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ABSTRACT. In 1993, the authors presented a fixed point theorem of Meir-Keeler type. The
proposed proof of a lemma—on which the said theorem depends on—is invalid. In this
note, we alter the statement of this lemma and give a valid proof thereof, so that the main
result of the previous paper is still true.
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In 1993, we introduced the concept of compatible maps of type (A) and “proved”
the following theorem.

THEOREM 1 [1, Theorem 3.2]. Let A,B,S and T be mappings of a complete metric
space (X,d). Suppose that the pair {A,B} is a generalized (€,0)-{S, T} -contraction with
O lower semi-continuous. If the following conditions are satisfied:

(i) one of A,B,S or T is continuous, and
(ii) the pairs A,S and B, T are compatible of type (A) on X,
then A,B,S and T have a unique common fixed point in X.

The purpose of this note is to ensure that the above is indeed true. This is necessary
since the proof of Theorem 1 relies on Lemma 3.1 in [1]. However, the proof of part (1)
of this lemma is faulty and the proof of part (2) is not “tight.” In the following, we
provide a thorough and complete proof of Lemma 4 below which is a “reshuffled and
revamped” version of Lemma 3.1 in [1]. This accomplishes our mission, since the proof
of Theorem 1 is valid if the lemma is true.

The proof of part (3) of Lemma 4 below is much like the proof of Lemma 3.1(c) in
[2] with minor initial modifications. We include all the proof of part (3) for ease of
reading and completeness sake. We need the following definitions given in [1].

DEFINITION 2 [2]. Let A,B,S and T be mappings of a metric space (X,d) into itself
such that A(X) c T(X) and B(X) C S(X). For xo € X, any sequence {y,} defined by

Yon-1 =TXopn-1=AXon-2,

(1)
Yon =SXon = BXop-1

for n € N (the set of positive integers) is called an {S, T'}-iteration of x(, under A and B.
The following definition was given in [1], but erroneously required that 6 (¢) < €.
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DEFINITION 3. Let A,B,S and T be mappings of a metric space (X,d) into itself.
The pair {A, B} is called a generalized (€,6)-{S, T}-contraction if

AX) CcT(X), B(X) Cc S(X) (2)
and there exists a function 6 : (0, 0) — (0, o) such that, for any € > 0,6 (¢) > €, and

€ <M(x,y)=max {d(Sx, Ty),d(Sx,Ax),d(Ty,By),

3)
%(d(Sx,By) +d(Ty,Ax))} < 8(e) = d(Ax,By) <e.

Now we state and prove a modified version of the lemma in question.

LEMMA 4. Let A,B,S and T be mappings of a metric space (X,d) into itself and
let the pair {A,B} be a generalized (€,6)-{S,T}-contraction. If xo € X and {y,} is an
{S, T} iteration of xo under A and B, we have the following:

(1) limy, oo d(Yn, Yn+1) = 0.

(2) For every € > 0, there exists n; € N such that, whenever p,q = n; and of opposite

parity,
Eﬁd(yp;yq)<€+V:>d(yp+1,yq+1) <€, 4)
where ¥ = min{e/2,(6(e) —€)/2}.

(3) The sequence {yy} is a Cauchy sequence in X.

PROOF. To prove part (1), first note that, by (3),
d(Ax,By) =0, if M(x,y)=0,

5
d(Ax,By) <M(x,y), otherwise. )
Thus, d(Ax,By) < M(x,y) for x,y € X. Therefore, if xg € X, (1) and (3) imply that

d(yZn;erHl) = d(BXanlsAXZn)
= d(AXZn,BXZn—l) = M(xZnyXanl)

= max {d(SxZn, Tx2n-1),d(Sx20,AX2n),d(TX2n-1,BX2n-1),
SA(Sxom, BXon 1) +d(Txn 1, Ax20))

= max {d(yZn:yZn—l);d(yZn;y2n+1),d(y2n—1,y2n), 6)
%(d(yZnyyZn) +d(y2n—l:y2n+l))}

=max {d(y,?n:yZn—l)vd(yZn:yZVH—l),
L (@on1, o) + Ao, o))}

<max {d(y2n, Von-1),d(Von, Yon+1)}-

Now if M (x2y,X2n,-1) = 0, by the above, we know

d(yZnayanl) =d(3’2n,y2n+1) =0. (7)
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But if M (x2,,X2n,-1) > 0, (5) and the above imply that
A(yon, Yoni1) < M(Xon,Xon-1) <max{d(¥on, Yon-1),d(Yon, Yon+1)}, (8)
i.e.,
A(yen, Yan+1) < d(Von, Yan-1)- 9)
Thus, in any event, we have
A(y2n, Yon+1) < M(Xon,X2n-1) < d(Y2n, Von-1) (10)
for n € X. Similarly,

d(y2n+1|y2n+2) = M(X2n+1|x2n) =< d(yZn;yZVHI) (11)

for n € X. Thus s = {d(yk, Yx+1)} is nonincreasing and is bounded below by 0. Hence,
s converges to t € [0,0), the greatest lower bound of s. If ¢ = 0, we are done. So,
suppose that t > 0. Since s converges in a nonincreasing manner to t, (10) yields
m € N such that

tSM(XZm,Xmel) <o(t). (12)
But then (3) implies that
d(AXstBXZm—l) = d(y2m+1sy2m) <t, (13)

which contradicts the fact that t is the greatest lower bound of s. Thus part (1) is true.
Now we prove part (2). Let € > 0. Part (1) permits us to choose n; € N such that

r
d(Vn,Yns1) < 5 for n = n, (14)

where » = min{e/2,(5(e) —€)/2}. Let p,q € N such that p,q > n;, where p = 2n and
q = 2m— 1. Suppose that
€<d(¥p,yq) =d(Von, Yom-1) <€+7. (15)
Keeping (1), (3), (14) and (15) in mind, we can write the following:
€<d(yp,¥q) = A(Sxon, TXom-1) < M(X2n,Xom-1)

= max {d(Sin, Txom-1),d(Sx2n,AX2n), A(TX2m-1,BX2m-1),

1
> (d(Sx2n,Bxom-1) +d(Tx2m—1,AX2n))}

= max {d(ypyyq)sd(yp:ypﬂ);d(yqsyqﬂ),

*(d(yp,yqﬂ),d(yqaypﬂ))} (16)

N =

= max {d(vp, ¥a), 5 (@A (p, Yar1) +d (Ve 1))}
< maX{d(yp,yq),%(Zd(yp,yq) +d(¥g¥ae1) +A(Vp,yp1)) |

sd(yp,yq)+g <e+3?r <e+2r<e+(6(e)—¢€)=0b(e).
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Thus we have € < M (x2y,X2m-1) < 6(€), and so (3) implies that

A(Yp+1,Yq+1) = A(Ax2n,bX2m-1) <E, (17)
as desired.

To prove part (3), let @ = 2¢ > 0 and let » = min{e/2,(d(€) —€)/2}. Part (2) of the
lemma yields n; € N such that, whenever p,q € N and p,q > ni, then

A(Yp+1,Yq+1) <€if € <d(yp,4) <€+v and p,q are of opposite parity. (18)

And part (1) of the lemma permits us to choose ny € N such that ny > n; and

A(Ym,Ym+1) < % (19)

for m > ny. Now we let g > p > np—so that both (18) and (19) hold—and show that
d(yp,¥4) < &, thereby proving that {y,} is a Cauchy sequence in X. So suppose that

d(yp,vq) = &= 2€. (20)

To show that (20) produces a contradiction, we first want to choose an m > p such
that

€ +g <d(¥p,¥m) < €+7 with p and m of opposite parity. (21)

To this end, let k be the smallest integer greater than p such that d(y,,Y«) > € +
(r/2). The integer k exists by (20) since r < €. Moreover, we have

2
a(vp, yk) <e+§. (22)

For otherwise, € +2v/3 < d(¥p, Yk-1) + A(Vk-1,Yk) < A(Yp,Yk-1) +7 /6, since k-1 =
p = ng > ny, and therefore

v
e+§<d(y,,,yk,1). (23)

Since k-1 > p, (23) implies that k —1 > p. But then (23) contradicts the choice of k.
We thus have
2
e+g<d(yp,yk)<e+?r. (24)
So, if p and k are of opposite parity, we can let m = k in (24) to obtain (21). If p and k
are of like parity, p and k+ 1 are opposite parity. Since d(yk, Vk+1) < /6 by (19), the
triangle inequality and (24) imply that
v 57

e+§ <d(¥p,Yk+1) <e+€. (25)
In this instance, we let m = k+ 1. In any event, by (24) and (25), we can choose m such
that m and p are of opposite parity and (21) holds. But then, since p,m > ng, (19) and
(21) imply that

v

€+3 <d(p,ym) <d(Vp,Yp+1) +d(Vpe1, Yme1) + A(Yms1, Ym)- (26)
Therefore, by (21) and (18), we have

e+g<g+d(yp+1,ym+1)<%+e. (27)

This is the anticipated contradiction. This completes the proof. O
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