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ABSTRACT. Let S % G be a skew group ring of a finite group G over aring S. It is shown that
if § % G is an G’-Galois extension of (S * G)C’, where G’ is the inner automorphism group
of S x G induced by the elements in G, then S is a G-Galois extension of S¢. A necessary
and sufficient condition is also given for the commutator subring of (S * G)¢ inSxG
to be a Galois extension, where (S * G)G’ is the subring of the elements fixed under each
element in G'.
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1. Introduction. Let S be a ring with 1, C the center of S, G a finite automorphism
group of S of order n invertible in S, S¢ the subring of the elements fixed under
each element in G, S x G a skew group ring of group G over S, and G’ the inner
automorphism group of S * G induced by the elements in G, that is, g’ (x) = gxg~!
for each g in G and x in S * G, so the restriction of G’ to S is G. In [3, 2], a G-Galois
extension S of S¢ which is an Azumaya CC-algebra is characterized in terms of the
Azumaya CC-algebra S * G and the H-separable extension S x G of S, respectively,
and the properties of the commutator subring of S in S % G are given in [1]. It is
clear that S is a G-Galois extension of S¢ implies that S * G is a G’-Galois extension of
(S % G)C" with the same Galois system as S. In the present paper, we prove the converse
theorem: if S % G is a G’-Galois extension of (S x G)¢, then S is a G-Galois extension
of SG. Moreover, for a G’-Galois extension S * G of (S % G)¢ which is a projective
separable CC-algebra, S can be shown to be a G-Galois extension of S¢ which is also a
projective separable C¢-algebra. Then a sufficient condition on (S * G)¢” is given for S
to be a G-Galois extension of S¢ which is an Azumaya C¢-algebra, and an equivalent
condition on S¢ is obtained for the commutator subring of (S G)¢ in S* G to be a
G-Galois extension.

2. Preliminaries. Throughout, we keep the notation as given in the introduction.
Let Bbe a subring of aring A with 1. Following [3, 2], A is called a separable extension of
B if there exist {a;,b; in A, i =1,2,...,m for some integer m} such that > a;b; =1,
and Y sa;® b; = > a; ® b;s for all s in A, where ® is over B. An Azumaya algebra
is a separable extension of its center. A ring A is called an H-separable extension
of B if A®p A is isomorphic to a direct summand of a finite direct sum of A as an
A-bimodule. It is known that an Azumaya algebra is an H-separable extension and
an H-separable extension is a separable extension. Let S be given as in Section 1.
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Then it is called a G-Galois extension of SC if there exist elements {c;,d;in S, i =
.,k for some integer k} such that > c;g;(d;) = 61,j, where G = {g1,92,...,9n}
with identity g1, for each g; € G. Such a set {c;,d;} is called a G-Galois system for S.

3. Galois skew group rings. In this section, we show that a G’'-Galois extension
skew group ring S * G implies a G-Galois extension S. More results are obtained for S¢
when (S *G)¢ is a projective separable CC-algebra, and an H-separable S¢-extension,
respectively.

THEOREM 3.1. If S * G is a G'-Galois extension of (S * G)¢', then S is a G-Galois
extension of S©.

PROOE. Let {ui,v;|i=1,2,...,m} be a G'-Galois system of S % G over (S * G)¢,
that is, u; and v; are elements of S % G satisfying >, u;g’ (v;) = > uigvig™' =
O1,4- Let w; = Ypcghvi, i=1,2,...,m. Then gw; = ZheGghvl =w;. Since {h | h €
G} is a basis of S x G over S, we have u; = Zhecsh 'h and w; = Zhecsh h, Q=
1,2,...,m, for some s,", s{“" in S. Let x; = Spee s and y; = s(*, i=1,2,...,m
We prove that {x;,v; | i = 1,2,...,m} is a G-Galois system for S over S¢. First, we
prove that

(1) sy = (w’ foralli=1,2,...,mand all g,h € G,

lel Ujw; = 1.
For (1), since w; = gw;, we have
S5 k=> 5""h=g> 5""h=73 g5 h="3 g(s,"")gh. 3.1
keG heG heG heG heG

(wy)

Since {k | k € G} is a basis of S*x G over S, g(s,, (wi) ) = Sgn' -

For (2), since {u;,vi | i =1,2,...,m} is a G’-Galois system for S * G over (S * G)¢,
ST uih (v) X% uhvih~! = 51 4. Therefore,

1=261,hh=2(2uihvl )h ZZuhvl—Zuthvl Zuwl (3.2)
i-1

heG heG heGi=1 i=1 heG

Next, we prove that {x;,y; | i=1,2,...,m} is a G-Galois system for S over S¢. By using
(1) and (2), we get

i=1 heG keG
m
=Z (u)h (w)k ZZ Z (u)h( w))hk
i=1 heG keG i=1 heG keG
< ( ( (uq) (wy)
wi) ui) (wi
=2 SR K=Y S S SOSORK by () (33
i=1g€G hk=g i=1 geGhk=g
m
= s,(L"”shh 1ghh g (since hk=g, k=h7tg)
i=1 geG heG

-85 s aa- 3 (8 5 i)

i=1 geG heG geG \i=1 heG
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Hence, X", S yec S;(lu Dgien) - =814 But xi = Speq S;IM"), vi =" and g(s\*") = s
by (1). So
m m m
> xig(vi) = Z > s,(lu’ g( (wi) ) = z Z sy = 1,9- (3.4)
i=1 i=1 heG i=1 heG O

We show more properties of the G-Galois extension S of S¢ when S % G is a G’-Galois
extension of (S * G)¢ which possesses a property.

THEOREM 3.2. If S x G is a G'-Galois extension of (S * G)C which is a projective
separable CC-algebra, then S is a G-Galois extension of S¢ which is also a projective
separable CC-algebra.

PROOF. Since S * G is a G’-Galois extension of (S x G)¢, S is a G-Galois extension
of S¢ by Theorem 3.1. Again, since S * G is a G’-Galois extension of (S % G)Y'itis a
separable extension [5]. Also, (S * G)¢ isa separable C%-algebra, so S * G is a separable
CC-algebra by the transitivity of separable extensions. Next, we claim that S is also
a separable C¢-algebra. In fact, since 7 is a unit in S, the trace map: (1/n)(trg( )):
S — §¢ — 0 s a splitting homomorphism of the imbedding homomorphism of S¢ into
S as a two sided S¢-module. Hence, S¢ is a direct summand of S. Since S is a direct
summand of S * G as an S¢-bimodule, S¢ is so of S * G as an S¢-module. Moreover,
S is a finitely generated and projective S¢-module (for S is a G-Galois extension of
S6), so S % G is a finitely generated and projective S¢-module by the transitivity of
the finitely generated and projective modules. This implies that S¢ is a projective
separable C¢-algebra by [5, proof of Lem. 2, p. 120]. O

THEOREM 3.3. If
(i) S*G is a G'-Galois extension of (S * G)C’
(i) (S* G)C is an H-separable extension of S¢ which is a separable CC-algebra,
then S is a G-Galois extension of S¢ which is an Azumaya C¢-algebra.

PROOF. Since S * G is a G'-Galois extension of (S * G)¢ with an inner Galois group
G’, S % G is an H-separable extension of (S G)¢' [7, Prop. 4]. By hypothesis, (S G)¢
is an H-separable extension of S¢, so S % G is an H-separable extension of S¢ by the
transitivity of H-separable extensions. Noting that # is a unit of S, we have S¢ is an
SG-direct summand of S. But S is a direct summand of S * G as an S¢-module, so
S¢ is a direct summand of S % G as an S¢-module. Thus, Vs.c (Vs (S¢)) = S¢ [6,
Prop. 1.2]. This implies that the center of S * G is contained in S¢, and so the center
of S % G is C¢. Therefore, S * G is an Azumaya C¢-algebra. Thus, S¢ is an Azumaya
CC-algebra. Consequently, S is a G-Galois extension of S¢ which is an Azumaya C¢-
algebra [2, Thm. 3.1]. O

4. Galois commutator subrings. In[7], the class of G-Galois and H-separable exten-
sion was studied. Let A be a G-Galois and H-separable extension of A¢ and let V4 (A®)
be the commutator subring of A® in A. Then, V4 (A©) is a central (G/I)-Galois algebra
if and only if AT = AG(V4(A%)), where I = {g € G| g(d) =d foralld € V4(A%)} [7,
Thm. 6.3]. Applying such an equivalence condition to a G’-Galois extension S * G, we
characterize a Galois commutator subring Vg, ((S * G)%") in terms of elements in SC.
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In the following, we denote the center of G by P and the center S *x G by Z. By a
direct computation, we have the following.

LEMMA 4.1. (1) LetI ={g; € G|g;(d) =d foreachd € ZG}. ThenI = P.
(2) Let x be an elementin (S % G)C . Then x = >t sigi such thatg;(s;) = sx whenever
9i9i97" = 97(9i) = gr € G.

LEMMA 4.2. Assume that S x G is a G’ -Galois extension of (S *G)¢" and an Azumaya
Z-algebra. Then Vs, ((S*G)C) is a central (G’ /P")-Galois algebra if and only if S¥ G =
(S*xG)YG.

PROOF. Since n is a unit in Z and S * G is an Azumaya Z-algebra, Vs.c((S *
G)Y) = Vsxc (Vsxc(ZG)) = ZG by the commutator theorem for Azumaya algebras
[4, Thm. 4.3] (for ZG is a separable Z-subalgebra). Moreover, since S % G is a G'-Galois
extension of (S * G)G with an inner Galois group G/, it is an H-separable extension
of (S G)C [7, Prop. 4]. Hence, Vs.((S*xG)C" ) (= ZG) is a central (G'/P’)-Galois al-
gebra if and only if (S % G)? = (S%G) ZG by [7, Lem. 4.1(1) and Thm. 6.3]. Clearly,
ZC(S*G)Y, and so (S*G)C ZG = (S % G) G. Noting that P is the center of G, we
have (S * G)?" = SPG. Thus, the lemma holds. O

THEOREM 4.4. Assume that S * G is a G'-Galois extension of (S x G)¢ and an Azu-
maya Z-algebra. Then ZG is a central (G'/P")-Galois algebra if and only if, for every
s € SP, there exists an n x n matrix [Sgnlknec for some sy in S such that

(1) XhecSgn-1,n = 01,45 (therefore, s = 3y Sp-1,), and

(2) g(Sih) = Syxg-1.n for every g € G.

PROOF. (=) Assume that ZG is a central (G'/P’)-Galois algebra. Then by Lemma
4.2, SPG = (§ % G)% G. Therefore, for every s € S, s =51 € SPG = (§ * G)% G. Hence,
there exists 3¢ Sknk € (S*G)C for each h € G such that

s=sl= ) (Zsk,nk)h— > ( > 5k,h>g— > (2 Sghl,h> g. @1

heG \keG geG \kh=g geG \heG

Since {g | g € G} is abasis of S x G over S, we have >, Sgn-1n = 01,45 and, therefore,
2 hec Sp-1,, = S. Furthermore, for each h € G, Xy sknk € (S * G)Y,ie., SiecSknk =
9 Dkec Sikhkg™t = Diec 9 (skn)gkg ! for every g € G. Therefore, g(sin) = Sgig-1,4 for
every g € G since {k | k € G} is a basis of S x G over S.

(<) Assume that, for every s € S, there exists an n X7 matrix [ Sk lx.nec such that
DhecSgh-1.h = 01,95 and g(skn) = Sgkg-1  fOr every g € G. Then

g ( > Sk,hk> gt => glskn)gkg™=> Sgkg-1.ngkg ™! = > sink, 4.2)
keG keG keG keG

that is Y e sknk € (S*G)C for every h € G. Therefore,

5= 81959= . (Z Sghl,h)g= > ( > Skvh)g

gei geG \heG geG \kh=g

(4.3)

= (z sk,hk) he(S*x6)YG.

heG \keG
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Hence, for every s € S and every g € G, sg € (S * G)?' GG = (S * G)¢ G, that is
SPG <= (§%G)YG.
On the other hand, for any > ;<. skk € (S * G)¢', we have

> skk=g > skkg™'= > g(sk)gkg ' forevery g €G. (4.4)
keG keG keG

Therefore, g(sx) = s4xy-1 for every g € G since {k | k € G} is a basis of S * G over S.
In particular, for every p € P, p(sx) = Spkp-1 = Sk, L.€., Sk € SP for every k € G and,
therefore, Y. skk € SPG if Sy sk € (S G)S'. Hence, (S % G)¢ < SPG. Therefore,
(S*G)Y'G < SPGG = SPG. Hence, S'G = (S * G)9'G. So, (S * G)Y' = SPG = (S *
G)Y' G = (S % G)G ZG. Consequently, by Lemma 4.2, ZG is a central (G'/P’)-Galois
algebra. O
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