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Abstract. We introduce a new way of approximating initial condition to the semidiscrete
finite element method for integro-differential equations using any degree of elements. We
obtain several superconvergence results for the error between the approximate solution
and the Ritz-Volterra projection of the exact solution. For k > 1, we obtain first order gain
in Lp(2≤ p ≤∞) norm, second order in W1,p(2≤ p ≤∞) norm and almost second order
in W1,∞ norm. For k = 1, we obtain first order gain in W1,p(2 ≤ p ≤ ∞) norms. Further,
applying interpolated postprocessing technique to the approximate solution, we get one
order global superconvergence between the exact solution and the interpolation of the
approximate solution in the Lp and W1,p(2≤ p ≤∞).
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1. Introduction. Consider the following problem with memory:

ut =∇·
{
a(x,t)∇u+

∫ t

0
b(x,t,τ)∇u(x,τ)dτ

}
+f(x,t), (x,t)∈Ω×(0,T ], (1.1a)

u(x,0)=u0(x), x ∈Ω, (1.1b)

u(x,t)= 0, x ∈ ∂Ω×[0,T ], (1.1c)

where Ω is a bounded domain in R2 with boundary ∂Ω and a, b, f , u0 are bounded
together with their derivatives and

0<a0 ≤ a(x,t), (x,t)∈Ω×[0,T ]. (1.2)

For the existence, uniqueness and stability of the above integro-differential equations,
we refer to [2, 10, 12]. The weak form of (1.1) is to find a map u(t) : [0,T ]→ H1

0(Ω)
such that for all v ∈H1

0(Ω), the following holds:

(ut,v)+(a(t)∇u,∇v
)+(

∫ t

0
b(t,τ)∇u(τ)dτ,∇v

)
= (f(t),v), u(0)=u0. (1.3)

For the semidiscrete finite element methods of such problems, various error esti-
mates are known, for example, maximum norm error estimate for k= 1 was shown by
Lin [8], Zhang and Lin [14], optimal Lp error estimates are by Lin, Thomée and Wahlbin
[9], maximum norm estimates are shown by [4, 13], optimal L2 error estimates for
nonlinear equations are shown by Cannon and Lin [1], while optimal L2 estimates for
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Crank-Nicolson scheme are shown in [7]. In this paper, we introduce a semidiscrete
finite element formulation for solving (1.3) using a new initial approximation U0 (see
(2.5)). This initial condition enables us to obtain a higher order accuracy of our finite
element solution U to the Ritz-Volterra projection Vhu of the exact solution u for all
k≥ 1. Furthermore, our estimates can be used to improve the approximation accuracy
of U to u by certain postprocessing as in [4, 5, 6]. For this purpose, we proceed as
follows. First, we adopt the rectangular partition τh on the domain Ω and then intro-
duce two interpolation operators, the “vertices-edges-element” interpolation operator
ikh and high interpolation operator I

k+1
2h . Applying the properties of these operators

and superconvergence of U −Vhu, we can easily establish superconvergence results
of u− Ik+12h U to gain one order comparing with the standard finite element methods
of degree k in both Lp and W 1,p, (2≤ p ≤∞) norms by one order.
The rest of this paper is organized as follows. In Section 2, we give the semidiscrete

Galerkin approximation scheme of the problem and define the Ritz-Volterra projec-
tion. Section 3 is devoted to the superconvergence of U −Vhu for k > 1. The super-
convergence estimate of U−Vhu for k= 1 are derived in Section 4. Finally, the inter-
polated postprocessing technique is discussed in Section 5. The global superconver-
gence results of u−Ik+12h U are demonstrated in Theorem 5.5.

2. The approximation scheme and Ritz-Volterra projection. First, let us describe
some of the notation used throughout this paper. Let L2(Ω), Lp(Ω) and Wm,p(Ω),
Hm(Ω) =Wm,2(Ω) for any integer m ≥ 0 and 1 ≤ p ≤ ∞, denote the usual Lebesgue
and Sobolev spaces on Ω, respectively. The L2 and Lp norms are denoted by ‖·‖ and
‖·‖0,p , the Sobolev norms by ‖·‖m and ‖·‖m,p . For any t ∈ [0,T ] define

‖u(t)‖s,m,p =
s∑

j=0

[∥∥Dj
tu(t)

∥∥
m,p+

∫ t

0

∥∥Dj
tu(τ)

∥∥
m,pdτ

]
, (2.1)

where Dj
t = ∂j/∂tj . Let (·,·) denote the inner product in L2(Ω) or L2(Ω)2. In this

paper, C denote a generic positive constant independent of u and h, not necessarily
the same at each occurrence. Moreover, we also use the notation p′ to denote the
conjugate index of p,2≤ p ≤∞ with 1/p+1/p′ = 1.
Assume that Sh ⊂ H1

0(Ω)∩W 1,∞(Ω) is a finite element space which satisfies the
following approximation properties:

inf
χ∈Sh

{‖v−χ‖0,p+h‖v−χ‖1,p
}≤ Chk+1‖v‖k+1,p,

v ∈Wk+1,p(Ω)∩H1
0(Ω), k≥ 1, 2≤ p ≤∞.

(2.2)

We also suppose that the standard inverse properties hold on Sh. Define the Ritz
projection operator Rh = Rh(t) :H1

0(Ω)→ Sh for 0≤ t ≤ T by

(
a(t)∇(Rhw−w

)
,∇χ

)= 0, χ ∈ Sh, (2.3)

where a(t) = a(x,t). Then the semidiscrete finite element approximation to (1.1) is
to find a map U(t) : (0,T ]→ Sh such that
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(
Ut,χ

)+(a(t)∇U,∇χ
)+(

∫ t

0
b(t,τ)∇U(τ)dτ.∇χ

)
= (f(t),χ),

χ ∈ Sh, 0< t ≤ T ,
(2.4a)

U(0)=U0, x ∈Ω, (2.4b)

where U0 ∈ Sh is determined by

(
a(0)∇U0,∇χ

)= (f(0),χ)−(Rhut(0),χ
)
, χ ∈ Sh (2.5)

with

ut(0)=∇·
(
a(0)∇u0

)+f(0). (2.6)

Now we define the Ritz-Volterra projection operator. For any given function w ∈
H1
0(Ω) define a function Vhw ∈ Sh such that

(
a(t)∇(Vhw−w

)
,∇χ

)+(
∫ t

0
b(t,τ)∇(Vhw(τ)−w(τ)

)
dτ,∇χ

)
= 0, χ ∈ Sh. (2.7)

Obviously, when t = 0,Vh is the same as Ritz projection operator Rh. Let η= Vhu−u.
The next lemmas concern the estimates of η which come from [9] and [11], respec-
tively.

Lemma 2.1 (see [9]). For k≥ 1, we have
∥∥Ds

tη(t)
∥∥
0,p+h

∥∥Ds
tη(t)

∥∥
1,p ≤ Chk+1∥∥u(t)

∥∥
s,k+1,p, 2≤ p <∞. (2.8)

Lemma 2.2. For k > 1, we have
∣∣(Ds

tη,φ
)∣∣≤ Chk+2‖u‖s,k+1,p‖φ‖1,p′ , φ∈W 1,p′(Ω), 1<p <∞. (2.9)

3. Superconvergence of U−Vhu when k > 1. Let u and U be the solutions of the
problem (1.1) and (2.4), respectively, and let ξ =U−Vhu. In this section, we study su-
perconvergence of ξ for k > 1. We begin with the estimates for initial value of ξ and ξt .

Lemma 3.1. We have, for k > 1

ξt(0)= 0, i.e., Ut(0)= Rhut(0), (3.1)

∥∥ξ(0)∥∥1 ≤ Chk+2{‖u0‖k+1+‖ut(0)‖k+1
}
. (3.2)

Proof. From (2.5) and (2.4)

(
Rhut(0),χ

)= (f(0),χ)−(a(0)U0,∇χ
)= (Ut(0),χ

)
, χ ∈ Sh. (3.3)

Hence Rhut(0)=Ut(0). For (3.2), we see from (1.3), (2.4a), and (2.7) that

(
ξt,χ

)+(a(t)∇ξ,∇χ
)+(

∫ t

0
b(t,τ)∇ξ(τ)dτ,∇χ

)
=−(ηt,χ

)
, χ ∈ Sh. (3.4)
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Setting t = 0 and noting that ξt(0)= 0, we have
(
a(0)∇ξ(0),∇χ

)=−(ηt(0),χ
)
. (3.5)

Take χ = ξ(0) in (3.5). Then it follows, from Lemma 2.2, that

∥∥∇ξ(0)
∥∥≤ Chk+2[‖u(0)‖k+1+‖ut(0)‖k+1

]
. (3.6)

Since ‖∇·‖ and ‖·‖1 are equivalent in H1
0(Ω), the proof is completed.

We turn to the superconvergence estimates for ξ and show the following theorem.

Theorem 3.2. We have, for k > 1

∥∥ξt(t)
∥∥+∥∥ξ(t)∥∥1+

(∫ t

0

∥∥ξt(τ)
∥∥2
1dτ

)1/2

≤ Chk+2

‖u0‖k+1+‖ut(0)‖k+1+

( 2∑
j=0

∫ t

0

∥∥Dj
τu
∥∥
k+1dτ

)1/2
 .

(3.7)

Proof. Setting χ = ξt in (3.4), we obtain by Lemma 2.2

‖ξt‖2+ 12
d
dt
(
a(t)∇ξ,∇ξ

)

= 1
2

(
a(t)∇ξ,∇ξ

)−(
∫ t

0
b(t,τ)∇ξ(τ)dτ,∇ξt

)
−(ηt,ξt

)

≤ C
[
‖∇ξ‖2+

∫ t

0
‖∇ξ‖dτ‖∇ξt‖+hk+2‖u‖1,k+1,2‖ξt‖1

]

≤ C
[
h2(k+2)‖u‖21,k+1,2+‖∇ξ‖2+

∫ t

0
‖∇ξ‖2dτ

]
+ a0
4
‖∇ξt‖2.

(3.8)

Differentiating (3.4) with respect to t, we see that
(
ξtt,χ

)+(a(t)∇ξt,∇χ
)

=−(ηtt,χ
)−(α(t)∇ξ,∇χ

)−(
∫ t

0
bt(t,τ)∇ξ(τ)dτ,∇χ

)
.

(3.9)

Setting χ = ξt in (3.9) and using the similar technique to deriving (3.8), we have

1
2

d
dt
∥∥ξt

∥∥2+(a(t)∇ξt,∇ξt
)

≤ C
[
h2(k+2)‖u‖22,k+1,2+‖∇ξ‖2+

∫ t

0
‖∇ξ‖2dτ

]
+ a0
4
‖∇ξt‖2.

(3.10)

Adding (3.10) onto (3.8) and using (1.2), we have

d
dt
[‖ξt‖2+

(
a(t)∇ξ,∇ξ

)]+‖∇ξt‖2

≤ C
[
h2(k+2)‖u‖22,k+1,2+‖∇ξ‖2+

∫ t

0
‖∇ξ‖2dτ

]
.

(3.11)



SUPERCONVERGENCE OF A FINITE ELEMENT METHOD . . . 347

Integrating (3.11) with respect to t, we get, by Lemma 3.1

‖ξt‖2+a0‖∇ξ‖2+
∫ t

0
‖∇ξt‖2dτ

≤ ‖ξt(0)‖2+
(
a(0)∇ξ(0),∇ξ(0)

)+Ch2(k+2)
∫ t

0
‖u‖22,k+1,2dτ+C

∫ t

0
‖∇ξ‖2dτ

≤ Ch2(k+2)
[
‖u0‖2k+1+‖ut(0)‖2k+1+

∫ t

0
‖u‖22,k+1,2dτ

]
+C

∫ t

0
‖∇ξ‖2dτ.

(3.12)

Finally, applying Gronwall’s inequality, we obtain the result.

To derive maximum norm superconvergence estimates, we introduce Green’s func-
tions. Let the discrete Green’s functions Gz

h ∈ Sh and gz
h,i ∈ Sh, i = 1,2 for z ∈ Ω be

defined by (
a(t)∇Gz

h,∇χ
)= χ(z), χ ∈ Sh, (3.13)

(
a(t)∇gz

h,i,∇χ
)= ∂

∂xi
χ(z), χ ∈ Sh, (3.14)

respectively. Let the pre-Green’s functions Gz∗ and gz
∗,i(i= 1,2) be defined by(

a(t)∇Gz
∗,∇v

)= Phv(z), v ∈H1
0(Ω), (3.15)

(
a(t)∇gz

∗,i,∇v
)= Ph

∂
∂xi

v(z), v ∈H1
0(Ω), (3.16)

respectively, where Ph : L2(Ω)→ Sh is the L2 projection operator.

Lemma 3.3 [15]. We have∥∥Gz
h
∥∥+∥∥Gz

h
∥∥
1,p′ +

∥∥Gz
∗
∥∥
1,1+

∥∥gz
h,i−gz

∗,i
∥∥
1,1+h

∥∥gz
∗,i
∥∥
2,1 ≤ C (3.17)

for 1≤ p′ < 2 and
∥∥Gz

h
∥∥′
2,1+

∥∥gz
h,i
∥∥2+∥∥gz

∗,i
∥∥
1,1 ≤ C log

1
h
, (3.18)

∥∥Gz
h−Gz

∗
∥∥
1,1 ≤ C



h, if k > 1,

h log
1
h
, if k= 1,

(3.19)

where ∥∥Gz
h
∥∥′
2,1 =

∑
τ∈τh

∥∥Gz
h
∥∥
2,1,τ . (3.20)

Thus we can prove the superconvergence results for ξ in L∞ and W 1,∞.

Theorem 3.4. We have, for k > 1

∥∥ξ(t)∥∥0,∞ ≤ Chk+2


∥∥u0∥∥k+1+∥∥ut(0)

∥∥
k+1+

∥∥u(t)
∥∥
1,k+1,p

+
( 2∑

j=0

∫ t

0

∥∥Dj
tu
∥∥2
k+1dτ

)1/2
, p > 2.

(3.21)
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Proof. By (3.4) and (3.13), we have

ξ(z)= (a(t)∇ξ,∇Gz
h
)

=−
(
ξt+ηt,Gz

h

)
−
(∫ t

0
b(t,τ)∇ξ(τ)dτ,∇(Gz

h−Gz
∗
))

−
∫ t

0

(
b(t,τ)∇ξ(τ),∇Gz

∗
)
dτ ≡ I1+I2+I3.

(3.22)

By Lemma 2.2, Theorem 3.2, and Lemma 3.3, we get

|I1| ≤
∣∣(ηt,Gz

h
)∣∣+∣∣(ξt,Gz

h
)∣∣≤ Chk+2‖u‖1,k+1,p‖Gz

h‖1,p′ +‖ξt‖‖Gz
h‖

≤ Chk+2

‖u‖1,k+1,p+‖u0‖k+1+

∥∥ut(0)
∥∥
k+1+

( 2∑
j=0

∫ t

0

∥∥Dj
tu
∥∥2
k+1dτ

)1/2
,

(3.23)

|I2| ≤ C
∫ t

0
‖ξ‖1,∞dτ‖Gz

h−GZ
∗‖1,1 ≤ Ch

∫ t

0
‖ξ‖1,∞dτ ≤ C

∫ t

0
‖ξ‖0,∞dτ. (3.24)

By ∇(fg)= f∇g+g∇f and (3.15), we have

|I3| =
∣∣∣∣
∫ t

0

(
a∇

(
b
a
ξ(τ)

)
,∇Gz

∗
)
dτ−

∫ t

0

(
aξ(τ)∇

(
b
a

)
,∇Gz

∗
)
dτ
∣∣∣∣

≤
∣∣∣∣
∫ t

0
Ph

(
b(z,t,τ)
a(z,τ)

ξ(z,τ)
)
dτ
∣∣∣∣+C

∫ t

0
‖ξ‖0,∞dτ‖Gz

∗‖1,1 ≤ C
∫ t

0
‖ξ‖0,∞dτ.

(3.25)

Substituting estimates on I1, I2, and I3 into (3.22), we obtain

∣∣ξ(Z)
∣∣≤ Chk+2

{
‖u‖1,k+1,p+‖u0‖k+1+‖ut(0)‖k+1

+
( 2∑

j=0

∫ t

0

∥∥Dj
tu
∥∥2
k+1dτ

)1/2}
+C

∫ t

0
‖ξ‖0,∞dτ.

(3.26)

Applying Gronwall’s lemma, we complete the proof.

Theorem 3.5. We have, for k > 1

∥∥ξ(t)∥∥1,∞ ≤ Chk+2−ε
{
‖u0‖k+1+‖ut(0)‖k+1+‖u(t)‖1,k+1,p

+
( 2∑

j=0

∫ t

0

∥∥Dj
tu
∥∥2
k+1

)1/2}
,

(3.27)

with ε > 2/p, p large enough.

Proof. Writing gh = gz
h,i and g∗ = gz

∗,i, we have, by definition (3.14) of gh,

∂
∂xi

ξ(z)= (a(t)∇ξ,∇gh
)

=−(ξt+ηt,gh
)−(

∫ t

0
b(t,τ)∇ξ(τ)dτ,∇(gh−g∗

))

−
∫ t

0

(
b(t,τ)∇ξ(τ),∇g∗

)
dτ ≡ J1+J2+J3.

(3.28)
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Using similar argument as in Theorem 3.4, we have by inverse properties and
Theorems 3.2 and 3.4,

|J1| ≤
∣∣(ηt,gh)

∣∣+∣∣(ξt,gh)
∣∣≤ Chk+2‖u‖1,k+1,p‖gh‖1,p′ +‖ξt‖‖gh‖

≤ Chk+2
{
‖u‖1,k+1,ph−2/p‖gh‖1,1

+
[
‖u0‖k+1+‖ut(0)‖k+1+

( 2∑
j=0

∫ t

0

∥∥Dj
tu
∥∥2
k+1dτ

)1/2]
‖gh‖

}

≤ Chk+2
{
‖u‖1,k+1,ph−2/p+‖u0‖k+1+‖ut(0)‖k+1+

( 2∑
j=0

∫ t

0

∥∥Dj
tu
∥∥2
k+1

)1/2}
log

1
h
,

(3.29)

|J2| ≤ C
∫ t

0
‖ξ‖1,∞dτ‖gh−g∗‖1,1 ≤ C

∫ t

0
‖ξ‖1,∞dτ. (3.30)

and

|J3| ≤
∣∣∣∣
∫ t

0

(
a∇

(
b
a
ξ(τ)

)
,∇g∗

)
dτ−

∫ t

0

(
aξ(τ)∇

(
b
a

)
,∇g∗

)
dτ
∣∣∣∣

≤
∫ t

0

∣∣∣∣Ph
∂

∂xi

(
b(z,t,τ)
a(z,τ)

ξ(z,τ)
)
dτ
∣∣∣∣+C

∫ t

0
‖ξ‖0,∞dτ‖g∗‖1,1

≤ C
∫ t

0
‖ξ‖0,∞dτ+Chk+2

{
‖u0‖k+1+‖ut(0)‖k+1+‖u‖1,k+1,p

+
( 2∑

j=0

∫ t

0

∥∥Dj
tu
∥∥2
k+1dτ

)1/2}
log

1
h
.

(3.31)

Combining (3.29), (3.30), and (3.31) with (3.28) and applying Gronwall’s lemma we
derive the conclusion.

Now let us turn to superconvergence of ξ in Lp and W 1,p for 2<p <∞.
Theorem 3.6. We have, for k > 1

‖ξ(t)‖0,p ≤ Chk+2
{
‖u0‖k+1+‖ut(0)‖k+1+

( 2∑
j=0

∫ t

0

∥∥Dj
tu
∥∥2
k+1dτ

)1/2}
, 2<p <∞.

(3.32)

Proof. By Sobolev inequality, we have

‖χ‖0,p ≤ C‖χ‖1, χ ∈ Sh. (3.33)

The conclusion follows from Theorem 3.2.

Theorem 3.7. We have, for k > 1

‖ξ(t)‖1,p ≤ Chk+2
{
‖u0‖k+1+‖ut(0)‖k+1+‖ut(t)‖k+1,p

+
( 2∑

j=0

∫ t

0

∥∥Dj
tu
∥∥2
k+1dτ

)1/2}
, 2<p <∞.

(3.34)
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Proof. For any φ∈W 1,p′(Ω) with ‖φ‖0,p′ = 1, let Φ be the solution of(
a(t)∇v,∇Φ)=−(φx,v

)
, v ∈H1

0(Ω), (3.35)

where φx is any component of ∇φ. Then

‖Φ‖1,p′ ≤ Cp‖φ‖0,p′ ≤ Cp. (3.36)

Now by Green’s formula, (3.4), (3.35), (3.36), and Theorem 3.2, we have(
ξx,φ

)=−(φx,ξ
)= (a(t)∇ξ,∇Φ)= (a(t)∇ξ,∇RhΦ

)

=−(ηt,RhΦ
)−(ξt,RhΦ

)−(
∫ t

0
b(t,τ)∇ξ(τ)dτ,∇RhΦ

)

≤ Chk+2‖ut‖k+1,p‖RhΦ‖1,p′ +‖ξt(t)‖‖RhΦ‖

+C
∫ t

0
‖∇ξ‖0,p dτ‖RhΦ‖1,p′

≤ Chk+2
{
‖ut‖k+1,p+‖u0‖k+1+‖ut(0)‖k+1

+
( 2∑

j=0

∫ t

0

∥∥Dj
t
∥∥2
k+2dτ

)1/2}
+C

∫ t

0
‖∇ξ‖0,p dτ.

(3.37)

It follows from (3.37) that

‖ξx‖0,p = sup
φ∈Lp′ (Ω)

(ξx,φ)

≤ Chk+2
{
‖ut‖k+1,p+‖u0‖k+1+‖ut(0)‖k+1

+
( 2∑

j=0

∫ t

0

∥∥Dj
tu
∥∥2
k+1dτ

)1/2}
+C

∫ t

0
‖∇ξ‖0,p dτ.

(3.38)

Summing both components of ∇ξ and using Gronwall’s lemma we get (3.34).

4. Superconvergence of U −Vhu when k = 1. In this section, we consider super-
convergence when k = 1. Throughout this section k = 1. If Lemma 2.2 is replaced by
Lemma 2.1 in the proof of Lemma 3.1 and Theorem 3.2, we obtain the following two
results, respectively.

Lemma 4.1. We have

ξt(0)= 0, i.e., Ut(0)= Rhut(0), (4.1)

‖ξ(0)‖1 ≤ Ch2
[‖u0‖2+‖ut(0)‖2

]
. (4.2)

Theorem 4.2. We have

‖ξt(t)‖+‖ξ(t)‖1+
(∫ t

0
‖ξt‖21dτ

)1/2

≤ Ch2
{
‖u0‖2+‖ut(0)‖2+

( 2∑
j=0

∫ t

0

∥∥Dj
tu
∥∥2
2dτ

)1/2}
.

(4.3)
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Theorem 4.3. We have

‖ξt(t)‖1 ≤ Ch2
{
‖u0‖2+‖ut(0)‖2+

( 2∑
j=0

∫ t

0

∥∥Dj
tu
∥∥2
2dτ

)1/2}
. (4.4)

Proof. Taking χ = ξtt in (3.9), we have

‖ξtt‖2+ 12
[
d
dt
(
a(t)∇ξt,∇ξt

)−(at(t)∇ξt,∇ξt
)]

=−(ηtt,ξtt
)−(α(t)∇ξ,∇ξtt

)−(
∫ t

0
bt(t,τ)∇ξ(τ)dτ,∇ξtt

)
.

(4.5)

Integrating this, we obtain, by ξt(0)= 0,
∫ t

0

∥∥ξtt
∥∥2dτ+ a0

2
‖∇ξt‖2 ≤ 12

∫ t

0

(
at∇ξt,∇ξt

)
dτ

−
∫ t

0

(
ηtt,ξtt

)
dτ−

∫ t

0
(α∇ξ,∇ξtt) dτ

−
∫ t

0

(∫ s

0

(
bt(s,τ)∇ξ(τ)dτ,∇ξtt(s)

))
ds

≡K1+K2+K3+K4.

(4.6)

Obviously,

|K1| ≤ C
∫ t

0
‖∇ξt‖2dτ, |K2| ≤ C

∫ t

0

∥∥ηtt
∥∥2dτ+

∫ t

0
‖ξtt‖2dτ. (4.7)

By integration by parts, we have

K3 =
(
α(t)∇ξ,∇ξt

)−
∫ t

0

[(
αt∇ξ,∇ξt

)+(α∇ξt,∇ξt
)]

dτ. (4.8)

Noting (4.1) and

∥∥∇ξ(t)
∥∥2 ≤ ∥∥∇ξ(0)

∥∥2+
∫ t

0

∥∥∇ξt
∥∥2dτ, (4.9)

we see by arithmetic-geometric inequality

|K3| ≤ C
[∥∥∇ξ(0)

∥∥2+
∫ t

0

∥∥∇ξt
∥∥2dτ]+ a0

8

∥∥∇ξt
∥∥2. (4.10)

By integrating by part and changing order of integration, we have

K4 =−
∫ t

0
dτ

∫ t

τ

(
bt(s,τ)∇ξ(τ),∇ξtt(s)

)
ds

=
∫ t

0

{(
bt(τ,τ)∇ξ(τ),∇ξt(τ)

)−(bt(t,τ)∇ξ(τ),∇ξt(t)
)}

dτ

+
∫ t

0
dτ

∫ t

τ

(
btt(s,τ)∇ξ(τ),∇ξt(s)

)
ds,

(4.11)
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and hence by using similar argument as before, we have

|K4| ≤ C
[∥∥∇ξ(0)

∥∥2+
∫ t

0
‖∇ξt‖2dτ

]
+ a0
8
‖∇ξt‖. (4.12)

Substituting estimates of K1–K4 into (4.6), we get

∥∥∇ξt
∥∥2 ≤ C

[∥∥∇ξ(0)
∥∥2+

∫ t

0

∥∥ηtt
∥∥2dτ+

∫ t

0
‖∇ξt‖2dτ

]
. (4.13)

Now Gronwall’s inequality gives

∥∥∇ξt
∥∥2 ≤ C

[∥∥∇ξ(0)
∥∥2+

∫ t

0

∥∥ηtt
∥∥2dτ]. (4.14)

This together with (2.8) and (4.2) completes the proof.

To derive superconvergence in W 1,∞ we first bound ‖gz
h,i‖0,p .

Lemma 4.4. For 1<p < 2, we have

∥∥gz
h,i
∥∥
0,p ≤ C for i= 1,2. (4.15)

Proof. We introduce an auxiliary problem: for any given ψ ∈ Lp′(Ω), find Ψ ∈
H1
0(Ω) such that

(
a(t)∇v,∇Ψ)= (v,ψ), v ∈H1

0(Ω). (4.16)

Then Ψ satisfies the elliptic regularity

‖Ψ‖2,p′ ≤ C‖ψ‖0,p′ . (4.17)

Writing gh = gz
h,i, we have, by (3.14) and (4.16),

(
gh,ψ

)= (a(t)∇gh,∇Ψ
)= (a(t)∇gh,∇RhΨ

)= ∂
∂xi

RhΨ(z). (4.18)

It follows fromW 1,∞ stability of the Ritz projection operator Rh, imbedding theorem
and (4.17) that

(
gh,ψ

)≤ ‖RhΨ‖1,∞ ≤ C‖Ψ‖1,∞ ≤ C‖Ψ‖2,p′ ≤ C‖ψ‖0,p′ ∀ψ∈ Lp′(Ω). (4.19)

Thus the proof is completed.

Now we show the following superconvergence estimates for ξ in W 1,∞.

Theorem 4.5. We have

‖ξ(t)‖1,∞ ≤ Ch2
{
‖u0‖2+‖ut(0)‖2+‖u(t)‖1,2,p

+
( 2∑

j=0

∫ t

0

∥∥Dj
tu
∥∥2
2dτ

)1/2}
, p > 2.

(4.20)
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Proof. Writing gh = gz
h,i and g∗ = gz

∗,i, we have, by (3.4) and (3.14),∣∣∣∣ ∂
∂xi

ξ(z)
∣∣∣∣= ∣∣(a(t)∇ξ,∇gh

)∣∣
=−(ξt+ηt,gh

)−
∫ t

0

(
b(t,τ)∇ξ(τ),∇(gh−g∗)

)
dτ

−
∫ t

0

(
b(t,τ)∇ξ(τ),∇g∗

)
dτ

≡ R1+R2+R3.

(4.21)

Applying similar argument as before, we see, by Lemmas 3.3 and 4.4, that

|R1| ≤
(‖ξt‖0,p+

∥∥ηt
∥∥
0,p
)‖gh‖0,p′ ≤ C

(‖ξt‖1+
∥∥ηt

∥∥
0,p
)
,

|R2| ≤ C
∫ t

0
‖∇ξ‖0,∞dτ‖gh−g∗‖1,1 ≤ C

∫ t

0
‖∇ξ‖0,∞dτ,

|R3| =
∣∣∣∣
∫ t

0

(
a∇

(
b
a
ξ(τ)

)
,∇g∗

)
dτ−

∫ t

0

(
aξ(τ)∇

(
b
a

)
,∇g∗

)
dτ
∣∣∣∣

≤
∣∣∣∣
∫ t

0
Ph

∂
∂xi

(
b(z,t,τ)
a(z,τ)

ξ(z,τ)
)
dτ
∣∣∣∣+

∣∣∣∣
∫ t

0

(
∇·

(
aξ(τ)∇

(
b
a

))
,g∗

)
dτ
∣∣∣∣

≤ C
∫ t

0
‖ξ‖1,∞dτ

(
1+‖g∗‖0,1

)
,

(4.22)

and

‖g∗‖0,1 ≤ ‖g∗−gh‖1,1+‖gh‖0,p′ ≤ C. (4.23)

Combining above estimate with (4.21), we get

‖ξ(t)‖1,∞ ≤ C
[
‖ξt‖1+

∥∥ηt
∥∥
0,p+

∫ t

0
‖ξ‖1,∞dτ

]
. (4.24)

This together with Lemma 2.1, Theorem 4.3, and Gronwall’s inequality completes the
proof.

Next we derive the superconvergence results of ξ in W 1,p .

Theorem 4.6. We have for 2<p <∞

‖ξ(t)‖1,p ≤ Ch2
{
‖u0‖2+‖ut(0)‖2+‖ut(t)‖2,p+

( 2∑
j=0

∫ t

0

∥∥Dj
tu
∥∥2
2dτ

)1/2}
. (4.25)

Proof. By Lemma 2.1 and Theorem 4.2, we see that
∥∥ηt

∥∥
0,p ≤ Ch2‖u‖1,2,p (4.26)

and

‖ξ(t)‖ ≤ Ch2
{
‖u0‖2+‖ut(0)‖2+

( 2∑
j=0

∫ t

0

∥∥Dj
tu
∥∥2
2dτ

)1/2}
. (4.27)

Applying the same argument as in the proof of Theorem 3.7, we get the desired results
at once.
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5. The interpolated postprocessing technique. In this section, we apply the inter-
polated postprocessing technique to enhance the accuracy of the approximate solu-
tion U . The global one order superconvergence result in Lp and W 1,p , 2 ≤ p ≤∞, are
established. Let Th be a quasi uniform rectangular partition of Ω ⊂ R2 and let Sh be
the space of continuous piecewise polynomials

Sh =
{
v ∈H1

0(Ω), v ∈Qk(τ), τ ∈ Th
}
, (5.1)

where

Qk = span{xi
1x

j
2, 0≤ i, j ≤ k

}
. (5.2)

Introduce two kinds of operators (see [4, 5, 6]), the vertices-edges-element interpola-
tion operator ikh and the high interpolation operator I

k+1
2h . They satisfy the following

properties:

∥∥u−Ik+12h u
∥∥
m,p ≤ Chk+2−m‖u‖k+2,p, k≥ 1, m= 0,1, 2≤ p ≤∞. (5.3)

Ik+12h ikh = Ik+12h , k≥ 1. (5.4)

‖Ik+12h χ‖m,p ≤ C‖χ‖m,p ∀χ ∈ Sk, k≥ 1, m= 0,1, 2≤ p ≤∞. (5.5)

Using these properties, we can improve the global convergence for the solution and
its gradient. Let θ = Vhu−ikhu. We begin by demonstrating Lemma 5.1.

Lemma 5.1. We have

(
a(t)∇θ,∇χ

)+(
∫ t

0
b(t,τ)∇θ(τ)dτ,∇χ

)
=O

(
hk+m)‖u(t)‖0,r ,p‖χ‖m,p′ , χ ∈ Sh,

(5.6)

where

2≤ p ≤∞, r =

3, if k= 1,
k+3, if k > 1,

m=

1, if k≥ 1,
2, if k≥ 3. (5.7)

Proof. By [4, 5], we see that for any α(x)

(
α(x)∇(u−ikhu

)
,∇χ

)=O
(
hk+m)‖u‖r ,p‖χ‖m,p′ , (5.8)

and so that by (2.7) and (5.8)

(
a(t)∇θ,∇χ

)+
∫ t

0

(
b(t,τ)∇θ(τ)dτ,∇χ

)
dτ

= (a(t)∇(u−ikhu
)
,∇χ

)+
∫ t

0

(
b(t,τ)∇(u(τ)−ikhu(τ)

)
,∇χ

)
dτ

=O
(
hk+m)[‖u‖r ,p+

∫ t

0
‖u‖r ,p dτ

]
‖χ‖m,p′ .

(5.9)

The proof is completed.
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Now we aim for superconvergence of θ in Lp and W 1,p , 2 ≤ p ≤∞, which are given
in the following theorems.

Theorem 5.2. For k≥ 3, we have

‖θ(t)‖0,p ≤ Chk+2‖u(t)‖0,k+3,p, 2≤ p <∞. (5.10)

Proof. Again using (4.20) and (5.6), we have

(θ,ψ)= (a(t)∇θ,∇Ψ)= (a(t)∇θ,∇RhΨ
)

=O
(
hk+2)‖u(t)‖0,r ,p‖RhΨ‖2,p′

+
∫ t

0

(
b(t,τ)∇θ(τ),∇(Ψ−RhΨ)

)
dτ−

∫ t

0

(
b(t,τ)∇θ(τ),∇Ψ)dτ

≤ C
[
hk+2‖u‖0,r ,p‖RhΨ‖2,p′ +

∫ t

0
‖θ‖1,p dτ‖Ψ−RhΨ‖1,p′

]

+
∫ t

0

(
θ(τ)∇·(b(t,τ)∇Ψ))dτ

≤ C
[
hk+2‖u‖0,r ,p+

∫ t

0
‖θ‖0,p dτ

]
‖Ψ‖2,p′ .

(5.11)

Hence, by (4.21),

‖θ‖0,p ≤ sup
ψ∈Lp′ (Ω)

(θ,ψ)
‖ψ‖0,p′ ≤ C

[
hk+2‖u‖0,r ,p+

∫ t

0
‖θ‖0,p dτ

]
. (5.12)

This together with Gronwall’s inequality completes the proof.

Theorem 5.3. We have, for k≥ 1,

‖θ(t)‖1,p ≤ Chk+1‖u(t)‖0,r ,p, 2≤ p <∞, (5.13)

where r = 3 if k= 1, and r = k+3 if k≥ 2.
Proof. We have, by (3.35) and (3.36)

(θx,φ)=−(φx,θ
)= (a(t)∇θ,∇Φ)= (a(t)∇θ,∇RhΦ

)

≤ Chk+1‖u‖0,r ,p‖RhΦ‖1,p′ −
∫ t

0

(
b(t,τ)∇θ(τ),∇RhΦ

)
dτ

≤ C
[
hk+1‖u‖0,r ,p+

∫ t

0
‖θ‖1,p dτ

]
‖RhΦ‖1,p′

≤ C
[
hk+1‖u‖0,r ,p+

∫ t

0
‖θ‖1,p dτ

]
.

(5.14)

Thus the proof is completed.

Theorem 5.4. We have

‖θ(t)‖0,∞ ≤ Chk+2 log
1
h
‖u(t)‖0,k+3,∞, if k≥ 3, (5.15)
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‖θ(t)‖1,∞ ≤ Chk+1
(
log

1
h

)ᾱ
‖u(t)‖0,r ,∞, (5.16)

where ᾱ= 1 if k= 1,2, ᾱ= 0 if k≥ 3, r = 3 if k= 1, and r = k+3 if k≥ 2.
Proof. By Lemma 5.1, we have∣∣θ(z)∣∣= ∣∣(a(t)∇θ,∇Gz

h
)∣∣

≤ Chk+2‖u‖o,r ,∞‖Gz
h‖′2,1+

∣∣∣∣
∫ t

0

(
b(t,τ)∇θ(z),∇Gz

h
)
dτ
∣∣∣∣, (5.17)

where∣∣∣∣
∫ t

0

(
b(t,τ)∇θ(z),∇Gz

h
)
dτ
∣∣∣∣

≤
∣∣∣∣
∫ t

0

(
b(t,τ)∇θ(z),∇(Gz

h−Gz
∗
))

dτ+
∫ t

0

(
a∇

(
b
a
θ(z)

)
,∇Gz

∗
)
dτ

−
∫ t

0

(
aθ(τ)∇

(
b
a
θ(z)

)
,∇Gz

∗
)
dτ
∣∣∣∣

≤ C
∫ t

0
‖θ‖1,∞dτ‖Gz

h−Gz
∗‖1,1+

∣∣∣∣
∫ t

0
Ph

(
b
a
θ(τ)

)
dτ
∣∣∣∣

+C
∫ t

0
‖θ‖0,∞dτ‖Gz

∗‖1,1.
(5.18)

Combining (5.18) with (5.17), we have by Lemma 3.3

‖θ(z)‖0,∞ ≤ C
[
hk+2 log

1
h
∥∥u(t)

∥∥
0,r ,∞+

∫ t

0
‖θ‖0,∞dτ

]
. (5.19)

The conclusion (5.15) follows from Gronwall’s inequality.
Writing gh = gz

h,i and g∗ = gz
∗,i, we see by a similar argument as above, for k= 1,2∣∣∣∣ ∂

∂xi
θ(z)

∣∣∣∣= ∣∣(a(t)∇θ,∇gh
)∣∣

≤ Chk+1‖gh‖1,1‖u‖0,r ,∞+
∣∣∣∣
∫ t

0

(
b(t,τ)∇θ(τ),∇gh

)
dτ
∣∣∣∣

≤ Chk+1 log
1
h
·‖u(t)‖0,r ,∞+

∣∣∣∣
∫ t

0

(
b(t,τ)∇θ(τ),∇(gh−g∗)

)
dτ

+
∫ t

0

(
a∇

(
b
a
θ(τ)

)
,∇g∗

)
dτ−

∫ t

0

(
aθ∇

(
b
a

)
,∇g∗

)
dτ
∣∣∣∣

≤ Chk+1 log
1
h
·‖u‖0,r ,∞+C

∫ t

0
‖θ‖1,∞dτ‖gh−g∗‖1,1

+
∣∣∣∣
∫ t

0
Ph

∂
∂xi

(
b
a
θ(τ)

)
dτ+

∫ t

0

(
∇·

(
aθ(τ)∇

(
b
a

))
,g∗

)
dτ
∣∣∣∣

≤ Chk+1 log
1
h
.‖u‖0,r ,∞+C

∫ t

0
‖θ‖1,∞dτ

(
1+‖gh−g∗‖1,1+‖g∗‖0,1

)

≤ C
[
hk+1 log

1
h
‖u‖0,r ,∞+

∫ t

0
‖θ‖1,∞dτ

]
.

(5.20)
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For k≥ 3, we have
∂

∂xi
θ(z)= (a(t)∇θ,∇gh

)

=
[(

a(t)∇θ,∇(gh−Πhg∗
))+

∫ t

0

(
b(t,τ)∇θ(τ),∇(gh−Πhg∗

))
dτ
]

+
[(

a(t)∇θ,∇Πhg∗
)+

∫ t

0

(
b(t,τ),∇(Πhg∗)

)
dτ
]

−
∫ t

0

(
b(t,τ)∇θ(τ),∇gh

)
dτ ≡ J1+J2+J3,

(5.21)

where by Lemma 5.1, inverse property and Lemma 3.3, we have

|J1| ≤ Chk+2‖u‖0,r ,∞‖gh−Πhg∗‖′2,1
≤ Chk+2‖u‖0,r ,∞

[
h−1‖gh−g∗‖′1,1+‖G∗‖2,1

]
≤ Chk+1‖u‖0,r ,∞.

(5.22)

Similarly,

|J2| ≤ Chk+2‖Πhg∗‖′2,1‖u‖0,r ,∞ ≤ Chk+2‖g∗‖2,1‖u‖0,r ,∞ ≤ Chk+1‖u‖0,r ,∞,

|J3| =
∣∣∣∣
∫ t

0

(
b(t,τ)∇θ(τ),∇(gh−g∗

))
dτ+

∫ t

0

(
a∇b

a
θ(τ),∇g∗

)
dτ

−
∫ t

0

(
aθ(τ)∇

(
b
a

)
,∇g∗

)
dτ
∣∣∣∣

≤ C
∫ t

0
‖θ‖1,∞dτ‖gh−g∗‖1,1+

∣∣∣∣
∫ t

0
Ph

∂
∂xi

(
b
a
θ(τ)

)
dτ

+
∫ t

0

(
∇·

(
aθ(τ)∇

(
b
a

))
,g∗

)
dτ
∣∣∣∣

≤ C
∫ t

0
‖θ‖1,∞dτ

(
1+‖gh−g∗‖1,1+‖g∗‖0,1

)≤ C
∫ t

0
‖θ‖1,∞dτ.

(5.23)

Substituting J1−J3 into (5.21) completes the proof.

Finally, we give the main results of this paper.

Theorem 5.5. We have the following superconvergence:∥∥u(t)−Ik+12h U(t)
∥∥
0,p

≤ Chk+2
{
‖u0‖k+1+‖ut(0)‖k+1+

( 2∑
j=0

∫ t

0

∥∥Dj
tu
∥∥2
k+1dτ

)1/2
+‖u(t)‖0,k+3,p

}
,

k≥ 3, 2≤ p <∞,
(5.24)∥∥u(t)−Ik+12h U(t)

∥∥
0,∞ ≤ Chk+2

{
‖u0‖k+1+‖ut(0)‖k+1+‖u(t)‖1,k+1,p

+
( 2∑

j=0

∫ t

0

∥∥Dj
tu
∥∥2
k+1dτ

)1/2

+ log 1
h
‖u(t)‖0,k+3,∞

}
, k≥ 3, p > 2,

(5.25)
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∥∥u(t)−Ik+12h U(t)
∥∥
1 ≤ Chk+1

{
‖u0‖k+1+‖ut(0)‖k+1

+
( 2∑

j=0

∫ t

0

∥∥Dj
tu
∥∥2
k+1dτ

)1/2

+‖u(t)‖0,r ,2
}
, k≥ 1,

(5.26)

∥∥u(t)−Ik+12h U(t)
∥∥
1,p ≤ Chk+1

{
‖u0‖k+1+‖ut(0)‖k+1+‖u(t)‖1,k+1,p

+
( 2∑

j=0

∫ t

0

∥∥Dj
tu
∥∥2
k+1dτ

)1/2

+‖u(t)‖0,k+3,p
}
, k≥ 1, 2<p <∞,

(5.27)

∥∥u(t)−Ik+12h U(t)
∥∥
1,∞ ≤ Chk+1

{
‖u0‖k+1+‖ut(0)‖k+1+‖u(t)‖1,k+1,p

+
( 2∑

j=0

∫ t

0

∥∥Dj
tu
∥∥2
k+1dτ

)1/2

+
(
log

1
h

)ᾱ
‖u(t)‖0,r ,∞

}
, k≥ 1, p > 2,

(5.28)

where ᾱ= 1 if k= 1, ᾱ= 0 if k≥ 3, r = 3 if k= 1, and r = k+3 if k≥ 2.
Proof. By (5.4), we have

u−Ik+12h U =u−Ik+12h u+Ik+12h
(
ikhu−Vhu

)+Ik+12h
(
Vhu−U

)
. (5.29)

Then by (5.5)

∥∥u−Ik+12h U
∥∥
m,p =

∥∥u−Ik+12h u
∥∥
m,p+C

∥∥ikhu−Vhu
∥∥
m,p+C

∥∥Vhu−U
∥∥
m,p. (5.30)

The estimate of first term is shown in (5.3), second term in Theorems 5.2, 5.3, and
5.4, third one in Theorems 3.2, 3.4, 3.5, 4.2, 4.5, and 4.6, Thus, we complete the proof.

Remark 5.6. In the caseΩ is a general domain, we may take the piecewise “regular
partition” or “most rectangular” partition to do the postprocessing (see [6]). Then we
can still get half order gain for u−Ik+12h U in Lp and W 1,p , 2≤ p ≤∞.

Acknowledgement. Kwak was partially supported by KOSEF and Li was partially
supported by KFSTS under Brain Pool Program.

References

[1] J. R. Cannon and Y. Lin,Apriori L2 error estimates for finite-elementmethods for nonlinear
diffusion equations with memory, SIAM J. Numer. Anal. 27 (1990), no. 3, 595–607.
MR 91b:65118. Zbl 709.65122.

[2] M. L. Heard, An abstract parabolic Volterra integro-differential equation, SIAM J. Math.
Anal. 13 (1982), no. 1, 81–105. MR 83d:45010. Zbl 477.45008.

http://www.ams.org/mathscinet-getitem?mr=91b:65118
http://www.emis.de/cgi-bin/MATH-item?709.65122
http://www.ams.org/mathscinet-getitem?mr=83d:45010
http://www.emis.de/cgi-bin/MATH-item?477.45008


SUPERCONVERGENCE OF A FINITE ELEMENT METHOD . . . 359

[3] Q. Li, Global superconvergence of Galerkin approximations to nonlinear parabolic
problems, Numer. Math. J. Chinese Univ. 16 (1994), no. 3, 288–292 (Chinese).
MR 95m:65168. Zbl 814.65095.

[4] Q. Lin, A rectangle test for finite element analysis (a survey), Proc. Sys. Sci. and Sys. Eng.
(Hong Kong), Great Wall Culture Publ. Co., 1991, pp. 213–216.

[5] Q. Lin, N. N. Yang, and A. H. Zhou, A rectangle test for interpolated finite elements, Proc.
Sys. Sci. and Sys. Eng. (Hong Kong), Great Wall Culture Publ. Co., 1991, pp. 217–229.

[6] Q. Lin and Q. D. Zhu, The Preprocessing and Postprocessing for the Finite Element Method,
Shanghai Scientific and Technical Publishers, China, 1994.

[7] Y. Lin, Galerkin methods for nonlinear parabolic integrodifferential equations with non-
linear boundary conditions, SIAM J. Numer. Anal. 27 (1990), no. 3, 608–621.
MR 91e:65128. Zbl 703.65095.

[8] Y. P. Lin, On maximum norm estimates for Ritz-Volterra projection with applications
to some time dependent problems, J. Comput. Math. 15 (1997), no. 2, 159–178.
MR 98b:65143. Zbl 879.65097.

[9] Y. P. Lin, V. Thomée, and L. B. Wahlbin, Ritz-Volterra projections to finite-element spaces
and applications to integrodifferential and related equations, SIAM J. Numer. Anal.
28 (1991), no. 4, 1047–1070. MR 92k:65193. Zbl 728.65117.

[10] S. O. London and O. J. Staffans (eds.), Volterra Equations, Lecture Notes in Mathematics,
vol. 737, Springer, Berlin, 1979, Proceedings of the Helsinki Symposium on Integral
Equations held at Helsinki University of Technology. MR 80i:45002. Zbl 404.00013.

[11] A. K. Pani and R. K. Sinha, On superconvergence results and negative norm estimates for
parabolic integro-differential equations, J. Integral Equations Appl. 8 (1996), no. 1,
65–98. MR 97g:65213. Zbl 859.65143.

[12] V. Volterra, Theory of Functionals and of Integral and Integro-Differential Equations,
Dover Publications, Inc., New York, 1959. MR 20#7193. Zbl 086.10402.

[13] T. Zhang, The stability and approximation properties of Ritz-Volterra projection and ap-
plication, Numer. Math. J. Chinese Univ. 6 (1997), 57–76. Zbl 888.65117.

[14] T. Zhang and Y. Lin, On stability and application of the non-classical elliptic projection,
Numer. Math. J. Chinese Univ. 12 (1990), no. 3, 260–269 (Chinese). MR 92d:65177.
Zbl 731.65120.

[15] C. D. Zhu and Q. Lin, Youxianyuan Chaoshoulian Lilun. [The hyperconvergence theory
of finite elements], Hunan Science and Technology Publishing House, Changsha,
1989. MR 93j:65191.

Kwak: Department of Mathematics, Kaist, Taejon, 305-701, Korea
E-mail address: dykwak@math.kaist.ac.kr

Lee: Department of Mathematics, Kaist, Taejon, 305-701, Korea
E-mail address: sylee@mathx.kaist.ac.kr

Li: Department of Mathematics, Shandong Normal University, Jinan, Shandong,
250014, China

http://www.ams.org/mathscinet-getitem?mr=95m:65168
http://www.emis.de/cgi-bin/MATH-item?814.65095
http://www.ams.org/mathscinet-getitem?mr=91e:65128
http://www.emis.de/cgi-bin/MATH-item?703.65095
http://www.ams.org/mathscinet-getitem?mr=98b:65143
http://www.emis.de/cgi-bin/MATH-item?879.65097
http://www.ams.org/mathscinet-getitem?mr=92k:65193
http://www.emis.de/cgi-bin/MATH-item?728.65117
http://www.ams.org/mathscinet-getitem?mr=80i:45002
http://www.emis.de/cgi-bin/MATH-item?404.00013
http://www.ams.org/mathscinet-getitem?mr=97g:65213
http://www.emis.de/cgi-bin/MATH-item?859.65143
http://www.ams.org/mathscinet-getitem?mr=20:7193
http://www.emis.de/cgi-bin/MATH-item?086.10402
http://www.emis.de/cgi-bin/MATH-item?888.65117
http://www.ams.org/mathscinet-getitem?mr=92d:65177
http://www.emis.de/cgi-bin/MATH-item?731.65120
http://www.ams.org/mathscinet-getitem?mr=93j:65191
mailto:dykwak@math.kaist.ac.kr
mailto:sylee@mathx.kaist.ac.kr

