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ABSTRACT. An open problem given by Kocic and Ladas in 1993 is generalized and consid-
ered. A sufficient condition is obtained for each solution to tend to the positive steady-state
solution of the systems of nonlinear Volterra difference equations of population models
with diffusion and infinite delays by using the method of lower and upper solutions and
monotone iterative techniques.
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1. Introduction. We consider the r-dimensional Euclidean space R". For x = (x1,...,
x,)T € R”, we define its norm ||x|| = max;es |x;i|, where I = {1,...,7}. In R”, we intro-
duce a cone P = {x:x; >0, i €I}. Then itis a solid cone in R". It is easy to show that
P is normal, regular, minimal, strong minimal and regenerated (see Amann [3]). For
two elements x and y = (y1,...,y,)T in P, we introduce a partial ordering < such that
X < (or =)y if and only if x; < (or =)y; for i € I and x <y means that x; < y; fori e I.
So, (R", <) becomes a partial ordered Banach space. In R", we also define an operation
of multiplication ® by Xx®y = (x1V1,...,XV,) 1. In this way, (R”, +, ®) is a partially or-
dered commutative ring by installing both this operation ® and the ordinary addition
+ with the zero element 0 = (0,...,0)T and the unit element u = (1,...,1)7. Define an
ordered interval [-,-]in R" by [X,y] ={zeR":x <z <Yy}.

In the » X 7-dimensional matrix space R"*", we also introduce a partial ordering <. If
X = (Xij)rxr and Y = (¥;j)rxr are two elements in R, then define that X < (or =)Y
if and only if x;; < (or =)y;j for i,j € I and X < Y means that x;; < y;j for i,j € I.
Therefore, R"*" also becomes a partially ordered Banach space.

Consider the following systems of nonlinear Volterra difference equations of popu-
lation model with diffusion and infinite delays:

JAVY PO AA%um—l,n+1 TUmn ® (b —Cupmn — z Dium,n—i) (1.1)
i=0

for (m,n) € Qx Z*(0) := {1,...,My} x --- x {1,...,Ms} x {0,1,...}, where A; and
A, are forward partial difference operators, A? is a discrete Laplacian operator (see
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[7,14,15]), A,C > (0)«, are diagonal matrices,b € R" and b > 0, u.,. € R" is a double
vector sequence (only in form), Dy = (0),«, and D; € R™" for i € Z*(0).
Together with (1.1), we consider the homogeneous Neumann boundary condition

ANUm-10+1 =0 for (m,n) € 0QxZ*(0) (1.2)
and the initial condition
Upm,j = Pm,; for (m,n) e QxZ7(0):=Qx{...,-1,0}, (1.3)

where Ay is the normal difference, 0Q is the boundary of Q (see [15]) and ¢y, j € P
for (m,n) e Qx Z-(0).

By a solution, we mean a double vector sequence (in form) {uy, »}, which is defined
on (m,n) e Qx7Z:=Qx7Z"(0)u Z (0), satisfies (1.1), (1.2), and (1.3), respectively,
when (m,n) e QxZ*(0), (m,n) € 0Qx2Z*(0), and (m,j) € QxZ(0).

For any given initial and boundary condition (1.2) and (1.3), we can show that the ini-
tial and boundary value problem (1.1), (1.2), and (1.3) have a unique solution (see [16]).

We suppose that

Z |Dl‘ = D < o,
i=0 (1.4)
0<lipll= sup  ¢p; <oo.
(m,j)eQxZ—(0)
We write throughout this paper that
n n
Dy=>1Dil, 8n=> Dy Dﬁ:D”Tién for n € Z*(0). (1.5)
i=0 i=0

Then D, D; are all nonnegative, nondecreasing and bounded above by D.
Since P is regular, we can let D* =1lim,_. D;. It is easy to see that

D)+D,=D,, Dj-D,=6,, D"+D =D, D'-D =§=>D;. (16)
i=0
Assume that

Cu>Du. (1.7)

From Berman and Plemmons [4] or Siljak [18], we know that C — D~ is a nonsingular
and inverse-positive Metzlerian matrix, i.e., C — D~ is invertible and det(C—D~)"1 > 0.
Then (C-D~)"'b > 0. Since C+ 6§ > C —D~, we know, from Metzlerian matrix theory,
that C + ¢ is invertible and det(C+6)~! > 0.

In addition, we let

b-D*(C-D7)"'b>0 (1.8)
and

p=max{(C-D") 'b,ll¢pll}. (1.9
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It is obvious that the nonlinear Volterra difference equation of population model

AXp = Xn (b—cxn—Zdixn_i> for n € Z*(0) (1.10)
i=0
is a special case when v = 1 and without diffusion, where A is the forward difference
operator (cf. [2, 7]).

In Kocic and Ladas [10], the following open problem was given.

Open problem. Obtain stability and oscillation results for (1.10).

Recently, many mathematicians have approached some problems of (1.10). See, e.g.,
Karakostas, Philos and Sficas [6], Kiventidis [8], Kocic and Ladas [9, 10], Kuruklis and
Ladas [11], and Rodrigues [12], etc.In[14, 15, 16, 17], some problems for the nonlinear
or linear Volterra difference equation of population models are considered.

It is easy to show that (1.1) has only two steady-state solutions u, , = 0 and uy, , =
(C+6)~'b. The purpose of this paper is to give a sufficient condition for each solution
of (1.1) to tend to the positive steady-state solution w,,,, = (C + §)~'b of (1.1) by
using the method of lower and upper solutions and monotone iterative techniques
(cf. [1, 13]).

2. Some lemmas

LEMMA 2.1. Let (1.4), (1.7), (1.8), and (1.9) hold. Suppose that {u,, ,,} is the unique
solution of (1.1), (1.2), and (1.3). Then,

U €[0,p] for (m,m) e QxZ*(0). 2.1)

PROOF. Consider the initial and boundary value problems
AoV < ANV 1 i1 +Vinn ® (b ~CVin— . Divm,n_i) for (m,n) € Qx Z*(0),
i=0
ANVim-1n+1 =0<0 for (m,n) € 0QxZ*(0), (2.2)

Vim,j =0=< ¢, for(m,n)ecQxzZ(0)

and

AoWin = AN>Wiy 1 i1 + Winn ® <b ~CWmn—. Diwm,n_i) for (m,n) € QxZ*(0),
i=0
ANWm_1ns1 =020 for (m,n) € 0Qx Z*(0), (2.3)

Wim,j =P = ¢p; for (m,n)eQxzZ(0).
Since
b-(C+8)p<b-Cp+D p=b-(C-D )p=<0, (2.4)

it is easy to see that v =0 and w,,, = p are, respectively, solutions of (2.2) and (2.3),
i.e., a pair of lower and upper solutions of (1.1), (1.2), and (1.3). Therefore, (2.1) holds.
This completes the proof. O
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LEMMA 2.2. Let (1.4), (1.7), (1.8), and (1.9) hold. Suppose that {pill)} is the unique
solution of the Cauchy problem

Ap =pV e (b—Cpl) +Dp) forne Z*(0),

e8] ; - (2.5)
p, =p forjeZ (0).
Then {p&”} is nonincreasing and
p) € [C"(b+D p),p] forne Z*(0). (2.6)
PROOF. Consider the Cauchy problems
AVD <viD e (b-Cv) +Dp) forne Z*(0),
V;l) =C'(b+Dp)<p forjez (0), @7
and
AWV 2wl @ (b—Cwl” +D"p) forne Z*(0), 08

w;” =p=>p forjeZ (0).

It is easy to see that viP =1 (b+D p) and wi) = p are, respectively, solutions of
(2.7) and (2.8), i.e., a pair of lower and upper solutions of (2.5). So, (2.6) holds.

By (2.6), we have that Ap,ﬁ” < 0. Hence, {pill)} is nonincreasing. The proof is thus

complete. 0O

LEMMA 2.3. Let(1.4), (1.7), (1.8), and (1.9) hold. Suppose that {uy, ,,} and {p;”} are,
respectively, the unique solutions of (1.1), (1.2), (1.3), and (2.5). Then

W €[0,pV] for (m,n) € QxZ*(0). (2.9)

PROOF. Let J* satisfy that JtuJ~ =Z7(0) and J* nJ~ = I, the empty set, and be
such that D; = (0),x, for i € J* and D; < (0),x, for i € J~. Write 6* = > ;c ;= D;. Then
we must have 67 = D* and -6~ = D~. Hence, using (2.6) we have,

S ppl,=- > Dpl,- > Dpl, <~ > Dpl; <-5p=D"p,
i=0 ieJt i€~ ieJ~

) (2.10)
b-Cp - > Dip\); <b-CpL +Dp forneZ*(0).

i
i=0

Therefore, wy, , = p1(11} is a solution of (2.3) and (2.9) holds. Thus, the proofis complete.
O

For the regularity of P, we can let p*) = lim, .., pi’. By virtue of (2.5), we can obtain
p?Y = C1(b+D p). It follows that

limsup max u,, ,, < p'’. (2.11)
n—oo MeQ
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So, for any € = (¢,...,€)T > 0, there exist an n; > 0 and an n, > n; such that
Upn <pV+e fornez*(n) (2.12)
and
(0)yxr <D™ =Dy_y,y <(€)yxr formne Zt(no). (2.13)

LEMMA 2.4. Let (1.4), (1.7), (1.8), and (1.9) hold. Suppose that {pilZ)} is the unique
solution of the Cauchy problem

Ap? =pP @ (b-CpP + D™ (p1 +€) +e®p) forne Z*(ny),

2 ) ~ (2.14)
P, =pi+e€ for j € Z7(ny).
Thenp\? is nonincreasing and
W €[0,pP] for (m,n) e QxZ*(ny). (2.15)

PROOF. If (2.15) is not true, then there exist an m3 € Q) and an n3 > n, such that
Wy < pg) for n; <m <nz and m € Q and Wy ny > pilz).
Let X =Wmn —pi;?). Then x,,,» <0 for n, <n <nz and m € Q and

Xy > 0. (2.16)
We can derive, from (2.14),
AN X 141 — DoXmn +Ymn ®Xmn = Zmn  fOr (m,m) € QX Z* (ny), (2.17)
where

Ymn =b=Clpmy— > Dilmn_i—CpyY)  for (m,n) € QxZ*(ny),
= (2.18)
Zmn =D ® (D’(pl +€)+ > Dilyn—i +e®p) for (m,n) € QxZ*(ny).
i=0
It is easy to show that y,, , is bounded. We can see in the following that z,, , > 0.
Indeed, from (2.12) and (2.13), we have

(o)
- ZDium,n—i = -
i=0

(Aéi—l )um,nfi

e

~.
Il
(=]

(ADltl)um,nfi + Z (ADL‘:l)um,n—i

e

i=0 i=0
n-n;-1 0 (2-19)
= (ADiil)um,n—i'*' Z (ADiil)um,n—i
i=0 i=n-nj

= Dﬁfnlfl (pl +€) + (D_ —D,Lnl,l)p
<D™ (p1+€) +(€)rxrP.

S0, Zmn = 0 for (m,n) € Qx Z*(ny) from (2.18) and (2.19). It follows, from (2.17),
that

ApXppp < AA%Xm—l,n-#l +Ymmn ®Xm,n- (2.20)
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Consider the initial and boundary problems

AoV =AMV 101 T Ymn ® Vinn  for (m,n) € Qx Z*(ny),
ANVim-1n+1 =0 for (m,n) € 00 x Z" (ny), (2.21)

Vimn, =0 formeQ

and

AoXmpn < AATXm 1041 +Ymn ®Xmn  for (m,n) € QxZ* (ny),
ANXm-1n+1 <0 for (m,n) € 0QxZ" (ny), (2.22)

Xmn, <0 formeQ.

Obviously, vy n = 0 is the unique solution of (2.21). Comparing (2.21) with (2.22), we
see that x,, » < 0 for (m,n) € QxZ*(ny).But, this contradicts (2.16). Therefore, (2.15)
holds.

Similarly to the proof of Lemma 2.2, we can easily show that p&Z) is nonincreasing,
which completes the proof. O

REMARK 2.5. As a matter of fact, we can directly use the maximum principle (see
Cheng [5]) to obtain the contradiction.
We can obtain from (2.14) and the regularity of P that

yllizrolop,(f) =C'(b+D (p1+€)+€®P). (2.23)
Therefore,
limsup max W, , < C~'(b+D~ (p; +€) +e®p). (2.24)

n—oo MeQ

Because € is arbitrary, we have

lim sup Max Uy, < C'(b+D7p1) :=po>. (2.25)

Nn—owo ME
Define a sequence {p,} as follows:

pe=C ' (b+Dpp_;) forlez(1),
Po = P-

(2.26)

LEMMA 2.6. Let (1.4), (1.7), (1.8), and (1.9) hold. Suppose that {py} is defined by
(2.26). Then, {py} is nonincreasing and

(C-D7 ) 'be[0,py] fordec Z(0). (2.27)
PROOF. We rewrite (2.26) as follows:
Apy = C'D " Apy_, for€ e Z*(1). (2.28)

We know from Apg = p1 —p < O that Apy < O for all £ € Z*(0). That is, {py} is
nonincreasing.



STABILITY OF THE POSITIVE STEADY-STATE SOLUTIONS ... 267

Noting that p = (C—D~)~'b, we have from (2.26) and (2.6), that Cp; =b+D"p >
b+ D p;. Hence, p; = (C—D~)~'b. By induction, we obtain (2.27). This completes the
proof. O

Because P is regular, we let y = limy_., p©. From (2.26), we have y = C"1(b+ D~ y).
We can solve y = (C—D~) " 1b.
Repeating the above procedure, we can show that

limsup max um,n < y. (2.29)
Nn—oo MEQ

From (1.8), we have thatb > D*y. So, we can select an €y > 0 such thatb > D" (y +¢€g)
+€o RP.
Let 0 < € < €g. By (2.19), there exist an n4 > n3 and an ns > n4 such that

Upn <y+e€ for (m,n)eQxzZ*(ny),

(2.30)
(0)yxyr <D* —D;,m,l <(€)yxr formeZ(ns).

From (1.2), Lemma 2.1, and maximum principle (see Cheng [5]), we know that
Uy, > 0 for (m,n) € QxZ*(0) and can select an n > 0 such that minycq Wm,ns = 21.
Consider the Cauchy problem

AGn=qn® (b-Cqy,—-D*(y+e€)—eop) forneZ*(ns),
. _ (2.31)
qgi=n forjeZzZ (ns).

Repeating an argument similar to the above, we can obtain that q, < u;,, for
(m,n) e QxZ(ns) and

Tllipqqn:C’l(b—D*(y+e)—e)®p. (2.32)
Consequently, we have

liminf minu,, = C"'(b-D"y) (2.33)

n—o meQ

for € > 0 being arbitrary.
Define a pair of coupled sequences {uy} and {vy} as follows:

Cur=b-D"vi_1+D 1 forkeZ*(1),
Cvi=b+D vy 1-D 'y, forkeZ*(1), (2.34)
V():(C—Df)flb, /J()Zcfl(b—D+V()).

LEMMA 2.7. Let (1.4), (1.7), (1.8), and (1.9) hold. Suppose that the pair of {ux} and
{vk} is defined by (2.34). Then,

(ho,vol 2 [p1,vi]1 2+ 2 (U, vkl 2+ forkeZ*(0) (2.35)
and

llimuk = Iymvk =(C+d)"'p. (2.36)
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PROOF. Because

Cuy =b-D* vy = Cuy, Cvo=(C-D )vo+D vo=b+D vy =Cvy,

2.37
CVQZ(C—Di)V0=be—D+V0=Cu0, ( )

we have

[0, Vo] 2 [H1,v1]. (2.38)

We can get (2.35) by induction.
By virtue of the regularity of P, we can let y = limy_o tx and v = limg_« vx. Then
we get

Cu=b-D*v+Dp, Cv=b+D v-D*pu. (2.39)

Subtracting the two equalities in (2.39), we obtain C(u—v) = (DT +D")(u—v) =
D(u-v).So, (C—D)(u-v)=0.

Since (C-D)vg=(C-D*-D")(C-D")'b=b-D*(C-D")"'b > 0 from (1.8), we
have, from the properties of Metzlerian matrices, that det(C — D)~! > 0. Therefore,

u=v.
It follows from (2.39) that Cu=b—-D*u+D u=b—-06u or (C+6)u =b. This leads
to (2.36). The proof is thus complete. O

LEMMA 2.8. Let (1.4), (1.7), (1.8), and (1.9) hold. Suppose that the pair of {ux} and
{vk} is defined by (2.34). Then,

[liminf minuy ,,limsup maxum,n] € [ug,vk] forke Z*(0). (2.40)
n—o meQ Nn—oo MeQ

PROOF. From the above, (2.40) holds for k = 0.
Take an €; > 0 such that €; < yp and

b>D*"(vo+€1)—D (ug—€1) +2€1®P. (2.41)

For 0 < € < €1, there exist an ng > ns and an n; > ng such that

Ho—€ <Umn <Vo+€ for (m,n)eQxzZ"(ng),

(0)yxr <D —Dyp_pg-1 < (€)yxr formeZ*(ny). (2.42)
Now, we consider the Cauchy problems
APn =Pn® (b= CPn + D" (vo+€) =D (o —€) +2e®p) forneZ”(ny),
pj=vo+e forjeZ (n;), (2.43)
and
AGQn=qn® (b-Cqn—D"(vo+€)+D (up—€) —2e®p) forne Z*(ny), 4

q;=po—€ forjeZzZ (n;).
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Similarly to the above argument, we can obtain

An <Umn <Pn for (m,n) e QxZ*(ny),
H{}opn =CYb+D (vo+€)—D"(ug—€) +2e®p), (2.45)
}Llln An=C ' (b-D*(vo+€)+D (uy—€) —2€®Pp).

Letting € — 0, we see that (2.40) holds for k = 1.
Again, by repeating the above process, we have that (2.40) holds. O

3. Main results and remarks. Using the seven lemmas in Section 2, together with
the property that P is normal, we get the following main result.

THEOREM 3.1. Let(1.4),(1.7), (1.8), and (1.9) hold. Assume that {u, , } is the unique
solution of (1.1), (1.2), and (1.3). Then

limuy,, = (C+6)'b. (3.1)

meQ

For (1.10), we consider the initial condition
xj=¢j=0 forjeZ (0). 3.2)

Then, we have the following.
COROLLORY 3.2. Assume thatc > 3" ld;il,0 < ||}l = Supjcz-() Pj < o and {xn}
is the unique solution of (1.10) with (3.2). Then

lim x,, = b (3.3)

n—co c+3ilodi’
REMARK 3.3. It is well known that (1.1) describes the growth of r-species alive in
Q, that the densities of the -populations at place m and time 7 is Wy, , and that the
summation represents the effects of the past history on the present growth rate in
mathematical ecology. Therefore, we can only consider the case ||¢|| > 0. If this is not
the case, these species do not exist. The condition ||¢|| < 0 means that the densities
of these species should be finite in practice. Relation (3.1) means that the growth of
these species goes to an equilibrium state under ordinary conditions. Equation (1.10)
is the case that we do not consider the places and diffusion.
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