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ABSTRACT. Let ¥ be a Hilbert space of analytic functions on a planar domain G such that,
for each A in G, the linear functional e, of evaluation at A is bounded on . Furthermore,
assume that z# C # and o (M) = G is an M-spectral set for M, the operator of multipli-
cation by z. This paper is devoted to the study of interpolation by multipliers of the space
¥ and, in particular, the Dirichlet space.
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1. Introduction. Let G be a finitely connected domain in the complex plane C. The
Bergman norm of a function f analytic on G is defined by

LFI2 = JG If12dA, (1.1)

where dA denotes the usual Lebesgue area measure. The Bergman space L2 (G) is the
set of all functions analytic on G such that || f]|2 < oo.

The Dirichlet space D(G) is the Hilbert space of analytic functions on G whose
derivative lies in L2 (G). The Dirichlet norm is defined by

IFII3 = \f<w>|2+j6 f12dA (1.2)

for f € D(G) and a fixed point w in G. This w is called the base point of D(G). It is
shown by Chan [5] that the norms obtained by fixing different points are equivalent. If
G = U is the open unit disc and f(z) = X p_oanz", then || f|13 = |aol2 + 1 X nlan >
If feD(U),then Y, _;lay|> < «, and so f € H?. Therefore, D(U) C H?.

An analytic function @ in G is said to be a multiplier for D(G) if @ f € D(G) for
all f € D(G). The set of all multipliers of the Dirichlet space is denoted by M(D(G)).
For each ¢ € M(D(G)), define the multiplication operator My, : D(G) — D(G) by
My f = @f for all f € D(G). Clearly, M, is a bounded operator on D(G). The norm
of My, is the usual norm. If we identify @ with My, then M (D(G)) can be thought of
as a subspace of the space of bounded linear operators on D(G).

A sequence (w,) in G is said to be an interpolating sequence for M(D(G)) if, for
each bounded sequence (a,) C C, there exists ¢ € M(D(G)) such that @ (w,) = a,.

Let G; and G» be two conformally equivalent regions and let h : G; — G» be a confor-
mal map which takes the base point that defines the norm of D(G;) to that of D(G>).
Now, since |, |f'12dA = Jo 1(fe h)’|2dA, the composition operator C, from D(G>)
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onto D(G,) is an isometry. Therefore, D (G ) is unitarily equivalent to D(G>). We also
observe that the map M(D(G»)) — M(D(G,)) given by @ — @ o h is an isomorphism.

A circular domain is a domain that is obtained by removing a finite number of dis-
joint closed subdisks from the open unit disk. We can assume that each removed
closed subdisk has a positive radius since otherwise that point is a removable singu-
larity of every function in D (G). We only prove this for the origin. If f € D(G), where
G contains B(0,R)\{0}, then f(z) = >n__,anz"™ v < |z| <R for some 0 <7 < R.
We have 113, o nlanl?(R?" —7v2") = [, ., g | f'[PdA < [ 1f'|?dA. Now, if v — 0, then
a, =0 for n < 0. Therefore, f is analytic at 0.

If G is a finitely connected domain in C, there exists a conformal map ¢ of G onto
some circular domain Q, and so D (G) is isometric to D(Q). If G is a finitely connected
domain in C and K1, K,...,Ky are the bounded components of C\G, then Gy = GU
KiUuKyU---UKy and G; = (CU {o0})\K;, 1 < i < N, are simply connected regions.
By Cauchy integral formula, every function f analytic on G can be written as a sum
f=fo+fi+---+fn,where each f; is analytic on G; and fi () = 0 if k = 0. Moreover,
this summation is unique up to the order.

We use the notation H(G) for the algebra of all analytic functions in G and H®(G)
for the algebra of all bounded analytic functions in G. If G is unbounded, Hy(G) is
the space of all analytic functions in G that vanish at infinity. We say that M (D (G)) is
rotation invariant if whenever h € M(D(G)), hg € M(D(G)), where hy(z) = h(e 9z).

Axler [1] considered the interpolation sequence for M(D(U)). In this paper, we
consider the interpolation sequence for M(D(G)). Which we treat in Section 2. In
Section 3, we consider the interpolation sequence for M (H), where H is a Hilbert
space of analytic functions on G and M (H) is the set of all multipliers of H.

2. Interpolation sequence for M (D(G)). We use Rosenthal-Dor theorem as proved
by Rosenthal [11] and Dor [9].

THEOREM 2.1 (Rosenthal-Dor theorem). Suppose that E is a Banach space and (ey,)
is a bounded sequence in E. Then there exists a subsequence (ey, ) such that either
(i) the map (ay) — >p, ayen, Is an isomorphism of I' into E; or
(i) limg_.. @(en,) exists for every @ € E*.

As we see in Rosenthal-Dor theorem, we must work with a Banach space. Therefore,
we need to make M(D(Q)), where Q is a circular domain into a Banach space. We
can prove that M(D(Q)) can be identified with E*, where E is a separable Banach
space and each point evaluation at w € Q is a weak* continuous linear functional on
M (D(Q)) with norm 1.

LEMMA 2.2. If (wy,) is a sequence in Q, = {z:|z| <7}, v <1, such that |w,| — 7,
then there exists o1 € M (D (Q,)) such thatlim,,_. . @1 (wy) does not exist and 1 (0) =0,
Furthermore, if (w,,) is a sequence in the annulus A= {z € C:r < |z| < 1} and |w,| —
v or |wy| — 1, then there is a € M(D(A)) such that lim,,_..,  (wy) does not exist.

PROOF. By|[1,Proposition 4], there exists ¢ € M (D (€, )) such that p(w,) = (-1)".
If we consider @,(z) = z@(z), then, by [5, Lemma 2.4], ¢, € M(D(Qy)), ¢1(0) =0
and lim;,— . @1 (wy) does not exist.
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To prove the second part, suppose that |w;,| — ¥. Considering w, in A; = (CU
{00})\Qy, since A; is the conformal image of {z : |z| < 7} for some 7; > 0, there exists
@2 € M(D(A1)) such that lim,, .. @2 (w,) does not exist and vanish at infinity. If 3 €
M (D(U)), then @3 is analytic in the unit disk U. Therefore, 3 (w5, ) is convergent.

Now, we write @ = @2 + @3. Then @ € M(D(A)) because M(D(A)) = M(D(U)) +
Moy(D(A1)), where My(D(A1)) = Hy(A1) nM(D(A1)), (see [5, Theorem 3.2]). Hence,
we find a function @ in M(D(A)) such that lim,_. @ (w;) does not exist.

If |wy| — 1, then there exists ¢; € M(D(U)) such that lim,_. @1 (w,) does not
exist. If @, € My(D(Ay)), then y» is analytic on A;. Hence, @2 (w,,) is convergent.
Therefore, if ¢ = Y1 + @Yo, then y is in M(D(A)) and lim,, .. ¢ (w,) does not exist.

O

THEOREM 2.3. Let (wy) be a sequence in the circular domain Q = U\{K; UK, U
---UKN}, whereK;={z:|z— ;| <7}, ¢; €U, i=1,2,...,N, such that |w,| — 1 or
|wn| = 1i,1=1,2,...,N. Then there is a subsequence of (w,,) that is interpolating for
M(D(Q)).

PROOF. In either cases |w,| — 1 or |wy,| — 73, 1 =1,2,...,N, we can prove, in the
same way as in [1, Theorem 1], that if case (i) of Rosenthal-Dor theorem is satisfied,
then there exists some subsequence of (w,) that is interpolating for M (D (Q)). So, it
is enough to prove that case (ii) of Theorem 2.1 does not hold.

Let |wy| — 7; for some j =1,2,...,N. As above, there is @ € My(D(Q;)) such that
lim,, . @;(w,) does not exist. If o € M(D(U)) and @; € My(D(Q;)), i =1,2,...,N,
then @o(wy), i(wy),i=1,2,...,N, i+ jare convergent. Therefore, if ¢ = o+ @ +
-+ -+ @n, then € M(D(Q)) and lim;,— . @ (w;) does not exist because

M(D(Q)) =M(D(U)) +M0(D(Ql)) +--- +M0(D(QN)). (2.1)

If |wy,| — 1, there is an yo € M(D(U)) such that lim,,_. o (w,) does not exist and
if y; e My(D(©Q4)),i=1,2,...,N, then y;(w,) are convergent. Hence, ¢ = Yo+ @1 +
Yo+ -+YPyisin M(D(Q)) and lim,, . Y (w4) does not exist. The proof is complete.

O

3. Interpolation sequence for the space of multipliers. Let H be a Hilbert space
whose elements are analytic functions f : U — C. Assume that 1 € H and the operator
M, of multiplication by z maps H into itself and point evaluations are bounded linear
functionals on H.

Consider Dy, — < & < o0, the space of all analytic functions in U with Taylor series
f(z)=>,_oanz" such that

1£12 =D (n+1)¥an|? < oo. 3.1)
n=0
If x = —1, then we have the Bergman space Lﬁ and if @ = 0, we obtain the Hardy

space H2. But if « = 1, the space D, is the Dirichlet space. In this space, M, is not a
contraction because if @ is a nonconstant function on U, then || @ ||« < IMg |l (see [1]).
For a nice treatment of this space (see [2, 3, 4]).

A function @ analytic on U is called a multiplier of H if ¢H C H. The set of all
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multipliers of H is denoted by M (H). It is well known that M(H) c H*(U). We also
assume that M (H) is rotation invariant. For an introduction to Hilbert spaces of an-
alytic functions, see Seddighi [12, 13]. Shields and Wallen [15] have proved that if
H is a Hilbert space of analytic functions on a set S and if point evaluations are
bounded linear functionals on H, also if M, maps H into itself and is a contraction,
then [|[Myll = ll@llo, @ € M(H). Also, see Shields [14].

In this section, we assume that M. is polynomially bounded in the sense that there
is a constant C > 0 such that

IMpll < Cliplle (3.2)

for every polynomial p. Now, let ¢ € M(H). Because ¢ € H*(U), there is a sequence
{pn} of polynomials such that ||pulle < |@lle and p,(z) - @(z) for every z € U.
Now, it is easy to show that

<Ml7nflg) - (M(,Uf’g) (33)

for every f, g € H. In other words, M, — M, in the weak operator topology (WOT)
of B(H). In fact, if g = k) for some A € U, then (3.3) is true. If g is a finite linear
combination of the reproducing kernels k,, then (3.3) is again true. Because H = \/{kj :
A € U}, we conclude that every g € H can be approximated by a sequence of finite
linear combinations of the k), A € U. To prove that (3.3) holds for every g € H, we
use an approximation process, inequality (3.2), and the fact that (3.3) is true for finite
linear combinations. We can also prove that

IMpll < Cll@ |- (3.4)
This follows from (3.3) and the fact that

My, f,9)| < [IMp, lLFINIgIl < Clipulla LA gl < Cll@llw LA TG (3.5)

We recall that the space H(U) of holomorphic functions on U is equipped with the
topology of uniform convergence on compact sets and because the point evaluations
are continuous, the embedding H — H(U) is continuous. We also let H(U) denote
the space of functions holomorphic on neighbourhoods of U, with the inductive limit
topology. In fact, a sequence {fx} in H(U) converges to a function f if and only if
all the functions are analytic in some fixed open set G containing U, with fi — f
uniformly on compact subsets of G. We assume that H(U) ¢ M (H).

Now, let (w;) be a sequence in U such that |wy,| — 1. We show that there is a
subsequence of (w,,) which is interpolating for M (H). Therefore, we must show that
case (ii) of Rosenthal-Dor theorem does not hold. To prove this, we need the following
lemmas.

LEMMA 3.1. Let w € U. Then there exists a function @ analytic on U such that
Y(w) =0; y(1) =1; and ||Y|l« = 1. In general, let w,,w>,...,wy, € U. Then there
exists @ analytic on U such that

Y(wy) =P(w) =---=P(wy) =0, p(1) =1, lplle <1. (3.6)
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PROOE. Let @ (z) = e?(w —z)(1 — @z)~! be an analytic automorphism of the
disc U. By a suitable choice of 6, we have @, (w) =0 and @ (1) = 1. For this choice
of 0, let ¢ = Q. Then Y(w) =0, Yy(1) =1, ||Yllo = 1 and because ¢ € H(U), we
conclude that ¢ is a multiplier.

For the second part, note that, for each w;, there exists g; satisfying @;(w;) =0,
@i(l) =1, and [[@;lle = 1. Let ¢ = 1@2 - - - . Then @ has the desired properties.

O

PROPOSITION 3.2. Let (wy) be a sequence in U such that |wy,| — 1. Then there
exists € M (H) such that lim,,_.. @ (wy) does not exist.

PROOF. First, we prove that if 0 <7 <1 and w1, w>,...,w, € U, then there exists
a function @ analytic on U such that

Plw) = =@l =1, @) =-1, ||<p\|w_%. (3.7)
Consider
d(w,z)=‘ w-z | (3.8)
1-wz

Let s > 0 be chosen such that s = d(v,—v) = 2r/ (1 +¥2). Then 4(0,s) = d(r,—*), and
so there exists an analytic automorphism h of U such that h(0) =7, h(s) = —r. If ¢ is
the function given by Lemma 3.1 and @ = %ho (sy), we have (1) = %ho (sy)1) =
1

“h(s)=-1,

>

P(1) = P(w2) = - - = (@) = Lho (s) (w1) = Lho (sg)(w2)

r r (3.9)

== e syr(mw = Lhoy = 1.
s s

Because h is analytic on U and ||h|l» = 1, we conclude that @ is analytic on U and
lplle < 1/7. Now, we let (ry) be a sequence in (0,1) such that [Ty 1/7k < o and we
find a sequence satisfying conditions (11), (12), and (13) on [1, page 416], however,
instead of condition (14), we assume that

1
l@kllo < e (3.10)

Using (3.4), we get

k
1
||M¢1<p2...q,k||sCqulcpz---cpknmscl‘[;. (3.11)
i=1"1!

Hence, {Mg,p,...¢; } k-1 is norm bounded in M (H). Because M (H) = E*, where E is a
separable Banach space, we conclude that there is ¢ € M(H) such that some subse-
quence of {Mg, ¢,...¢, } 18 weak * convergent to My. Now, if (wy) is a sequence in
U such that |wy| — 1, then @ satisfies @ (wy, ) = (=1)* and limy_. @ (wy,) does not
exist. O

Now, let H be a Hilbert space of analytic functions on a circular domain Q such that
1 € H, zH C H and point evaluations are bounded linear functionals on H. Clearly,
M(H) c H*(Q). We also assume that H* (Q2) ¢ M (H) and M,, is polynomially bounded
as in (3.2). Since



552 K. MOSALEHEH AND K. SEDDIGHI
H*(Q)=H*(U)+H5 (Q1)+---+H5 (Qn), (3.12)

where Hg' (Q;) = H*(Q;) NHo(Q;), i = 1,2,...,N (see [7, Theorem 3.1]), by the same
technique as in Sections 2 and 3, we can prove that if (w;) is a sequence in Q such
that |wy,| — 1 or |wy| — 73, i=1,2,...,N, then there is a subsequence of (w;,) that is
interpolating for M (H).

4. General domains and transformation to the unit disc. Let M > 0 be a constant.
We say that a compact set K in C is an M-spectral set for an operator T if o(T) C K
and || f(T)]| < M| f | for every rational function f with poles outside K. Here, || f|lx =
max{|f(z)|:z € K}. Let G be an arbitrary bounded domain each point of which is a
bounded point evaluation for a Hilbert space # of functions analytic on G which
contains the constant functions and admits multiplication by the independent variable
z,M;, as a bounded operator. We denote such a Hilbert space by (#,G). Also, we
assume that o (M,) = G is an M-spectral set for M, and we may assume that AL(%) =
H*(G) (or we may assume that each bounded component G, of G is conformally
equivalent to an open ball B, such thatif Ay = CU{c0}\G4, then H(Ay) is contained in
the space of multipliers on %). However, we make a simpler assumption than this later.
The idea is to transform the problem to the unit disc and to simplify the problem this
way. Now, we indicate how our problem that concerns the operator of multiplication
on (¥#,G) can be transformed into a problem concerning an operator acting on a
Hilbert space of functions analytic on a subset of U.

Suppose that H is a simply connected domain with G C H. Let h : U — H be the
Riemann mapping corresponding to H and set Q = h~!(G). This map enables us to
perform the desired transformation. First, we need our Hilbert space to consist of
functions that are analytic on the corresponding subdomain of U. Therefore, we set

Hn=Hoh={foh:fe¥} 4.1)
with the inner product defined by

(fohvgoh):(fag> (f!gE%) (42)

It is easy to see that ¥, is a Hilbert space. Furthermore, the functions in ¥, are analytic
on Q, O C U. Also, note that point evaluations are bounded on %, and 7, contains the
constants. The operator C : # — ¥, given by Cf = f o h is clearly an isomorphism and
satisfies L,C = CM,, where Ly, : %, — ¥, defined by L,g = hg, g € ¥, is the operator
of multiplication by h on #),. We also observe that the map @ — @ o h is an isometric
isomorphism of M (%) — M(Hp) just as the map A — CAC! of B(H) — B(HKy) is.

To find a simply connected domain H containing G which has some nice properties,
we need the following lemma; whose proof is an application of transfinite induction
(see Conway [8, Lemma 4.8, page 400]).

LEMMA 4.1. IfK is a compact subset of the plane, then there is a countable ordinal
o such that, for every x < &, there is a component V4 of C\K such that

(a) if O is the first ordinal, Vy is the unbounded component of C\K;

(b) for each ordinal @, Vg N[Ug<aVp]l™ # &;
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(c) if V + Vy is a component of C\K and for any &, then V- N[UusVy]™ = @.

The enumeration of the components of C\K in Lemma 4.1 picks out those compo-
nents that can be chained to the unbounded component. So, if K is finitely connected,
the unbounded component is enumerated but there may be no others.

If K is a compact set and {V, : & < o} are those components of C\K that are picked
out by Lemma 4.1 and K is the polynomially convex hull of K, then we set

L=Luay =K\ Ugcoy Va UW, (4.3)

where W = UgVj; is the union of all those Vg # Vy, & < &, such that UV meets the
outer boundary of K.

Now, let M, act on (%,G) in such a way that o(M,) = G is an M-spectral set for
M,. Set K = G in the preceding inductive process and find L. It turns out that L is the
smallest compact subset of C that contains K and has L° simply connected.

Now, we set H = LY in our preceding argument and let h: U — L° be the Riemann
mapping corresponding to L°. Setting Q = h™'(G), we transform our problem con-
cerning M, on (¥, G) to similar problems concerning Ly on (J,Q), where ¥ = #,. The
domain Q has several nice properties such as Q c U and oU c Q. By Carathéodory
theorem, h extends to a homomorphism h : U — L under which the boundaries corre-
spond to each other.

By [12, Theorem 3.6], we see that (L) = G is a spectral set for L. Another inter-
esting property of Q is that it contains a boundary annulus, i.e., there is 0 < * < 1
such that A c Q, where A = {z:¥ < |z| < 1}. To see this, let {Vy} be the bounded
components of C\Q. Then UV, noU = @. Let r = dist(UV,,,8U) and choose r < s < 1
such that B = {z:|z| < s} contains UVy. Clearly, A = {z:s < |z| < 1} satisfies A C Q.

LEMMA 4.2. Let Q be an open connected subset of the open unit disc U with 0U C Q.
Suppose that {V,} are the bounded components of C\Q and assume that each Vy, is the
conformal image of some open disc with positive radius. Also we assume H(Q) c M (%).
Furthermore if {w,} is a sequence in Q such that |w,| — 1 or |wy,| converges to a
point on 0V, for some y then there is @ € M () such thatlim,_. @ (wy) does not exist.

PROOF. Suppose |[wy| — 1. We must show thatif 0 <7 <1 and w1, w>,...,w, € U,
then there exists a function ¢ in H(U) such that

PN ==p)=1, @DH=-1 gl (4.4)

Repeating the argument of Proposition 3.2, we conclude that if {7} is a sequence in

(0,1) such that [Ty 1/7x < oo, then all the conditions for finding a multiplier ¢ such

that lim,, . @ (wy) does not exist hold provided a suitable form of (4) is in effect.
Now, let @ € H(U). Because Q c U and o (L) = G is an M-spectral set, we have

lpeh  (L)|| < Ml@eoh g =MIplg=MIple. (4.5)

Since poh~'(Ly) = Ly, we have |[Ly |l < M||@ll~. Hence,

1
”L(pl(pzq)k”SMHq)l(pZ”'(pk”w SM(HT) (4-6)

i=1'1
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Because .l (F€y,) is the dual of a separable Banach space, we conclude that there is @ €
M(¥n) such that {p1@> - - - i} has a subsequence that converges pointwise on Q to
@.Because @, (wy, ) =1 whenever p > k, wehave @ (wy, ) =lim, . o(@1 - - - @p) (Wy,) =
(1 @Pr-1)(Wy) = (=1)*!. This shows that lim_« @ (wy, ) does not exist.

Now suppose that {w} is a sequence such that |w| converges to a point on 0V, for
some y. Fix y. Let @¢ : V) — B(«x,7) be a conformal mapping, where « € C and v > 0.
Let 1(z) =v/(z— ). Then @, = @1 o o maps V, onto U. Because |w,| converges
to a point on 0V, we conclude that |@>(wy)| — 1 and we work with this sequence as
above. O
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