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ABSTRACT. We introduce a new way of approximating initial condition to the semidiscrete
finite element method for integro-differential equations using any degree of elements. We
obtain several superconvergence results for the error between the approximate solution
and the Ritz-Volterra projection of the exact solution. For k > 1, we obtain first order gain
in Ly (2 < p < o) norm, second order in WLP (2 < p < ) norm and almost second order
in W1® norm. For k = 1, we obtain first order gain in W17 (2 < p < ) norms. Further,
applying interpolated postprocessing technique to the approximate solution, we get one
order global superconvergence between the exact solution and the interpolation of the
approximate solution in the L, and WLP (2 <p < o).
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1. Introduction. Consider the following problem with memory:

t
Ur=V- {a(x,t)VquL b(x,t,T)Vu(X,T)dT} +f(x,t), (x,t) eQx(0,T], (1.1a)

u(x,0) =ug(x), xeQ, (1.1b)
u(x,t) =0, xe€oQx|[0,T], (1.1¢)

where Q is a bounded domain in R? with boundary 0Q and a, b, f, ug are bounded
together with their derivatives and

O<ag=<alx,t), (x,t)eQx[0,T]. (1.2)

For the existence, uniqueness and stability of the above integro-differential equations,
we refer to [2, 10, 12]. The weak form of (1.1) is to find a map u(t) : [0,T] — HA Q)
such that for all v H& (Q), the following holds:

t
(ug,v) + (a(t)Vu,vv) + (Jo b(t,T)VM(T)dT,VU) =(f(t),v), u0)=up. (1.3)

For the semidiscrete finite element methods of such problems, various error esti-
mates are known, for example, maximum norm error estimate for k = 1 was shown by
Lin [8], Zhang and Lin [14], optimal L, error estimates are by Lin, Thomée and Wahlbin
[9], maximum norm estimates are shown by [4, 13], optimal L, error estimates for
nonlinear equations are shown by Cannon and Lin [1], while optimal L, estimates for
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Crank-Nicolson scheme are shown in [7]. In this paper, we introduce a semidiscrete
finite element formulation for solving (1.3) using a new initial approximation Uy (see
(2.5)). This initial condition enables us to obtain a higher order accuracy of our finite
element solution U to the Ritz-Volterra projection V,u of the exact solution u for all
k > 1. Furthermore, our estimates can be used to improve the approximation accuracy
of U to u by certain postprocessing as in [4, 5, 6]. For this purpose, we proceed as
follows. First, we adopt the rectangular partition 15 on the domain Q and then intro-
duce two interpolation operators, the “vertices-edges-element” interpolation operator
iﬁ and high interpolation operator Ié‘ﬁ 1. Applying the properties of these operators
and superconvergence of U — V,u, we can easily establish superconvergence results
of u—I%1U to gain one order comparing with the standard finite element methods
of degree k in both L, and W'?, (2 < p < o) norms by one order.

The rest of this paper is organized as follows. In Section 2, we give the semidiscrete
Galerkin approximation scheme of the problem and define the Ritz-Volterra projec-
tion. Section 3 is devoted to the superconvergence of U — V,u for k > 1. The super-
convergence estimate of U —Vy,u for k = 1 are derived in Section 4. Finally, the inter-
polated postprocessing technique is discussed in Section 5. The global superconver-

gence results of u—I5/'U are demonstrated in Theorem 5.5.

2. The approximation scheme and Ritz-Volterra projection. First, let us describe
some of the notation used throughout this paper. Let L»(Q), L,(Q) and W™?(Q),
H™(Q) = W™2(Q) for any integer m > 0 and 1 < p < oo, denote the usual Lebesgue
and Sobolev spaces on (, respectively. The L, and L, norms are denoted by | - || and
Il - [lo,p, the Sobolev norms by || - [l;» and || - |ly,p. For any t € [0, T] define

N . t i
O ey = 3 [ IDF0(O) = [ DIyt |, @
i=0 0

where D{ = 0//0tJ. Let (-,-) denote the inner product in L,(Q) or L,(Q)2. In this
paper, C denote a generic positive constant independent of u and h, not necessarily
the same at each occurrence. Moreover, we also use the notation p’ to denote the
conjugate index of p,2 <p <ocowith1/p+1/p' =1.

Assume that Sj, C Hé(Q) NWL=(Q) is a finite element space which satisfies the
following approximation properties:

inf {[lv—xllop+hlv—xlip} < CR** Y vllki1,p,
XSk (2.2)
veWk P Q) nH(Q), k=1,2<p <.

We also suppose that the standard inverse properties hold on Sj. Define the Ritz
projection operator Ry = Ry (t) :H&(Q) - SpforO<t=<Thy

(a®)V(Ryw —w),Vx) =0, X € Sn, (2.3)

where a(t) = a(x,t). Then the semidiscrete finite element approximation to (1.1) is
to find amap U(t): (0,T] — Sy, such that
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t
(Unx) + (a(t) VU, VX) + (L b(t, 1) VU(T)dT.VX) = (£(0),%),

(2.4a)
XESH, 0<t=<T,
U0) =Uy, x€Q, (2.4b)
where Uy € Sy, is determined by
(a(0)VUo, Vx) = (£(0),X) — (Rnuc(0),X), X € Sn (2.5)
with
1 (0) = V- (@(0) Vo) + £(0). (2.6)

Now we define the Ritz-Volterra projection operator. For any given function w €
H(} (Q) define a function V,w € S), such that

t
(a(t)V(Vhwfw),Vx)Jr(J(O b(t,T)V(Vhw(T)*w(T))dT,VX)=0, X ESn. (2.7)

Obviously, when t = 0,V), is the same as Ritz projection operator Ry. Let n = Vyu —u.
The next lemmas concern the estimates of n which come from [9] and [11], respec-
tively.

LEMMA 2.1 (see [9]). Fork > 1, we have

HDfn(t)HO,p+hHD§n(t)Hl,pSChk+1||u(t)Hs,k+l,pl 25p<°°' (28)

LEMMA 2.2. For k > 1, we have

|(Din,®) | < CR*2ullsprrpliplliy, peWH(Q), 1<p <o (2.9)

3. Superconvergence of U —V,u when k > 1. Let u and U be the solutions of the
problem (1.1) and (2.4), respectively, and let &€ = U — V,,u. In this section, we study su-
perconvergence of € for k > 1. We begin with the estimates for initial value of £ and &;.

LEMMA 3.1. We have, for k > 1

&:(0) =0, ie,U;(0) =Rpu(0), (3.1

[1E(0)]]; <= Ch**2 {lluollks1 + e (0) k4] (3.2)
PROOF. From (2.5) and (2.4)
(Rpue(0),x) = (£(0),x) — (a(0)Uy, VX) = (U:(0),X), X € Sh. (3.3)

Hence Ryu:(0) = U (0). For (3.2), we see from (1.3), (2.4a), and (2.7) that

t
(Et,X)+(ﬂ(t)V§,VX)+(Job(t,T)VE(T)dT,VX):—(Ut,x), XESh  (34)
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Setting t = 0 and noting that & (0) = 0, we have
(a(0)VE(0),VX) = —(n:(0),X). (3.5)
Take x = £(0) in (3.5). Then it follows, from Lemma 2.2, that
IVE)]] < CR** 2 [111(0) lls1 + 1 (0) llge1 ] (3.6)

Since ||V - || and || - ||; are equivalent in Hé (Q), the proof is completed. O
We turn to the superconvergence estimates for & and show the following theorem.

THEOREM 3.2. We have, for k > 1

1/2
gl lEol+ ([, gk ar)”

2 ' 1/2 3.7)
< Chk+2{|uo||k+1 + e (0) fles + ( > L ||D4u\|k+1dT) }
j=0
PROOF. Setting x = &; in (3.4), we obtain by Lemma 2.2
IEN? + 2 (a(t)vz,vg)
1
- 2 (a()vE,VE) - (j b(t,T)VE(T) AT, VE ) - (10,
(3.8)
< c[nvamjo IVENdTIIVE +hk+2||u||1,k+1,2||§t||1]
t
< C[ROD l p + IVEIR + [ I9EIR AT |+ VR,
Differentiating (3.4) with respect to t, we see that
(&, X) + (@) VE,VX)
(3.9)

— (e x) — (@B VE, V) - (j be(t,T) VE(T) dT, V).

Setting x = &; in (3.9) and using the similar technique to deriving (3.8), we have

||§t|| +(a(t)VE,VE)
2 dt (3.10)

t
a
< C[hﬂk+2 11112 015+ ||vz||2+j0 ||va|2dr] + 90 vg 2.
Adding (3.10) onto (3.8) and using (1.2), we have

L1+ () VE, TE)] + IVE?
(3.11)

t
<C[RRD o+ IVENR +JO IvE1dr ]
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Integrating (3.11) with respect to t, we get, by Lemma 3.1
- t -
& N1% +aol VEI® + L IVEN*dT
t t
<IE O + (a(0)VE©), VEO) + Ch2E2 | [ull o pdr+C [ IVEIZdT

t t
< CH2 gl + s OV, + | Il pd7| +C [ IVEIZar.
(3.12)

Finally, applying Gronwall’s inequality, we obtain the result. O

To derive maximum norm superconvergence estimates, we introduce Green'’s func-
tions. Let the discrete Green’s functions Gj, € Sy and gy, ; € Sp, i = 1,2 for z € Q be
defined by

(a®)VGH, VX) =x(2), X € Sn, (3.13)
0
(a(®)Vgp»VX) = ax(Z), X € Sn, (3.14)
1
respectively. Let the pre-Green’s functions G and g3 ; (i = 1,2) be defined by

(a(t)VGZ,Vv) =Ppv(z), veHHQ), (3.15)

d
(a(t)Vgs:,;,Vv) =Py

1
axiv(z), v € Hy(Q), (3.16)

respectively, where Py, : L»(Q) — Sy, is the L, projection operator.

LEMMA 3.3 [15]. We have

WG +1Gill1p +11GE 11 +llgR = 9%.ilha +RllgZ oy <€ (3.17)
forl <p’' <2 and
7 2 1
||Gfl||2,1 + ||gpzu|| +||gi,i||1,1 = Clogﬁ, (3.18)
h, ifk>1,
IG; -Gl <C (3.19)
b nlog Y, ifk=1,
h
where
HGﬁlel = Z ||sz||2,1,r- (3.20)
TGTh
Thus we can prove the superconvergence results for € in L., and Wbh>,
THEOREM 3.4. We have, for k > 1
IEWD o, = Chk*z{lluollkﬂ +{[ue (0 [sq + O] k11,
(3.21)

2 - 1/2
+(ZL|ID{ullk+1dT) } p>2.
Jj=0
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PROOF. By (3.4) and (3.13), we have
&(z) = (a(t)VE,VGy)

=—(&+n.G3) - (Jotb(t,T)VE(T)dT,V(Gﬁ—Gi))

t
_JO (b(t;T)vE(T),VGi)dT =L+ +Ig,

By Lemma 2.2, Theorem 3.2, and Lemma 3.3, we get

L < |(n:, G},
< Cl’lk+2<|

t
|Iz|scj I
0

By V(fg) =fV

)|+ 1(&.GR) | < CR** 2wl gsnp G ll1pr + IENIGE

2 ¢ ) 1/2
fubvsony + tller + s Ol + (3 [ 1Dful ) }
j=0

t t
Lo dTIGE ~GZlly, < Chj0 IElLodT < CL 1Ello.0 d.

g+gVf and (3.15), we have

|| e (Een) o) [ (acmo(t) e

Jor(

<

b(z,t,T)

t t
i E(z,r))m] +cj0 1€ N0, dTIIGZ 11 < CL IElomdr.

Substituting estimates on I,I», and I3 into (3.22), we obtain

|E(2)]

< Chk+2{||u”1,k+l,p +lluo k1 + e (0) llk+1

2ot 1/2 t
+(ZJ \IDiul|k+1dT) }+CJ IE o dT.
j=0"" 0

Applying Gronwall’s lemma, we complete the proof.

THEOREM 3.5. We have, for k > 1

IE@]];. < Chk”f{nuonm e (Ol + (O ks,

withe > 2/p, p

: (z NCZ

large enough.

PROOF. Writing gj, = g,zm. and g4 = gi’i, we have, by definition (3.14) of gy,

0
aXl'

£(2) = (alt)VE,Vgn)
t
= (&t nan) (jo b(t, 1) VET) AT,V (g -g.))

t
_Jo (b(t,T)VE(T),Vgs)dT =J1+ ]2+ J3.

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)
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Using similar argument as in Theorem 3.4, we have by inverse properties and
Theorems 3.2 and 3.4,

< [(e,gn) |+ [(Engn) | < CRE 2wl pllgnllp + 1€ NI gnll

< Chk+2{”u”1,k+l,ph_2/p lgn 1
2 . 1/2
+ |:|u0||k+1 +1ue (0) g1 + ( > L [ID{ w41 dT) ] ||gh|}
j=0

2 .t 1/2
; 1
< Ch"*z{llulll,m,ph”” + 1ol + 11 (0) g1 + ( > JO IIDZull@l) }log e
i=0

(3.29)
ol < cjot IE N wdTlign - gullis < cjot 1€l wdr. (3.30)
and
WEYRS ‘ Jot (aV(EE(T)>,Vg*) dT—JOt (aE(‘r)V(%),Vg*) d-r‘
< [ [Puse (B2t D e m ) ar| ¢ [ Mellndriige s
l ’ (3.31)

t
< CL 1€ll0,0 AT + Chk+2{”u0|k+1 + 1w (0) i1 + 1wl k+1,p

2 t ) ) 1/2 1
(3 [ iptuliar) s
j=070 h

Combining (3.29), (3.30), and (3.31) with (3.28) and applying Gronwall’s lemma we
derive the conclusion. O

Now let us turn to superconvergence of § in L, and WLP for 2 < p < co.

THEOREM 3.6. We have, for k > 1

2 t ) 1/2
|§<t>||o,p<Chk”{nuonmﬁ||ut<0>||k+1+(ZLHDiuHinT) } 2<p<o.
Jj=0

(3.32)
PROOF. By Sobolev inequality, we have
Ixllop < CliXll1, X € Sh. (3.33)
The conclusion follows from Theorem 3.2. O
THEOREM 3.7. We have, for k > 1
IE@) I,y < Chk*z{lluollkﬂ + e (O) k1 + e (O ls1,p
(3.34)

2 t ) 1/2
+(ZJHD{M||£+1(1T) } 2 < p < co.

. 0

Jj=0



350 DO Y. KWAK ET Al
PROOF. For any ¢ € WLP' (Q) with lpllo,p =1, let @ be the solution of
(a(t)Vv,Vd) = —(¢px,v), v EHFHQ), (3.35)
where ¢, is any component of V¢. Then
”‘I)Hl,p’ = Cp”(I)HO,p’ = Cp- (3.36)
Now by Green'’s formula, (3.4), (3.35), (3.36), and Theorem 3.2, we have
(EX’CI)) = _(d)X’g) = (a(t)VE,V‘IJ) = (a(t)vgaVth))
t
= —(nt,Ru®) — (&, Rn®) — (JO b(t,T)VE(T)dT,VRhCP)

< Ch* 2 ugllie1,p IRR® 1 + 1 E () HIRRD |

t
+ch IV Ellop dTlIRu®ll1p (3.37)

< Chk+2{|lutllk+l,p +luollk+1 + 1w (0) k41

2 t . 1/2 t
+(ZJ HD{H,HZdT) }+CJ IVElopdr.
=070 0

It follows from (3.37) that
”Ex”O,p = sup (&x,¢)

$peLr’ (Q)

< Chk”{nutnm,p 1ol + 1 (O) Ik (3.38)

2 0t 172 t
+(zj \|D{u||k+1d'r> }+cj IVEllop d.
iz0Jo 0

Summing both components of V& and using Gronwall’s lemma we get (3.34). O

4. Superconvergence of U — V,u when k = 1. In this section, we consider super-
convergence when k = 1. Throughout this section k = 1. If Lemma 2.2 is replaced by
Lemma 2.1 in the proof of Lemma 3.1 and Theorem 3.2, we obtain the following two
results, respectively.

LEMMA 4.1. We have

&:(0) =0, ie, Ui(0) =Rpu(0), (4.1)

IEO) 111 < Ch*[llugll2 + llue (0) lI2]. (4.2)

THEOREM 4.2. We have

t 1/2
1€ +NEE) I + (JO IIEtllde>

2 e 1/2 4.3)
<Ch2{||uo||z+|ut(o>|z+ (ZL HDiullsz) }
j=0
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THEOREM 4.3. We have
2 1/2
& ()11 <Ch2{||uo|z+||ut<o ||2+(Zf ID{ul Isz) }

PROOF. Taking x = & in (3.9), we have

Ak +%[%(a(t>va,va) - (m(t)va,va)]

— (Nt &) — (x(B)VE, VEst) — (J bi(t,T)VE(T)dT, Vgtt)-

Integrating this, we obtain, by &; (0) = 0,

1
j lEular+ 221 vE, |\2<—L (a:VE, VE) dr
t t
_Jo (Utt,ftt)dT—L (xVE, V&) dT
t s
—J (J (bt(s,r)vg(r)dr,vgtt(s)))ds
o \Jo
=K +Ky+K3+Kjy.
Obviously,
t t 5 t
Kil<C [ Iv&IRar, 1Kl <C| [lnulPdr+ | gd2ar
0 0 0
By integration by parts, we have
t
K3 = (ax(t)VE,VE) *L [(xtVE,VE) + (aVE, VE)]dT
Noting (4.1) and
2 > (! 2
IVE@IF < |[VEOIF + | 198 dr,
we see by arithmetic-geometric inequality
t
Ksl = C[IIV8@)+ [ 19817 dr |+ G2 v,
By integrating by part and changing order of integration, we have
t t
- [ ar [ (w6598, Ve ) ds
t
= | 1 (7, 1) VE), VE (1) - (b (1,1 VE), TE(0)

t t
+J dTJ (bee (s, T)VE(T), VE: (s))ds
0 T

351

(4.4)

(4.5)

(4.6)

4.7)

(4.8)

4.9

(4.10)

(4.11)
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and hence by using similar argument as before, we have

t
kel = c[IIvg@P+ [ 1vEdzar |+ S ivg .12)
0 8

Substituting estimates of K;-K4 into (4.6), we get

t t
IVE|? < c[||vg(0)\|2 +JO ||nn{|2dT+J0 IIVEtHZdT]. 4.13)

Now Gronwall’s inequality gives

t
V&I < C[IVEOI+ [ finul . @14
0

This together with (2.8) and (4.2) completes the proof. O
To derive superconvergence in W we first bound [|g7 ;llo,p-

LEMMA 4.4. For1l < p <2, we have
||gpzl,i||o,p5C fori=1,2. (4.15)

PROOF. We introduce an auxiliary problem: for any given ¢ € L, (Q), find ¥ €
H}(Q) such that

(a(t)Vv,VY) = (v,p), veHHQ). (4.16)
Then V¥ satisfies the elliptic regularity
¥ll2,pr < Cllwllop - (4.17)

Writing gn, = gfm., we have, by (3.14) and (4.16),

0 RnY(2). (4.18)

(gn, @) = (a(t)Vgn,VY) = (a(t)Vgn, VRRY) = ax

It follows from W 1> stability of the Ritz projection operator Rj,, imbedding theorem
and (4.17) that

(Gn, @) < IRnY 1,00 < ClI¥ 1,0 < CI¥ N2 < Cligllo V@ € Ly (Q). (4.19)

Thus the proof is completed. O
Now we show the following superconvergence estimates for & in Wh*,

THEOREM 4.5. We have

€10 < Chz{”“o”z +lue(0)ll2 + (@)l 2,p

2 t ) 1/2
+<ZI ||D{u||§dT> } p>2.
=070

(4.20)



SUPERCONVERGENCE OF A FINITE ELEMENT METHOD ... 353

PROOF. Writing gn = gj; and g« = g5 ;, we have, by (3.4) and (3.14),

‘a az)] ~ |(a(t)VE, Van) |

t
=—(& +Nt,gn) —L (b(t,T)VE(T),V(gn—gx))dT @21

t
- | b nvED, V) ar
=R; +Ry +Rj3.
Applying similar argument as before, we see, by Lemmas 3.3 and 4.4, that

IR1| < (I1&llo.p +[Inellop) lgnllop < CUNEM +nello,)

t t
IRa| < cjo 1V Ellow ATl — gsll1n = CL I1VEllo dT,

o ooy saer fmms(oaje]
| (B2 g e [ -zt Jor

t
< CL 1E e dT(1+ I gullor),

and
lg«llog < 11g« —gnllia +llgnllo,p < C. (4.23)
Combining above estimate with (4.21), we get
t
1§ = C 18+ linello + [, 18D d7 . (4.24)

This together with Lemma 2.1, Theorem 4.3, and Gronwall’s inequality completes the
proof. O

Next we derive the superconvergence results of £ in W17,

THEOREM 4.6. We have for2 < p < oo
2 ¢ - 1/2
€@,y < Chz{Huon +llue (O ll2 + llue () ll2,p + ( > JO 1D ulf; dT) } (4.25)
Jj=0

PROOF. By Lemma 2.1 and Theorem 4.2, we see that

Inello,, < CR* w1z p (4.26)
and
2 ¢ - 1/2
€@ <Ch2{lluo||2+||ut(0)||2+(ZLHD{uHZdT) } (4.27)
j=0

Applying the same argument as in the proof of Theorem 3.7, we get the desired results
at once. O
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5. The interpolated postprocessing technique. In this section, we apply the inter-
polated postprocessing technique to enhance the accuracy of the approximate solu-
tion U. The global one order superconvergence result in L, and WP, 2 < p < o, are
established. Let Tj, be a quasi uniform rectangular partition of Q c R? and let Sy, be
the space of continuous piecewise polynomials

Sh={veH}(Q), veQk(r), Te T}, (5.1)
where
Qk = span{xix}, 0<i, j <k}. (5.2)

Introduce two kinds of operators (see [4, 5, 6]), the vertices-edges-element interpola-
tion operator i’,‘l and the high interpolation operator Ii‘,f 1. They satisfy the following
properties:

15 ull,,, < CRE 2™ Uiz, k=1, m=0,1,2<p < o. (5.3)
5k =1k k=1 (5.4)
15 X llmp < CliXlmyp VX ESK, k=1, m=0,1,2<p < co. (5.5)

Using these properties, we can improve the global convergence for the solution and
its gradient. Let 0 = Vju — i’;lu. We begin by demonstrating Lemma 5.1.

LEMMA 5.1. We have

t
(@(t)V0,Vx) + (jo b(t,1)VO(T) AT, Vx) = O (™) [l [XIbmprs X € Sh,

(5.6)
where
3, ifk=1, 1, ifk=1,
2<p < oo, v = m= (5.7)
k+3, ifk>1, 2, ifk=>=3.
PROOF. By [4, 5], we see that for any «(x)
(tx(x)V(u—i’,‘Lu),Vx) = O(thrm)”u”r,p”XHm,p’; (5.8)

and so that by (2.7) and (5.8)
t
(a(t)VO,Vx) +L (b(t,T)VO(T)dT,VX)dT
t
= (a()V(u—iku),Vx) +JO (b(t,T)V(u(t)-iku(r)),vx)dr (5.9)
t
=00 ™) [ Wl + [ Nt T [1Xm

The proof is completed. O
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Now we aim for superconvergence of 6 in L, and W#, 2 < p < oo, which are given
in the following theorems.

THEOREM 5.2. For k > 3, we have
10()llo,p < CRE 2 lu(t)lloks3,p, 2<P < oo. (5.10)

PROOF. Again using (4.20) and (5.6), we have

0,p) = (a(t)Vo,VY) = (a(t)VO,VR,Y)

= O (W) lu(t)llorpIRRY N2,

t

t
+Jo (lo(t,’r)V@(‘r),V(‘I’—Rh‘l’))d'r—‘[O (b(t,T)VO(T),VY)dT

k+2 ! (5.11)
sc[h uu||o,y,p|\RhW|\z,pr+j0 ||0||1,pdr||W—RhW||1,pr]
t
+ (Q(T)V-(b(t,T)V‘I’))dT
0
t
< c[hk+2uu||o,r,,,+jo 10110, dT] ¥l
Hence, by (4.21),
0, t
1600y = sup %) - c[n oy + [ NOMopdr |- (5.12)
([JELVl Q) ”(IJHO,I)' 0
This together with Gronwall’s inequality completes the proof. O
THEOREM 5.3. We have, fork > 1,
10 11 < CH** () loyp, 2<p < oo, (5.13)
wherer =3 ifk=1,andv =k+3 ifk = 2.
PROOF. We have, by (3.35) and (3.36)
(Ox,P) = —(qu,@) = (a(t)V@,Vcb) = (a(t)V@,Vth))
t
< CRY ullo g p IRn® 11 —fo (b(t,T)VO(T), VRy®) dT
t (5.14)
< C[hk“ ulloyp + jo 10111, dr] IRn®Il1
t
< C[hk“ llogp + jo 16111, dr].
Thus the proof is completed. O

THEOREM 5.4. We have

. 1 i
10(8) 1o, < C”lk“logﬁHu(t)||0,k+3,oo, ifk=>3, (5.15)
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1 4
10(E) |10 < cnk“(log E) () oo, (5.16)

where x=1ifk=1,2, &=0ifk=3,vr=3ifk=1,andrv =k+3 ifk > 2.
PROOF. By Lemma 5.1, we have

10(2)] = |(a()VO,VGE) |
(5.17)

’

t
< CRE2 gy o |GE Nl + \ jo (b(t,T)V0(2),VGE) dT

where
| Lt (b(t,1)V0(2), 967 d |
<| Jot (b(t’T)V"(Z),V(GﬁfGi))dwﬂ (av(202),vez) ar
,Jot (a0v(202)),v63 )ar|
< Cﬂ 10111, ATIGE — G2 11,1 + ’ J;ph<gg(T)) dT‘

t
+C [ 1000 dTIGE 1.
(5.18)
Combining (5.18) with (5.17), we have by Lemma 3.3

. 1 t
10(2)llo, < C[hk“logﬁﬂu(t)ﬂomm + jo 1610, m]. (5.19)
The conclusion (5.15) follows from Gronwall’s inequality.
Writing gn, = gfl,i and g, = gi‘i, we see by a similar argument as above, for k = 1,2
‘ 0
6xl-

9(2)‘ = [(a(t)V0,Vgn) |
t
< Ch*¥Yignlliillullor e + ‘ Jo (b(t,T)VQ(T),Vgh)dT’
1 t
< CH< M og () o + \ JO (b(t,T)VO(T),V (g —gs)) dT
t b t b
+J (aV<79(T)>,Vg*>dT—J (aGV(f),Vg*)dT‘
0 a 0 a
1 t
< Chkﬂl()gﬁ Nullogr,e + CJO 10111,0 ATIIgh — G l11
t 3 (b t b
+ ‘ JO Pha—M(EG(T))dT+JO (v- (a@(ﬂV(E)),g*) dT’
1 t
< Ch**'log E.Ilul\o,mo +CJ0 1011, AT(1+ llgn—gsll1,1 + g llo)

t
< c[hkﬂlog%nuno,r,m +j0 101110 dT].
(5.20)
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For k > 3, we have

0
aXi

0(z) = (a(t)VO,Vgp)

t
- [(a<t>ve,wgh—mg*>>+jo (b(t,)VO(T), ¥ (gn ~Thg-)) d |
(5.21)

t
+ [(a(t)VG,Vth*) +Jo (b(t,T),V(th*))dT]
t
- | pamve, vandr = v s,
where by Lemma 5.1, inverse property and Lemma 3.3, we have

1l < CR* 2 ([ullor eollgn —TTngsll’
< Ch**?|[ullore[n ™ gn —gsllh 1 + 1Gll2a ] (5.22)

< Ch** Y ullo.r oo
Similarly,

[J2| < CR**2|TIhgac 15y 1tllor o < CR** 21l g ll2 1 [ttllor 0 < CR**Hl0tllo,r o,

|J3] = ’ JZ (b(t,T)V@(T),V(gh—g*))dT+J (aVSQ(T),Vg*) ar

t
0
—Lt (a@(‘r)V(%),Vg*)dT‘

<c| 1onnatign-g-Ii+ | [ P (o )ar
t b
+J (V- (a@(T)V(f)),gQ d'r’
0 a
t t
< CJO 10111, AT (1 +11gn =gl +1gxllor) < CJO 10111, AT.
Substituting J; — J3 into (5.21) completes the proof. O

Finally, we give the main results of this paper.
THEOREM 5.5. We have the following superconvergence:

() =13, U (0],

2 ¢ ] 1/2
< C”lk+2{|u0|k+l + e (0) 1 + ( > JO 107 ull;. dT) + |u(t)”0,k+3,p}a
Jj=0

k>=3,2<p <o,

(5.24)
() — I3 U ()]lg.e < Chk”{nuonkﬂ 11 (0 lesr + ()1,
2 t ) , 1/2
(3 [ Iotuliyar) 529
j=0"°

1
+10gh|u(t)”0,k+3,oo}, k>3, p>2,



358 DO Y. KWAK ET AL

() - 15 U @)]], < Chk”{””oﬂkﬂ + 111 (0) ks
2t 1/2
+ (ZJ !IDiullkHdT) (5.26)
=070

+ ||u(t)|o,r,2}, k=1,

lhu(t) -5 U], < Chk+l{|u0”k+1 + 1 (O 1 + 1 () 11 k1,
2 ot 1/2
(2 [Cwul ar) 627
j=0

+ ||M(t)||o,k+3,p}, k>1,2<p <o,

[u () -5 U )] < Chk“{nuonkﬂ + 1 (0) s n + 1 () 11 k41,

2 t ) ) 1/2
(3 [y ifuli ar) 5.28)
j=0"°

1

&
+ (log h) |u(t)|0,1’,oo}; k=1, p>2,

where x=1ifk=1,&=0ifk=3,vr=3ifk=1,andv =k+3 ifk > 2.

PROOF. By (5.4), we have
u-I5'U =u - u+ 157 (ifu - Viou) + 5 (Veu - U). (5.29)
Then by (5.5)
-5 U, = llu =15 ull,, , + Cllifu = Viull,, , + CllVau=Ull,, ..~ (5.30)

The estimate of first term is shown in (5.3), second term in Theorems 5.2, 5.3, and
5.4, third one in Theorems 3.2, 3.4, 3.5, 4.2, 4.5, and 4.6, Thus, we complete the proof.
O

REMARK 5.6. In the case Q is a general domain, we may take the piecewise “regular
partition” or “most rectangular” partition to do the postprocessing (see [6]). Then we
can still get half order gain for u—I5/'U in L, and W7, 2 < p < co.
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