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ON THE EXISTENCE OF SOLUTIONS OF STRONGLY
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ABSTRACT. We investigate the existence and uniqueness of solutions of the following equa-
tion of hyperbolic type with a strong dissipation:

Y
uee (£, x) — (a+/3(L2 IVu(t,y)|? dy) ) Au(t,x)

—AAu(t, ) +plu(t,x) |9 lu(t,x) =0, xeQ, t=0,

u(0,x) =uop(x),  ur(0,x)=u1(x), x€Q, ulpn =0,
where g >1,A>0, y eR, &, f=0, &+ >0, and A is the Laplacian in RV
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1. Introduction. Let Q be a bounded domain in RN with smooth boundary 2Q.
In this paper, we consider the initial boundary value problem for the second order
equations:

Y
U (t,x) — <¢><+,8(L2 IVu(t,y)Izdy> )Au(t,x)

—AAu (tx) +plu(t,x) 97 u(t,x) =0, xeQ, t=0, (LD

u(0,x) =up(x), u(0,x) =u;(x), x€Q, Ulaq =0,

where g >1,A>0,u R, & =0, x+B >0, and A is the Laplacian in RN.

Equation (1.1) has its origin in the nonlinear vibrations of an elastic string (cf.
Narasimha [6]). We call equation (1.1) a nondegenerate equation when o« > 0 and 8> 0
and a degenerate one when « = 0 and 8 > 0. In the case of @ > 0 and B = 0, equa-
tion (1.1) is the usual semilinear wave equations.

Many authors have studied the existence and uniqueness of solutions of (1.1) by
using various methods. When A > 0 and u = 0, for the degenerate case (i.e., & = 0),
Nishihara and Yamada [7] have proved the global existence of a unique solution un-
der the assumptions that the initial data {ug,u;} are sufficiently small and u, # O.
However, the method in [7] cannot be applied directly to the case that degenerate
equations have the blow-up term |u |9 'u. When & > 0 and u > 0, for the degenerate
case (i.e., @ = 0), Ono and Nishihara [9] have proved the global existence and decay
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structure of solutions of (1.1) without small condition of initial data using Galerkin
method. Ono [8] has obtained the global existence of solutions of problem (1.1) with
dissipative term u’ instead of Au’. In this paper, we prove the existence of solutions
of problem (1.1) using the method of Fitzgibbon and Parrot [3].

Our plan in this paper is as follows: in Section 2, we collect the results about abstract
semigroup theory and present some lemmas. In Section 3, we deal with a priori esti-
mates for solutions of (1.1) and in Section 4, we investigate convergence of solution.

2. Preliminaries. In this section, we formulate (1.1) as abstract Cauchy initial value
problems. We denote by H the Hilbert space L2(Q) with norm | - ||» and inner product
(-,-). We define A:D(A) C H — H by

Au=-Au forueD(A), (2.1)
where
D(A) = H*(Q) nH} (Q). (2.2)

Here, H(l) (Q) and H2(Q) are the usual Sobolev spaces. It is well known that A so defined
is a strictly positive selfadjoint operator on H. Positive powers of A, AY for y > 0,
may be computed via the elementary spectral calculus and are seen to be positive
selfadjoint operators themselves. We can make D(AY) into a Hilbert space Hay by
imposing a graph norm

lullay = IAYull2  for u € D(AY). (2.3)
It should be evident that the damped beam equation (1.1) may be written abstractly as

w’ (8) + (oo+ BIAY2u(t)157) Aw(t) + AAW (8) + plu () 197 u(t) =0, t=0,

(2.4)
u(0) = uop, u'(0) = uy, U)o =0.

In order to prove the existence of solutions of (1.1), first we consider the following
initial value problem:

w’ (t) + (o BIAY2u () 157) Au(t) + €A?u(t) + AW (1) +plu ()19 u(t) =0, t=0,

u(0) = uo, u' (0) =uy, Ulzq = 0.
(2.5)

Now, it is convenient to resort to the standard artifice of writing (2.5) as a first order
system. We let X = H, x H and define A.; X — X by the operator matrix

_ 0 I -
Ac = (EAZ ?\A) with D(A.) = D(A%) xD(A) = D;. (2.6)

PROPOSITION 2.1 [3]. IfA. is defined by (2.6), then — A, is the infinitesimal generator
of an analytic semigroup {T.(t)} € X, {T(t)} is an analytic semigroup of contractions
inXe = H jeax H.
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We note that while {T.(t) | t = 0} is an analytic semigroup in X, we can no longer
claim that it is a contraction semigroup. In fact, due to the singularity imposed by
the factor €, we expect the norm of T.(t) in X to blow up as € — 0. Now we define a
nonlinear operator

Fo(Ue) = ( 0 ) for Ue = (Z) € X. 2.7)

—(oc+ BIIAY2ul|2Y) Au — plula-tu

Then solutions to (2.5) now assume the form

d -
~Uc+AUc =F,
dtUE+ cUe o(Ue), t>0, 2.8)

Ue(0) = Ug = (uo,u1)’.

We point out that if 71; and 7r> project X onto its first and second coordinates, respec-
tively, then U (t) = u(t) and moUc(t) = u’(t), where u(t) is the strong solution of
(2.5). We have the following results.

PROPOSITION 2.2. If Uy = (ug,u1)T € D,, then there exists a strong, continuously
differentiable solution to (2.8) on [0, ) which has variation of parameters representa-
tion

t
Ue(t) = Te(DUy + | Telt = )Fo(Uels) ds. (2.9)
PROOF. Since the mapping Fy; X — X is C®, mild solution u is Holder continuous

and so it is continuously differentiable (cf. Pazy [10, Chapter 4]). O

We have pointed out that one expects the norm of T¢(t) in X denoted by || T¢|x to
blow up as € — 0 (although the norm in X, || T¢ |l x. remains bounded by one ). For this
reason, we want to prove an alternative representation to (2.9) for solutions to (2.8).
We define

A:(O _I> with D(A) = D(A) x D(A). (2.10)
xA A

It is well known that —A is the infinitesimal generator of an analytic semigroup on
X. (cf. Webb [12, Proposition 2.2]). We denote the semigroup generated by —A as
{T(t); t = 0} and introduce a new nonlinearity F. defined by

0 u
Fo(Ue) = (—BIIAl/Zulgy—eAzu—uulﬂlu) for U, = (u’) €X. (2.11)

By merely regrouping terms, we can rewrite (2.8) as

a _
EUE"'AUE_FE(UE)’ t>0, (2.12)

Ue(0) = Uo = (uo,u1).

We have the following proposition.
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PROPOSITION 2.3. If Uy = (ug,u1)T € Dy, then the strong solution to (2.12) may be
represented as

t
Ue(t) =T(IE)U0+JV0 T(t—s)Fe(Ue(s))ds. (2.13)

PROOF. We let f.(t) = F.(Uc(t)) and refer to Pazy [10, page 106] for a discussion
of the representation theory for the inhomogeneous Cauchy initial value problems of
the form

iUE—i-AEUE:fe(t), t>0, U:(0) = Up. (2.14)
dt O

Now we turn our attention to (1.1). We know that there exists a unique strong so-
lution u(t,x) to (1.1) if (ug,u1) € D(AY2) x H. Moreover, if T > 0 and (u(t))(x) =
u(t,x), then

uel®(0,T);Hpre) and  uw eL®((0,T);H)NL>((0,T);Har2). (2.15)

See Ono [8] and Matos and Pereira [4].
The abstract second order equation

W () + xAu(t) + BIAY2u () 157 Au(t) + AAwW (£) + plu(t) | u(t) =0, t=>0,

u0)=up, u0)=u;
(2.16)

places (1.1) in a function space setting. We introduce a nonlinear operator F defined by

0 u
Ho= (_B||A1/2u||§yAu—uu|q—1u> for U = (u> (2.17)

and observe that solutions to (1.1) satisfy

%U+AU(t):F(U(t)), t>0, U)=U= (uo,ur)’. (2.18)

We have the following proposition which we state without proof.
PROPOSITION 2.4 [10]. If Uy = (ug,u1)T € Dy, then there exists a strong solution to

(1.1) on [0, ) which has abstract variation of parameters representation

t
U(t) =T(t)U0+L T(t—s)F(U(s))ds. (2.19)

3. A priori estimates. We first prepare the following well-known lemmas which are
needed later.

LEMMA 3.1 (Sobolev-Poincaré [5]). If either 1 < q < +o0 where N =1,2 or1 < q <
(N+2)/(N—-2) where N = 3, then there is a constant C(Q,q + 1) such that

lullge1 < C(Q,q+D)IIVulla  foru € Hy(Q). (3.1)
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In other wordes,

g1
IVull

C(Q,q+1):sup{ u € H}(Q), u;éo} (3.2)

is positive and finite.

LEMMA 3.2 (Gagliardo-Nirenberg [5]). Let1 <7 < q < +o and p < q. Then the in-
equality

lullyra < Clull§mp lull2=0 foru e wm™r(Q)nL"(Q) (3.3)

holds with some C > 0 and

-1
k 1 1 m 1 1
o-(vova) (5 3) oy

provided that 0 < 0 < 1 (we assume that 0 < 0 <1 if q = +o0).

Now, we develop a priori estimates for solutions to (1.1) by applying energy methods
to abstract second order equations. Throughout this section, let u be the solution to
(2.5).

PROPOSITION 3.3. If (ug,u1)T € Dy, then there exists a positive constant My, which
does not depend on €, so that

Suop{llu'(t)\lg, IAY2u(t) 3, el Au(t) 15} < Mo. (3.5)
t>

PROOF. If we multiply equation (2.5) by u’(t) and integrate in space, we obtain

1d 5
57 (e (t)||§+(x||A1/2u(t)H§+e||Au(t)||§+q%|lu(t)llgﬂ)
B (3.6)
N 1/2 2(y+1) 1/2,,7 2 _
T2+ 1) dt”A w(®l" +AAY W ()13 =0
We may integrate (3.6) with respect to t > 0 to obtain the desired result (3.5). O

We obtain greater regularity of solutions by placing additional smoothness require-
ments on our initial data.

PROPOSITION 3.4. If (ug,u1)’ € D(A%?) xD(A) and

N+2 N-=-2
N-2’[N-4]*

then there exists a positive constant M, which does not depend on €, so that

sqsmin{ }» (N = 3), (3.7)

N-2

squ{IIA”Zu’(t)H%, |Au(t)1I3, el A3 2u(t) I3} < M;. (3.8)
t>

PROOF. Multiplying equation (2.5) by Au’(t),

1d

527 (AP0 O3+ e[ AwD)[; + el 42w (o)) + All A (01

3 (3.9)
p(AY2[lu() 197 u ()], AV2u/ (1)) ||A”2u(t)||2 dt||Au(t>||2—
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Integrating (3.9) from O to t, we get

AV @+ SllAuO]E+ S 1A 2 Jaw ]+ 147 2u )]

t t
+uj (A”Znu’(s)|ﬂ*1u<s)1,A”2u'(s>)ds+AJ A (9)[[3 ds
0 0 (3.10)

1 2 > B 2 2 € 2
= EHAl/Zulﬂz+§HA“0H2+§|’A1/2u0||2y||Au0||2+§||A3/2u0||2

t -
+l5'>/J0 lAu(s)| 3] A 2u(s)|[37 7 (AY2u (5), AY2u(s)) ds

In the case N/(N-2) < g <min{(N+2)/(N-2),(N—-2)/[N—4]*} where N = 3, we
have

t
‘ujo (AYV2[Ju(s) [ u(s)], AU/ (s))ds
t
<au [ [l A u) a2 o), ds
(3.11)
< auC [[ I 2 1AV 20 o A2 () s

< auC [[ Il wllAu L)Y ) s,

where we have used Holder’s inequality and Sobolev-Poincaré’s inequality. We observe
from Gagliardo-Nirenberg inequality, Sobolev-Pointcaré’s inequality, and (3.5) that

(g-1)(1-0) (g-1)0
||u(s)| (a- l)N = C||u(5)”2[zl\// (N-2) HAV(S)H !
< Clla2u(s) ][5 JAaus) |5 (3.12)
< oM w1 with 0 = X2 - (<),

Thus, (3.11) and (3.12) imply that

t
‘HJO (A”2[Iu(s)|"’*1u(s)],A1/2u'(s))ds’

(3.13)
< queMEV- "”ZJ [ Au(s) ][5 @0 )AY20 (5)]], ds.
We also note that (3.5) implies
By L: lAw(s)|Pl|AY2u(s)[3Y (AV2 (5),AY2u(s)) ds
< By [ lauIEIA e @ LA as 319

< By [ a1 0 s
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Consequently, (3.10), (3.13), and (3.14) give
1 , 104 €
1A @)+ 5 JAw®) |3+ 5 |4 2@
B 211 41/2 2y ! , 2
+ 5 llAu®|llAT u@lf;" + 2 . |Aw" (s)]|> ds

1 ; 2 2 €4 .- 2
= 5 lIA ||, + Sl Auoll; + S 1A% 2uol[;

B 2 2 (4-1)(1-6)/2 (3.15)
+§||Auo||2||A”2u0||2y+quM0q
t -
T3 402 5 s+ Byba
t
x [ A Bllal 2 )]l ds.
Set
1 , 104 €
Ev(D) = 5[40 @[]+ S lAu@5+ 1A% u @]
8 , (3.16)
+ollAu®IlIA 2w @]
Then
t
Ei (1) 5E1(0)+C1J (E1 (s)1@-DO L E| (5) + E (5)%) ds. (3.17)
0
Here, we set g(s) = s +s!7@ 10 4 ¢2 on 5 > 0. Then we have
t
El(t)SE1(0)+C1 Iog(El(S))dS. (318)

Note that g(s) is continuous and nondecreasing on s > 0. By applying Bihari-
Langenhop’s inequality (see [1]), we obtain

Eq(t) <M; for some constant M; >0 (3.19)

and so the desired result (3.8). O

PROPOSITION 3.5. If (ug,u1)T € D(A*) xD(A?) and

N+2 N-=-2
N-2"[N-4]+

then there exists a positive constant M, which does not depend on €, so that

N=2 } (N =3), (3.20)

sqsmin{

sup {[l 4w’ (0[5, |4 u 0|5, ellA*u D) ||} < Me. (3.21)

PROOF. Multiplying equation (2.5) by A2u’(t),
1 d ’ 7
5 a7 (1Au @1+ allA¥2u (0] + el A2u@)]]3) +AllAY 2w )]
- g;|A1/2u(t)\Ii’/%llwu(t)ui + (A2 [lu(0)197 ()], AU (1)) = 0.

(3.22)
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Integrating (3.22) from O to t, we get
2 (14w I + adla¥2u o) |3+ ellazun)]}) + Ejjarzu
><||A3/2u(t)||§+2\J;||A3/2u’(s)||§ds
< 2 (1w + ol A% a3+ el A% 2) + Bl a1 2o 13147 20

t
+uL (AV2[lu(s) |9 u(s)], A3 2u/ (s)) ds

t
+BYJ0 A 2u ()| 301 (A2 (), AV2u(s)) || A3 2w (s) |5 ds.

(3.23)

In the case (N/(N—-2)) <=q <min{(N+2)/(N-2),(N—-2)/[N—4]"} where (N = 3),

we have
p(AY2 ()19 u(s)], A3 (5))

< qull ()19 AY2u(s) |, 1A ()
<QIJC||u(5)||(q 1)N||A1/2“(5)||2N/(N72)||A3/2”'(5)||2
< quCl|AY2u(s)[[3 | Au ()], ]| A2’ (5)]],.

Thus (3.5), (3.8), and (3.24) imply that

p(AY2[ ()19 u(s)], A3 20 (5)) < quC My 2 M2 | A3 2y (5)],
—/\(un) MI'M + S ||A3/2u’(s)||§

and so

t
uj (A2 u(s) 19  u(s)], A3 %2u' (s)) ds
0
1 - At ,
< or(auCrMi T+ 3 [ Jlave )l ds.
On the other hand, (3.5) and (3.8) imply that
t
By [ AT 293 (412w (), 420 (9) 4 2| ds

< By [ vz [ A2 () A7) [ ds

- ByM(()Zy—n/lel/z JO ||A3/2u(s)||§ds.
Thus, from (3.23), (3.26), and (3.27),

%(llAu’(t)ll%+a||A3/2u<t>||§+e||A2u<t>||§ + BllAY2u ()3 A32u(b)][3)

t
A s s

1 B 2 2
E(llAule+0<\|A3/2uo\|z+€||A2uo|| )+ EHAmuoH V]| A3 2|

t
+ﬁ(quo MM T + By M I/ZM”ZJ 1A% 2u(s)| |5 ds.

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)
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Thus,
t t
Ex(t) + AJ ||A3/2y (5)||5 ds < E2(0) +C) + Czj || A3 2u(s) |5 ds
2 Jo 0
¢ (3.29)
SE2(0)+C1+CQJ Ez(S)dS,
0
where
1
Ex(t) = 5 ([lAw @)]]; + ol A2 u ()| + ellAu(o)]l; + BIA w0 ]3[4 2u@)][3),
Ci= o (@UOPMETMIT, Gy =~ ByMP VM),
(3.30)
Applying Gronwall’s inequality, we easily obtain the desired result. O
PROPOSITION 3.6. If T >0 and (ug,u;)T € D(A%)xD(A) and
. (N+2 N-=2
N72qumm{N72’[Nf4]+} (N = 3), (3.31)
then there exists a positive constant N, which does not depend on €, so that
sug{”u”(t}H%} <N. (3.32)
t>

PrROOF. Multiplying the differentiated equation of (2.5) in t by u”' (t), we get

w (0| + [AV2w ()13 + 5 - llAw’ (0] + AllAY 2w (1)

2 dt' 2 dt~
+§||A1/2u(t)||2y(Au’(t),u”(t))+quL)Iu(t)lq’lu'(t)u"(t)dx 3.33)

ZdtH

+2By||AV2u |3 (AY2u(t), AV () (Au(t), u’ (1)) =

Note that if (N/(N-2)) <q <min{(N +2)/(N—-2),(N—2)/[N—4]"} where N > 3,
then (3.5) and (3.8) imply that

quH lu() |9 (Hu” (t)dx

< qulu(t) H(q 1)N||“,(t HZN/(N—Z)Hu”(t)”Z

< quCllu(t) ”%/1;\/12)0 |{Au(t)||(q71)0||u'(t)||2N/(N72)Hu”(t)Hz (3.34)
< quC||AY2u ()|l aw )] VAV ()]l )],

< quCMy VO EMT VOB (1)),

Also, (3.5) and (3.8) give
2By||AY2u () |57V | (AY2u(r), AV (1)) (Au(t),u” (1)) ]
< 2By[|AY2u ()| H[AY2u (O[]l Aw D) (0], (3.35)
< 2By My VM fJu )



378 J. Y. PARK AND J. J. BAE

and
éIIA”ZM(t)Hﬁ Au'(1),u” (1)) < HA”Zu(t)II A (6] [u” (0)]],
2 B (3.36)
< Bagllaw e o)
Thus, from (3.33), (3.34), (3.35), and (3.36), we get
" o d 172, ( 172,
L @+ S A R I + £ w4 Al o]
- (unM(()q D(- 9))/2M{1+(q 1)9)/2+2BYM 2y-1)/ Ml)H””(t)Hz (3.37)
B

+ S MgllAw @] [[w” @],

Integrating (3.37) from O to t, we get
t t
Ex(®) 4 | [V @l ds < B0 +.Cs | (aw )Ll @]+ [ (5)]1) ds

t
<E3(0)+Cy4 L (E3(s)Y2 +E3(s))ds

(3.38)
where
Es(6) = 3w @[3+ 5 1412w 1)+ 1w @),
C; = max {q“CMémfl)(170))/2M{1+<q71>0)/2,ZByM(()zyfl)/thgMg,}. (3.39)
Here, we set g(s) = s'/2+s on s > 0. Then we have
Es(t) < E3(0)+Cs I;g(E3 (5)) ds. (3.40)

Note that g(s) is continuous and nondecreasing on s > 0. By applying Bihari-
Langenhop’s inequality (see [1]), we obtain

E5(t) <M, for some constant M, >0 (3.41)

and so we have the desired result (3.32). O

4. Convergence results. In this section, we establish the uniform convergence of
strong solutions to (2.5) as € — 0. At this point, we find it advantageous to make the
dependence of solutions to (2.5) on € explicit. To be more precise, we let Uc(t) =
(ue(t),u,(t)) be the solution to (2.12) and observe that Ue is the solution of (2.5).
Continuing in this manner, (u¢(t))(x) = u(x,t) satisfies (2.5). We are concerned
with the convergence of solutions to (1.1) on finite interval of arbitrary length. In
what follows, we let T > 0 and consider the convergence on [0, T]. In particular, we
want to establish that

lim( sup Hue( ) — u(-,t)Hoo) =0, (4.1)

€e—0+ te[0,T
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where u is the strong solution to (1.1). Our proofs rely upon the classical Arzela-Ascoli
arguments and the uniqueness of solutions to (1.1).

LEMMA 4.1. Let {€,} converge to zero and (ug,u1)’ = Uy € D(A?) x D(A?). If,
for each €,,uc, is a solution to (2.5), then there exists a subsequence €,; — 0 and
U4;[0,T] — Hy1/2 such that

yllll?o l[ue,, () = s (t)]| 512 =0 uniformly fort € [0,T]. (4.2)
Moreover, if(uen, (t))(x) = ue,, (x,t) and (ux (1)) (x) = ux(x,t), then
7lli£1;10||u€n, (,t) —us(-,t)||, =0 uniformly fort € [0,T]. (4.3)

PROOF. From Proposition 3.4, we observe that

t
[[AY2u,, (£) — AY2ue, (s)]], SJ 1A 2ug, ()|, dr
S

(4.4)
<M{?|t—s| fort,se[0,T].
Moreover, we also have from Proposition 3.3
|AY 2w, ()|, < My'* for t € [0,T]. 4.5)

Thus, the above results, together with the compactness of A~1/2, imply that the se-
quence {ue, (t)} is uniformly bounded and uniformly equicontinuous in H41,2. Hence,
we can apply Arzela-Ascoli theorem to the sequence {uc, (t)} in Hy12. Thus, we can
find a subsequence {uen, } and the limit function wu (t);[0,T] — H,41/2 such that

Ue, (t) — ux(t) in Hy1y2 uniformly for ¢ € [0,T]. (4.6)
The final assertion follows immediately from the Sobolev embedding theorem. O

Now, subsequent results presuppose that the hypotheses of Lemma 4.1 remain in
effect.

PROPOSITION 4.2. If we define f., :[0,T] — H by
fGn(t =T02 (Fen (an(t)))
) B 4.7)
= —Bl|AY?uc, (D)5 Ate, (1) — € AU, (8) = pt | Uy (1) | T ey, (1),
then {f¢, (t)} converges weakly to f«(t) in H on [0,T1, where f(t) is defined by
Fe(t) = =BIAY2u, (0|3 A () — | ws (0) |7 s (8). (4.8)
PROOF. Since limy,_. Ue, (£) = U (£) in Hy1/2, we have
lim [[A"2ue, (0)]13" = lim [Jue, (D372 = [[us O3 = [[A 2w 0[2. 4.9)
By virtue of Proposition 3.4, the sequence {Auc, (t)} is uniformly bounded in H for
€ [0,T]. Moreover, {uc,(t)} converges to u,(t) in H. Since A is closed, we have
Uy (t) € D(A) and Au,, (t) converges weakly to Au,(t) in H. Note that {€,ue, ()}
converges to zero as n — o and {enAZuen ()} ={A? (€EnUe, (1))} is uniformly bounded

in H. Since A? is closed, {€,A%uc,} converges weakly to zero. This completes the
proof. O
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PROPOSITION 4.3. The sequence {ue, (t)} converges weakly in X. Moreover, u, (t)
exists and u, (t) converges weakly to w/, (t) for a.e.t € [0,T].

PROOF. Since X is a product of Hilbert spaces, it is of course reflexive. Thus,
{Ue, (D)} = {(uen(t),u;n(t))T} is a bounded sequence in a reflexive Banach space
X and so it must have a subsequence {Uen, (t)} = {(uen, (t),u’en, (£))T} such that
{Ue,, (t)} converges weakly to {Ux (t)}.

But Lemma 4.1 implies that {U, (£)} = {(u4(£),ul (£))T}. O

PROPOSITION 4.4. The function F, (t), defined by
Fi(t) = (0,£(0)" = (0,-BI[A 2w, (0|37 A (8) — plus (019 us (1), (4.10)

is differentiable a.e. t € [0,T].

PROOF. Note that A2y, (-) is the limit of a uniformly convergent sequence of uni-
formly Lipschitz continuous functions in reflexive Banach space H and so it is differen-
tiable almost everywhere. Thus, ||A!2u (-)||§y is differentiable for a.e. t € [0, T]. And
d/dt(Au(t)) exists since it is a weak limit of a bounded sequence d/dt(Aue,, (t)).

O

LEMMA 4.5. Letu(t) be the unique solution to (2.18) represented by (2.19) on [0, T].
Ifug = (uo,u1)T € D(A*) xD(A?) and €, — 0, then Ue, () converges weakly to u(t)
inXonl0,T].

PROOF. Note that solutions to (2.5) have abstract variation of parameters repre-
sentation

t t
Ue, (1) = T(t)Uo+L T(t—$)F(Ue,(s))ds = T(t)U0+JO T(t-s)fe, (s)ds, (4.11)

where

Fen @) = (0, fen ()"

4.12)
= (0,—BllAY2ue, ()3 — €n AU, (1) — U, ()T ue, (1))

If W e X and (-, -)x denotes the inner product of X, we apply W to each side of (4.11)
and take the inner product to obtain

t -
(Ue, (6), W)y = (T(t)Uo,W>x+J0 (T(t—5)fe, (5), W) ds. (4.13)

We have shown that U, (t) = (ue, (), uc, (t))T has a weakly convergent subsequence
which we denote by Ue,, () = (ue,, (t),uc,, (t) )T. The limit of this subsequence, for the
time being, is denoted by U, (t) = (w4 (t),u (t))T. Additionally, we have shown that
Fem (£) = (0, fe,, (£))T converges weakly to fi (t) = (0, £ (£))T = (0, BIIA 2w, (D113 ~
dlus (8) 19 Tuy, (£))T. We may compute the limit as m — o of each side of (4.13) to
produce

t -
(U (), W)x ={T(O)Uo,W)x + JO (T(t—35)fx(s),W)xds. (4.14)
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Standard techniques yield
t -
U«(t) = T(t)U0+J T(t—s)f«(s)ds. (4.15)
0

The differentiability of f, (t), together with the regularity results for abstract Cauchy
initial value problem (cf. Pazy [10, Chapter 4]), allows us to differentiate (4.15) to pro-
duce a strong solution to (2.18). However, solutions of (2.18) are unique and, therefore,

U (t) = (us (), ul, () =U@) = (w(t),u ()" (4.16)

Now, we are in a position to obtain our result. O

THEOREM 4.6. If (ug,u1)T = Uy € D(A*)xD(A?%) and T > 0 and

N . (N+2 N-=2
N72qumm{N72’[Nf4]+} (N = 3), 4.17)
then
lim sup [juc(t)—u(t)||, =0, (4.18)
€=0+ te[0,7]

where u. and u are strong solutions to (1.1).

PROOF. We pick an arbitrary sequence {€,} such that €, - 0. Lemma 4.1 along
with Lemma 4.5 give our desired result. O
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