
If B also consists of single point b, we write 6(A,B) = 6(a,B) = 6(a,b) = d(a,b). It
follows immediately that 6(A,B) = 6(B,A) >0, and 6(A,B) < 6(A,C) +6(C,B) for all
A, B in B(X).

Now if {A,, :n=1,2,...} is a sequence of sets in B(X), we say that it converges to
the set A in B(X) if

(i) each point a € A is the limit of some convergent sequence {a, € A, : n =
1,2,...},
(ii) for arbitrary € > 0, there exists an integer N such that A,, ¢ A for n > N, where
Ag is the union of all open spheres with centers in A and radius e.
The set A is then said to be the limit of the sequence {A,}.
The following lemma was proved [1].

LEMMA. If {A,} and {B,} are sequences of bounded subsets of a complete metric
space (X,d) which converge to the bounded subsets A and B, respectively, then the
sequence {6(Ay,By)} converges to 6(A,B).

Now, let F be a mapping of X into B(X). We say that the mapping F is continuous at
a point X if whenever {x,} is a sequence of points in X converging to x, the sequence
{Fx,} in B(X) converges to Fx in B(X). We say that F is continuous mapping of X
into B(X) if F is continuous at each point x in X. We say that a point z in X is a fixed
point of F if z is in Fz. If A is in B(X), we define the set FA = |J,c4 Fa.

THEOREM 1. Let (X,d,) and (Y,d») be complete metrics spaces, let F be mapping
of X into B(Y) and let G be mapping of Y into B(X) satisfying the inequalities

01(GFx,GFx') < cmax {dl (x,x"),81(x,GFx),81(x',GFx’), 5> (Fx,Fx’)}, (1)
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5,(FGy,FGy') < cmax {dz (>v,y'),62 (y,FGy),51(y',FGy'),fSl(Gy,Gy')} (2)

for all x,x" in X and y,y’, where 0 < c < 1. If F is continuous, then GF has a unique
fixed point z in X and FG has a unique fixed pointw inY.

PROOF. Let x; be an arbitrary point in X. Define sequences {x,} and {y,} in X
and Y, respectively, as follows. Choose a point y; in Fx; and then a point x; in Gy;.
In general, having chosen x, in X and y, in Y choose x,;; in Gy, and then y;.; in
Fxu.1 forn=1,2,.... Then,

dr (Xni1,Xn+2) < 61(GFxpn,GFxXp 1)
< cmaX{dl(xn,xn+1),51(xn,GFxn), 81(xn+1,GFxy),
81 (Xn1,GFXn11), 82 (Fxn, Fxni1) }
< cmax{él(GFxn_l,GFxn),él(GFxn,GFxn+1),62 (Fxn,Fan)}
(

= cmax{él GFxy-1,GFxy),62 (Fxn,Fan)}
(3)

and, similarly,
do (yn+1syn+2) <6 (FGJ’n;GFynH)
< cmax{éz(FGyn,l,FGyn),él(Gyn,GynH)}.

It follow that, for r = 1,2,...,

(4)

di (Xn+1,Xn4r1) < 61(GFxpn, GFXpir)
< 01(GFxn,GFXps1)++ - +61(GFXnir—1,GFXpiy) (5)
<(c"+c™ o 1™ DS (x1,GFxy) <€
for n greater than some N, since ¢ < 1. The sequence {x,} is, therefore, a Cauchy
sequence in the complete metric space X and so has a limit z in X. Similarly, the

sequence {y,} is a sequence in complete metric space Y and so has a limit w in Y.
Further

01(2,GFxy) <dy(z,Xm+1) +01(Xm+1,GFxy)

6
<1 (2,%me1) + 61 (GFXm, GFx), ©

since Xy +1 € GFxy. Thus, on using inequality (5), we have
61(z,GFxy) <di(z,xm+1) +€ 7)

for m, n = N. Letting m tends to infinity it follows that

61(z,GFxy) <€ (8)
for n > N and so
yllIEIOIO GFx, ={z} 9)

since € is arbitrary. Similarly,

lim FGyp = {w} = lim Fxy (10)
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since xy+1 is in Gy,. Using the continuity of F, we see that
ylliR}OFxn:Fz:{w}. (11)
Using inequality (1), we now have
61(GFxy,GFz) < cmax {dl(xn,z),él(xn,GFxn),(Sl(z,GFz),éz (Fz,Fxn)}. (12)
Letting n tends to infinity and using (9) and (11), we have
01(z,GFz) <c61(z,GFz). (13)

Since ¢ < 1, 6:(z,GFz) = 0 and, so, we must have GFz = {z}, proving that z is a fixed
point of GF.
Further, using (11), we have

FGw =FGFz=Fz=w, (14)

proving that w is a fixed point of FG.
Now suppose that GF has a second fixed point z’. Then using inequalities (1) and
(2), we have

61(2',GFz') < 6,(GFz',GFZz’)
scmax{dl(z’,z’),él(z’,GFz’),(Sz(Fz’,Fz’)}
=c6,(Fz',Fz') <c62(Fz' ,FGFz') < c62(FGFz',FGFZ') (15)
sc2max{62(Fz',Fz'),62(F2’,FGF2’),61(GFz’,FGz')}
=¢28,(GFz',GFz')
and so FZz’ is a singleton and GFz' = {z'}, since ¢ < 1. Thus,
dy(z,z2') = 6,(GFz,GFZz')
scmax{dl(z,z'),él(z,GFz),(Sl(z',GFz'),éz(Fz,Fz')} (16)
=cd,(Fz,Fz').
But
d>(Fz,Fz') < 6,(FGFz,FGFz')
scmax{62(Fz,Fz’),(Sg(Fz,FGFz),(Sg(Fz’,FGFz’),61(GFz,GFz')}
:cmax{dz(Fz,Fz'),dz(Fz,Fz),dz(Fz’,Fz’),d1 (z,z’)}

=cdi(z,2")
(17)

and so
di(z,2) <c?di(z,2). (18)

Since ¢ < 1, the uniqueness of z follows.
Similarly, w is the unique fixed point of FG. This completes the proof of the
theorem. O
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If we let F be a single valued mapping T of X into Y and G be a single valued mapping
of Y into X, we obtain the following result given in [3].

COROLLARY 1. Let(X,d ) and (Y,d;) be complete metric spaces. If T is a continuous
mapping of X into Y, and S is a mapping of Y into X satisfying the inequalities

d1(STx,STx") < cmax{dl (x,x"),dq(x,8Tx),d;y (x’,STx’),dg(Tx,Tx’)},
(19)
d2(STY,STY') < cmax{d (y,¥'),d2 (v, TSy),d2 (', TSY'),d1 (S¥,5¥) |

forall x,x' in X and y,y’ inY, where 0 < c < 1, then ST has a unique fixed point z
in X and TS has a unique fixed point w in Y. Further Tz = w and Sw = z.

THEOREM 2. Let (X,d,) and (Y,d») be compact metric spaces. If F is a continuous
mapping of X into B(Y), and G is a continuous mapping of Y into B(X) satisfying the
inequalities

01(GFx,GFx') < max{dl (x,x"),61(x,GFx),81(x',GFx’), 52 (Fx,Fx’)},
(20)
62(FGy,FGy') < max{dg (»,y"),62(y",FGy), 652 (y',FGy’),él(Gy,Gy’)}

for all x,x’ in X and v,y’ inY for which the right-hand sides of the inequalities are
positive. Then FG has a unique fixed point z in X and GF has a unique fixed point w
inY. Further FGz = {z} and GFw = {w}.

PROOF. Let us denote the right-hand side of inequalities (20) by h(x,x’) and
k(y,y’), respectively. First of all suppose that h(x,x’) # 0 for all x,x’ € X and
k(y,y’) # 0 for all y,y’ € Y. Define the real-valued function f(x,x’) on X2 by

61(GFx,GFx’)

h(x,x’) 1)

f(xlxl) =
Then if {(x,,x),)} is an arbitrary sequence in X? converning to (x,x’), it follows
from the lemma and the continuity of F and G the sequence {f(x,,x;,)} converges to
f(x,x"). The function f is therefore a continuous function defined on the compact
metric space X2 and so achieves its maximum value c;. Because of inequality (9), c; < 1
and so

61(GFx,GFx") < ¢, max{dl(x,x'),é(x,GFx),él(x’,GFx’),éz (Fx,Fx’)} (22)

for all x,x’ in X.
Similarly, there exists ¢, < 1 such that

6:(FGy,FGy') < czmax{dz (»v,y"),02 (y,FGy),(Sz(y’,FGy'),él(Gy,Gy’)} (23)

for all v,y’ in Y. It follows that the conditions of Theorem 2 are satisfied with ¢ =
max{cy,cz} and, so, once again there exist z in X and w in Y such that GFz = {z} and
FGw = {w}.

Now, suppose that h(x,x") = 0 for some x,x’ in X. Then GFx = GFx' = {x} = {x'}
is a singleton {z} and then Fz is a singleton {w}. It follows that z is a fixed point of
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GF and GFz = {z}. Further,
FGw =FGFz=Fz = {w} (24)

and so w is a fixed point of FG.

It follows similarly that if k(,y’) = 0 for some 7,7y’ in Y, then again GF has a fixed
point z and FG has a fixed point w.

Now let us suppose that GF has a second fixed point z" in X so that z’ is in GFZz'.
Then on using inequalities (20), we have, on assuming that . (Fz',Fz") # 0,

61(z',GFz') < 6,(GFz',GFZ’)
<max{dl(z’,z'),61(z',GFz'),ég(Fz',Fz')}
=6,(Fz',Fz') < 6,(Fz' ,FGFz') < 6,(FGFz',FGFZ') 25)
<max{ég(Fz’,Fz’),ég(Fz',FGFz'),51(GFZ’,FGZ’)}
=¢26,(GFz',GFz')
a contradiction and so Fz’ is a singleton and GFz' = {z'}. Thus, if z £ z’

di(z,z') = 61(GFz,GFz")
<max{dl(z,z’),él(z,GFz),51(z’,GFz’),(Sz(Fz,Fz')} (26)
=dy(Fz,FZ').

But if Fz # Fz’, we have
d>(Fz,Fz') < 6,(FGFz,FGFZz')
<max{62(Fz,Fz’),éz(Fz,FGFz),éz(Fz',FGFz’),61(GFz,GFz')} o)
=max{62(Fz,Fz’),dz(Fz,Fz),dg(Fz',Fz'),dl(z,z')}
=d(z,2")
and so

di(z,2") <di(z,2'), (28)

a contradiction. The uniqueness of z follows.
Similarly, w is the unique fixed point of FG. This completes the proof of the theo-
rem. O

If we let F be a single valued mapping T of X into Y and G be a single valued mapping
of Y into X, we obtain the following result given in [3].

COROLLARY 2. Let (X,d1) and (Y,d,) be compact metric spaces. If T is a contin-
uous mapping of Y into X, and S is a continuous mapping of Y into X satisfying the
inequalities

d(STx,STx'") < max{dl (x,x"),d1(x,STx),d1(x',STx"),d>(Tx,Tx") ¢,
(29)
d>(TSy, TSy') <max {da(y,5'),d2 (v, TS¥),d2(y', TSY"),d1 (S¥,S") |
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for all x,x' in X and y,y’ inY for which the right-hand sides of the inequalities are
positive, then ST has a fixed point z in X and TS has a unique fixed point w inY.
Further, Tz =w and Sw = z.
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